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Editorial Introduction

This book is a collection of original papers and state-of-the-art contributions writ-
ten by leading experts in the areas of differential equations, chaos and variational
problems in honour of Arrigo Cellina and James A. Yorke, whose remarkable sci-
entific carrier was a source of inspiration to many mathematicians, on the occasion
of their 65th birthday.

Arrigo Cellina and James A. Yorke were born on the same day: August 3,
1941. Both received their Ph.D. degrees from the University of Maryland, where
they met first in the late 1960s, at the Institute for Fluid Dynamics and Applied
Mathematics. They had offices next to each other and though they were of the
same age, Yorke was already Assistant Professor, while Cellina was a Graduate
Student. Each one of them had a small daughter, and this contributed to their
friendship.

Arrigo Cellina James A. Yorke
Yorke arrived at the office every day with a provision of cans of Coca Cola,

his daily ration, that he put in the air conditioning fan, to keep cool. Cellina says
that he was very impressed by Yorke’s way of doing mathematics; Yorke could
prove very interesting new results using almost elementary mathematical tools,
little more than second year Calculus.

From those years, he remembers for example the article Noncontinuable so-
lutions of differential-delay equations where Yorke shows, in an elementary way
but with a clever use of the extension theorem, that the basic theorem of continu-
ation of solutions to ordinary differential equations cannot be valid for functional
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equations (at that time very fashionable). In the article A continuous differen-
tial equation in Hilbert space without existence, Yorke gave the first example of
the nonexistence of solutions to Cauchy problems for an ordinary differential in a
Hilbert space. Furthermore, in a joint paper with one of his students, Saperstone,
he proved a controllability theorem without using the hypothesis that the origin
belongs to the interior of the set of controls. This is just a sample of important
problems to which Yorke made nontrivial contributions.

Yorke went around always carrying in his pocket a notebook where he anno-
tated the mathematical problems that seemed important for future investigation.
In those years Yorke’s collaboration with Andrezj Lasota began, which produced
outstanding results in the theory of “chaos”. Yorke became famous even in non-
mathematical circles for his mathematical model for the spread of gonorrhoea.
While traditional models were not in accord with experimental data, he proposed
a simple model based on the existence of two groups of people and proved that this
model fits well the experimental data. Later, in a 1975 paper entitled Period three
implies chaos with T.Y. Lee, Yorke introduced a rigorous mathematical definition
of the term “chaos” for the study of dynamical systems. From then on, he played a
leading role in the further research on chaos, including its control and applications.

Yorke’s goals to explore interdisciplinary mathematics were fully realized af-
ter he earned his Ph.D. and joined the faculty of the Institute for Physical Science
and Technology (IPST), an institute established in 1950 to foster excellence in
interdisciplinary research and education at the University of Maryland. He said:
All along the goal of myself and my fellow researchers here at Maryland has been
to find the concepts that the applied scientist needs. His chaos research group in-
troduced many basic concepts with exotic names like crises, the control of chaos,
fractal basin boundary, strange non-chaotic attractors, and the Kaplan–Yorke di-
mension. One remarkable application of Yorke’s theory of chaos has been the
weather prediction.

In 2003 Yorke shared with Benoit Mandelbrot of Yale University the prize for
Science and Technology of Complexity of the Science and Technology Foundation
of Japan for the Creation of Universal Concepts in Complex Systems-Chaos and
Fractals. With this prize, Jim Yorke was recognized for his outstanding achieve-
ments in nonlinear dynamics that have greatly advanced the frontiers of science
and technology.

Yorke’s research has been highly influential, with some of his papers receiving
hundreds of citations. He is the author of three books on chaos, of a monograph
on gonorrhoea epidemiology, and of more than 300 papers in the areas of ordinary
differential equations, dynamical systems, delay differential equations, applied and
random dynamical systems.

He believes that a Ph.D. in mathematics is a licence to investigate the uni-
verse, and he has supervised over 40 Ph.D. dissertations in the departments of
mathematics, physics and computer science.
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Currently, Jim Yorke is a Distinguished University Professor of Mathemat-
ics and Physics, and Chair of the Mathematics Department of the University of
Maryland.

Arrigo Cellina received a Ph.D. degree in mathematics in 1968 and went back
to Italy, where he was Assistant Professor and then Full Professor at the Univer-
sities of Perugia, Florence, and Padua, at the International School for Advanced
Studies (SISSA) in Trieste, and at the University of Milan. He was a member of
the scientific committee and then Director (1999–2001) of the International Math-
ematical Summer Centre (CIME) in Florence, Italy, and also a member of the
scientific council of CIM (International Centre for Mathematics) seated in Coim-
bra, Portugal. Presently he is Professor at the University of Milan “Bicocca” and
coordinator of the Doctoral Program of this university.

In Italy, the International School for Advanced Studies (SISSA) was estab-
lished in 1978, in Trieste, as a dedicated and autonomous scientific institute to
develop top-level research in mathematics, physics, astrophysics, biology and neu-
roscience, and to provide qualified graduate training to Italian and foreign laure-
ates, to train them for research and academic teaching.

SISSA was the first Italian school to set up post-laurea courses aimed at a
Ph. D. degree (Doctor Philosophiae). Cellina was one of the professors, founders
and, for several years, the Coordinator of the Sector of Functional Analysis and
Applications at SISSA, from 1978 until 1996.

I was lucky to have been initiated to mathematical research on Aubin–
Cellina’s book Differential inclusions in a research seminar at the University of
Bucharest. Three years later I began my Ph.D. studies on differential inclusions at
SISSA, under the supervision of Arrigo Cellina. I arrived at SISSA coming from
Florence where I spent a very rewarding and training period of one year as a Re-
search Fellow of GNAFA under the supervision of Roberto Conti, and I remember
that Arrigo welcomed me with a kindness equal to his erudition.

Always available to discuss and to help his students to overcome difficulties,
not only of mathematical orders, Arrigo taught me a lot more than differential
inclusions. I remember with great pleasure his beautiful lessons, the long hours of
reflection in front of the blackboard in his office, as well as the walks along the sea
or in the park of Miramare.

I remember SISSA of those days as a very exciting environment. A community
of researchers worked there, while several others were visiting SISSA and gave
short courses or seminars concerning their new results. The Sector of Functional
Analysis and Applications was located in a beautiful place, close to the Castle of
Miramare, and near the International Centre for Theoretical Physics (ICTP), with
an excellent library where we could spend much of our time. Without a doubt,
this has been a very fruitful and rewarding period of my life, both as a scientific
and as a life experience. Cellina’s contribution has been significant.

Cellina’s scientific work has always been highly original, introducing entirely
new techniques to attack the difficult problems he considered. He introduced the
notion of graph approximate selection for upper semicontinuous multifunctions,
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thus establishing a basic connection between ordinary differential inclusions and
differential inclusions. He also introduced the fixed-point approach to prove the ex-
istence of differential inclusions based on continuous selections from multifunctions
with decomposable values.

The Baire category method, for the analysis of differential inclusions without
convexity assumptions, has been developed starting from Cellina’s seminal paper
On the differential inclusion x′ ∈ [−1, 1], published in 1980 by the Rendiconti
dell’Academia dei Lincei. Eventually this method recently found applications to
problems of the Calculus of Variations, without convexity or quasi-convexity as-
sumptions, as well as to implicit differential equations. This year, it found even
more striking new applications to the construction of deep counterexamples in the
theory of multidimensional fluid flow.

More recently, Cellina’s research activity was devoted to the area of the Cal-
culus of Variations, where he obtained important results on the validity of the
Euler-Lagrange equation, on the regularity of minimizers, on necessary and suffi-
cient conditions for the existence of minima, and on uniqueness and comparison
of minima without strict convexity.

The book Differential Inclusions, co-authored by Cellina with J. P. Aubin and
published by Springer, as well as several of his eighty papers published in first-
class journals, are now classic references to their subject. Cellina also edited several
volumes with lectures and seminars of CIME sessions, published by Springer in
the subseries Fondazione C.I.M.E. of the Lecture Notes in Mathematics series.

Cellina mentored ten Ph.D. students: seven of them while at SISSA and
three others at the university of Milan. Among his former students, many are now
Professors in prestigious universities in Italy, Portugal, Chile or other countries.
Several more mathematicians continue to be inspired by his ground-breaking ideas.

Cellina and Yorke during the conference in Aveiro



Editorial Introduction xiii

In June 2006, I had the privilege to organize in Aveiro (Portugal) with my
colleagues from the Functional Analysis and Applications research group, the con-
ference Views on ODEs, in celebration of the 65th birthday of Arrigo Cellina and
James A. Yorke. Several friends, former students and collaborators, presently lead-
ing experts in differential equations, chaos and variational problems, gathered in
Aveiro on this occasion to discuss their new results. The present volume collects
thirty-two original papers and state-of-the-art contributions of participants to this
conference and brings the reader to the frontier of research in these modern fields
of research.

I wish to thank Professor Haim Brezis for accepting to publish this book
as a volume of the series Progress in Nonlinear Differential Equations and Their
Applications. I also thank Thomas Hempfling for the professional and pleasant col-
laboration during the preparation of this volume. Finally, I gratefully acknowledge
partial financial support from the Portuguese Foundation for Science and Technol-
ogy (FCT) under the Project POCI/MAT/55524/2004 and from the Mathematics
and Applications research unit of the University of Aveiro.

Aveiro, October 2007 Vasile Staicu
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Abstract. We consider nonlinear elliptic equations driven by the p-Laplacian
with a nonsmooth potential (hemivariational inequalities). We obtain the ex-
istence of multiple nontrivial solutions and we determine their sign (one posi-
tive, one negative and the third nodal). Our approach uses nonsmooth critical
point theory coupled with the method of upper-lower solutions.
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1. Introduction

Let Z ⊆ RN be a bounded domain with a C2-boundary ∂Z. We consider the
following nonlinear elliptic problem with nonsmooth potential (hemivariational
inequality): {

−div
(
‖Dx(z)‖p−2Dx(z)

)
∈ ∂j

(
z, x(z)

)
a.e. on Z ,

x|∂Z = 0, 1 < p < ∞ .

}
(1.1)

Here j(z, x) is a measurable function on Z×R and x → j(z, x) is locally Lip-
schitz and in general nonsmooth. By ∂j(z, ·) we denote the generalized subdifferen-
tial of j(z, ·) in the sense of Clarke [3]. The aim of this lecture is to produce multiple
nontrivial solutions for problem (1.1) and also determine their sign (positive, neg-
ative or nodal (sign-changing) solutions). Recently this problem was studied for
equations driven by the p-Laplacian with a C1-potential function (single-valued

Researcher M. E. Filippakis supported by a grant of the National Scholarship Foundation of
Greece (I.K.Y.).



2 R.P. Agarwal, M. E. Filippakis, D. O’Regan, and N. S. Papageorgiou

right hand side), by Ambrosetti-Garcia Azorero-Peral Alonso [1], Carl-Perera [2],
Garcia Azorero-Peral Alonso [7], Garcia Azorero-Manfredi-Peral Alonso [8], Zhang-
Chen-Li [15] and Zhang-Li [16]. In [1], [7], [8], the authors consider certain nonlin-
ear eigenvalue problems and obtain the existence of two strictly positive solutions
for all small values of the parameter λ ∈ R (i.e., for all λ ∈ (0, λ∗)). In [2], [15], [16]
the emphasis is on the existence of nodal (sign changing) solutions. Carl-Perera [2]
extend to the p-Laplacian the method of Dancer-Du [6], by assuming the existence
of an ordered pair of upper-lower solutions. In contrast, Zhang-Chen-Li [15] and
Zhang-Li [16], base their approach on the invariance properties of certain carefully
constructed pseudogradient flow. Our approach here is closer to that of Dancer-
Du [6] and Carl-Perera [2], but in contrast to them, we do not assume the existence
of upper-lower solutions, but instead we construct them and we use a recent alter-
native variational characterization of the second eigenvalue λ2 of (−�p,W

1,p
0 (Z))

due to Cuesta-de Figueiredo-Gossez [5], together with a nonsmooth version of the
second deformation theorem due to Corvellec [4].

2. Mathematical background

Let X be a Banach space and X∗ its topological dual. By 〈, ·, ·〉 we denote the
duality brackets for the pair (X,X∗). Let ϕ : X → R be a locally Lipschitz. The
generalized directional derivative ϕ0(x;h) of ϕ at x ∈ X in the direction h ∈ X, is
given by

ϕ0(x;h) = lim sup
x′ → x
λ ↓ 0

ϕ(x′ + λh)− ϕ(x′)
λ

.

The function h → ϕ0(x;h) is sublinear continuous and so it is the support
function of a nonempty, convex and w∗-compact set ∂ϕ(x) ⊆ X∗ defined by

∂ϕ(x) =
{
x∗ ∈ X∗ : 〈x∗, h〉 ≤ ϕ0(x;h) for all h ∈ X

}
.

The multifunction x → ∂ϕ(x) is known as the generalized subdifferential
or subdifferential in the sense of Clarke. If ϕ is continuous convex, then ∂ϕ(x)
coincides with the subdifferential in the sense of convex analysis. If ϕ ∈ C1(X),
then ∂ϕ(x) = {ϕ′(x)}. We say that x ∈ X is a critical point of ϕ, if 0 ∈ ∂ϕ(x).
The main reference for this subdifferential, is the book of Clarke [3].

Given a locally Lipschitz function ϕ : X → R, we say that ϕ satisfies the
nonsmooth Palais-Smale condition at level c ∈ R (the nonsmooth PSc-condition
for short), if every sequence {xn}n≥1 ⊆ X such that ϕ(xn) → c and m(xn) =
inf{‖x‖ : x∗ ∈ ∂ϕ(xn)} → 0 as n →∞, has a strongly convergent subsequence. If
this is true at every level c ∈ R, then we say that ϕ satisfies the PS-condition.

Definition 2.1. Let Y be a Hausdorff topological space and E0, E,D nonempty,
closed subsets of Y with E0 ⊆ E. We say that {E0, E} is linking with D in Y , if
the following hold:
(a) E0 ∩D = ∅;
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(b) for any γ ∈ C(E, Y ) such that γ|E0 = id|E0 , we have γ(E) ∩D 
= ∅.
Using this geometric notion, we can have the following minimax characteri-

zation of critical values for nonsmooth, locally Lipschitz functions (see Gasinski-
Papageorgiou [9], p.139).

Theorem 2.2. If X is a Banach space, E0, E,D are nonempty, closed subsets of
X, {E0, E} are linking with D in X, ϕ : X → R is locally Lipschitz, sup

E0

< inf
D

ϕ,

Γ = {γ ∈ C(E,X) : γ|E0 = id|E0}, c = inf
γ∈Γ

sup
v∈E

ϕ(γ(v)) and ϕ satisfies the

nonsmooth PSc-condition, then c ≥ inf
D

ϕ and c is a critical value of ϕ.

Remark 2.3. By appropriate choices of the linking sets {E0, E,D}, from The-
orem 2.2, we obtain nonsmooth versions of the mountain pass theorem, saddle
point theorem, and generalized mountain pass theorem. For details, see Gasinksi-
Papageorgiou [9].

Given a locally Lipschitz function ϕ : X → R, we set

ϕ·c =
{
x ∈ X : ϕ(x) < c

}
(the strict sublevel set of ϕ at c ∈ R)

and Kc =
{
x ∈ X : 0 ∈ ∂ϕ(x), ϕ(x) = c

}
(the critical points of ϕ at the level c).

The next theorem is a nonsmooth version, of the so-called “second deforma-
tion theorem” (see Gasinski-Papageorgiou [10], p.628) and it is due to Corvellec [4].

Theorem 2.4. If X is a Banach space, ϕ : X → R is locally Lipschitz, it satisfies
the nonsmooth PS-condition, a ∈ R, b ∈ R ∪ {+∞}, ϕ has no critical points
in ϕ−1(a, b) and Ka is discrete nonempty and contains only local minimizers of ϕ,

then there exists a deformation h : [0, 1]× ϕ·b → ϕ·b such that
(a) h(t, ·)|Ka

= Id|Ka
for all t ∈ [0, 1];

(b) h(t, ϕ·b) ⊆ ϕ·a ∪Ka;
(c) ϕ(h(t, x)) ≤ ϕ(x) for all (t, x) ∈ [0, 1]× ϕ·b.

Remark 2.5. In particular then ϕ·b ∪Ka is a weak deformation retract of ϕ·b.

Let us mention a few basic things about the spectrum of (−�p,W
1,p
0 (Z)),

which we will need in the sequel. So let m ∈ L∞(Z)+, m 
= 0 and consider the
following weighted eigenvalue problem:{

−div
(
‖Dx(z)‖p−2Dx(z)

)
= λm(z)|x(z)|p−2x(z) a.e. on Z ,

x|∂Z = 0, 1 < p < ∞ .

}
(2.1)

Problem (2.1) has at least eigenvalue λ̂1(m) > 0, which is simple, isolated and
admits the following variational characterization in terms of the Rayleigh quotient:

λ̂1(m) = min

[
‖Dx‖p

p∫
Z

m|x|pdz
: x ∈ W 1,p

0 (Z) , x 
= 0

]
(2.2)

The minimum is attained on the corresponding one dimensional eigen-
space E(λ1). By u1 we denote the normalized eigenfunction, i.e.,

∫
Z

m|u1|pdz = 1
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(if m ≡ 1, then ‖u1‖p = 1). We have E(λ1) = Ru1 and u1 ∈ C1
0 (Z) (nonlinear

regularity theory, see Lieberman [13] and Gasinski-Papageorgiou [10], p.738). We
set

C+ =
{
x ∈ C1

0 (Z) : x(z) ≥ 0 for all z ∈ Z
}

and intC+ =
{

x ∈ C+ : x(z) > 0 for all z ∈ Z and
∂x

∂n
(z) < 0 for all z ∈ ∂Z

}
.

The nonlinear strong maximum principle of Vazquez [14], implies that u1 ∈
intC+.

Since λ̂1(m) is isolated, we can define the second eigenvalue of (−�p,
W 1,p

0 (Z),m) by

λ̂∗
2(m) = inf

[
λ̂ : λ̂ is an eigenvalue of (2.1), λ̂ 
= λ̂1(m)

]
> λ̂1(m) .

Also by virtue of the Liusternik-Schnirelmann theory, we can find an increas-
ing sequence of eigenvalues {λ̂k(m)}k≥1 such that λ̂k(m) → ∞. These are the
so-called LS-eigenvalues. We have

λ̂2

∗
(m) = λ̂2(m) ,

i.e., the second eigenvalue and the second LS-eigenvalue coincide. The eigen-
values λ̂1(m) and λ̂2(m) exhibit the following monotonicity properties with respect
to the weight function m ∈ L∞(Z)+ :

– If m1(z) ≤ m2(z) a.e. on Z, and m1 
= m2, then λ1(m2) < λ1(m1) (see (2.2)).
– If m1(z) < m2(z) a.e. on Z, then λ2(m2) < λ2(m1).

If m ≡ 1, then we write λ̂1(1) = λ1 and λ̂2(1) = λ2. Recently Cuesta-de
Figueiredo-Gossez [5], produced the following alternative variational characteriza-
tion of λ2 :

λ2 = inf
γ0∈Γ0

supx∈γ0([−1,1])‖Dx‖p
p (2.3)

with Γ0 = {γ0 ∈ C([−1, 1], S) : γ0(−1) = −u1, γ0(1) = u1}, S = W 1,p
0 (Z) ∩

∂B
Lp(Z)
1 and ∂B

Lp(Z)
1 = {x ∈ Lp(Z) : ‖x‖p = 1}.

Finally we recall the notions of upper and lower solution for problem (1.1).
Definition 2.6.

(a) A function x ∈ W 1,p(Z) is an upper solution of (1.1), if x|∂Z ≥ 0 and∫
Z

‖Dx‖p−2(Dx,Dv)RNdz ≥
∫

Z

uvdz

for all v ∈ W 1,p
0 (Z), v ≥ 0 and all u ∈ Lη(Z), u(t) ∈ ∂j(t, x(z)) a.e. on Z

for some 1 < η < p∗.
(b) A function x ∈ W 1,p(Z) is a lower solution of (1.1), if x|∂Z ≤ 0 and∫

Z

‖Dx‖p−2(Dx,Dv)RNdz ≤
∫

Z

uvdz
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for all v ∈ W 1,p
0 (Z), v ≥ 0 and all u ∈ Lη(Z), u(z) ∈ ∂j(z, x(z)) a.e. on Z

for some 1 < η < p∗.

3. Multiple constant sign solutions

In this section, we produce multiple solutions of constant sign. Our approach is
based on variational techniques, coupled with the method of upper lower solutions.
We need the following hypotheses on the nonsmooth potential j(z, x).

H(j)1: j : Z ×R → R is a function such that j(t, 0) = 0 and ∂j(z, 0) = {0} a.e. on
Z, and

(i) for all x ∈ R, z → j(z, x) is measurable;
(ii) for almost all z ∈ Z, x → j(z, x) is locally Lipschitz;
(iii) for a.a. z ∈ Z, all x ∈ R and all u ∈ ∂j(z, x), we have

|u| ≤ a(z) + c|x|p−1 with a ∈ L∞(Z)+, c > 0 ;

(iv) there exists θ ∈ L∞(Z)+, θ(z) ≤ λ1 a.e. on Z, θ 
= λ1 such that

lim sup
|x|→∞

u

|x|p−2x
≤ θ(z)

uniformly for a.a. z ∈ Z and all u ∈ ∂j(z, x) ;
(v) there exists η, η̂ ∈ L∞(Z)+ , λ1 ≤ η(z) ≤ η̂(z) a.e. on Z, λ1 
= η such

that

η(z) ≤ lim inf
x→0

u

|x|p−2x
≤ lim sup

x→0

u

|x|p−2x
≤ η̂(z)

uniformly for a.a. z ∈ Z and all u ∈ ∂j(z, x);
(vi) for a.a. z ∈ Z, all x ∈ R and all u ∈ ∂j(z, x), we have ux ≥ 0 (sign

condition).
Let ε > 0 and γε ∈ L∞(Z)+, γε 
= 0 and consider the following auxiliary

problem:{
−div

(
‖Dx(z)‖p−2Dx(z)

)
=
(
θ(z) + ε

)
|x(z)|p−2x(z) + γε(z) a.e. on Z ,

x|∂Z = 0 .

}
(3.1)

In what follows by 〈·, ·〉 we denote the duality brackets for the pair (W 1,p
0 (Z),

W−1,p′
(Z)) ( 1

p + 1
p′ = 1). Let A : W 1,p

0 (Z) → W−1,p′
(Z) be the nonlinear operator

defined by〈
A(x), y

〉
=
∫

Z

‖Dx‖p−2(Dx,Dy)RNdz for all x, y ∈ W 1,p
0 (Z) .

We can check that A is monotone, continuous, hence maximal monotone. In
particular then we can deduce that A is pseudomonotone and of type (S)+.

Also let Nε : Lp(Z) → Lp′
(Z) be the bounded, continuous map defined by

Nε(x)(·) =
(
θ(·) + ε

)
|x(·)|p−2x(·) .
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Evidently due to the compact embedding of W 1,p
0 (Z) into Lp(Z), we have that

Nε|W 1,p
0 (Z) is completely continuous. Hence x → A(x)−Nε(x) is pseudomonotone.

Moreover, from the hypothesis on θ (see H(j)1(iv)), we can show that there exists
ξ0 > 0 such that

‖Dx‖p
p −

∫
Z

θ|x|pdz ≥ ξ0‖Dx‖p
p for all x ∈ W 1,p

0 (Z) . (3.2)

Therefore for ε > 0 small the pseudomonotone operator x → A(x) − Nε(x)
is coercive. But a pseudomonotone coercive operator is surjective (see Gasinski-
Papageorgiou [10], p.336). Combining this fact with the nonlinear strong maximum
principle, we are led to the following existence result concerning problem (3.1).

Proposition 3.1. If θ ∈ L∞(Z)+ is as in hypothesis H(j)1(iv), then for ε > 0 small
problem (3.1) has a solution x ∈ intC+.

Because of hypothesis H(j)1(iv), we deduce easily the following fact:

Proposition 3.2. If hypotheses H(j)1 → (iv) hold and ε > 0 is small, then the
solution x ∈ intC+ obtained in Proposition 3.1 is a strict upper solution for (1.1)
(strict means that x is an upper solution which is not a solution).

Clearly x ≡ 0 is a lower solution for (1.1).
Let C = [0, x] = {x ∈ W 1,p

0 (Z) : 0 ≤ x(z) ≤ x(z) a.e. on Z}. We introduce
the truncation function τ+ : R → R defined by

τ+(x) =
{

0 if x ≤ 0
x if x > 0 .

We set j1(z, x) = j(z, τ+(x)). This is still a locally Lipschitz integrand. We
introduce ϕ+ : W 1,p

0 (Z) → R defined by

ϕ+(x) =
1
p
‖Dx‖p

p −
∫

Z

j+
(
z, x(z)

)
dz for all x ∈ W 1,p

0 (Z) .

The function ϕ+ is Lipschitz continuous on bounded sets, hence locally Lip-
schitz. Using hypothesis H(j)1(iv) and (3.2), we can show that ϕ+ is coercive.
Moreover, due to the compact embedding of W 1,p

0 (Z) into Lp(Z), ϕ+ is weakly
lower semicontinuous. Therefore by virtue of Weierstrass theorem, we can find
x0 ∈ C such that

ϕ+(x0) = inf
C

ϕ+ . (3.3)

Hypothesis H(j)1(v) implies that for μ > 0 small we have ϕ+(μu1) < 0 =
ϕ+(0). Since μu1 ∈ C, it follows that x0 
= 0. Moreover, from (3.3) we have

0 ≤
〈
A(x0), y − x0

〉
−
∫

Z

u0(z)(y − x0)(z)dz for all y ∈ C , (3.4)
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with u0 ∈ Lp′
(Z), u0(z) ∈ ∂j+(z, x0(z)) = ∂j(z, x0(z)) a.e. on Z. For h ∈ W 1,p

0 (Z)
and ε > 0, we define

y(z) =

⎧⎨⎩ 0 if z ∈ {x0 + εh ≤ 0}
x0(z) + εh(z) if z ∈ {0 < x0 + εh ≤ x}
x(z) if z ∈ {x ≤ x0 + εh}

.

Evidently y ∈ C and so we can use it as a test function in (3.4). Then we
obtain

0 ≤
〈
A(x0)− u0, h

〉
. (3.5)

Because h ∈ W 1,p
0 (Z) was arbitrary, from (3.5) we conclude that

A(x0) = u0 ⇒ x0 ∈ W 1,p
0 (Z) is a solution of (1.1) . (3.6)

Nonlinear regularity theory implies that x0 ∈ C1
0 (Z), while the nonlinear

strong maximum principle of Vazquez [14], tell us that x0 ∈ intC+.
Using the comparison principles of Guedda-Veron [11], we can show that

x− x0 ∈ intC+ .

Therefore x0 is a local C1
0 (Z)-minimizer of ϕ, hence x0 is a local

W 1,p
0 (Z)-minimizer of ϕ (see Gasinski-Papageorgiou [9], pp.655–656 and Kyritsi-

Papageorgiou [12]). Therefore we can state the following result:

Proposition 3.3. If hypotheses H(j)1 hold, then there exists x0 ∈ C which is a local
minimizer of ϕ+ and of ϕ.

If instead of (3.1), we consider the following auxiliary problem{
−div

(
‖Dv(z)‖p−2Dv(z)

)
=
(
θ(z) + ε

)
|v(z)|p−2v(z)− γε(z) a.e. on Z ,

v|∂Z = 0 .

}
(3.7)

then we obtain as before a solution v ∈ −intC+ of (3.7). We can check that
this v ∈ −intC+ is a strict lower solution for problem (1.1). Now we consider the
set

D =
{
x ∈ v ∈ W 1,p

0 (Z) : v(z) ≤ v(z) ≤ 0 a.e. on Z
}

.

We introduce the truncation function τ− : R → R−. defined by

τ−(x) =
{

x if x < 0
0 if x ≥ 0 .

Then j−(z, x) = j(z, τ(x)) and ϕ−(x) = 1
p‖Dx‖p

p −
∫

Z
j−(z, x(z))dz for all

x ∈ W 1,p
0 (Z). We consider the minimization problem inf

D
ϕ−. Reasoning as with ϕ+

on C, we obtain:

Proposition 3.4. If hypotheses H(j)1 hold, then there exists v0 ∈ D which is a local
minimizer of ϕ− and of ϕ.

Propositions 3.3 and 3.4, lead to the following multiplicity theorem for solu-
tions of constant sign for problem (1.1).
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Theorem 3.5. If hypotheses H(j)1 hold, then problem (1.1) has at least two con-
stant sign smooth solutions x0 ∈ intC+ and v0 ∈ −intC+.

Remark 3.6. Since x0, v0 are both local minimizers of ϕ, from the mountain pass
theorem, we obtain a third critical point y0 of ϕ, distinct from x0, v0. However, at
this point we can not guarantee that y0 
= 0, let alone that it is nodal. This will
be done in the next section under additional hypotheses.

4. Nodal solutions

In this section we produce a third nontrivial solution for problem (1.1) which is
nodal (i.e., sign-changing). Our approach was inspired by the work of Dancer-
Du [6]. Roughly speaking the strategy is the following: Continuing the argument
employed in Section 3, we produce a smallest positive solution y+ and a biggest
negative solution y−. In particular {y±} is an ordered pair of upper-lower solutions.
So, if we form the order interval [y−, y+] and we argue as in Section 3, we can show
that problem (1.1) has a solution y0 ∈ [y−, y+] distinct from y−, y+. If we can show
that y0 
= 0, then clearly y0 is a nodal solution of (1.1). To show the nontriviality
of y0, we use Theorem 2.4 and (2.3).

We start implementing the strategy, by proving that the set of upper (resp.
lower) solutions for problem (1.1), is downward (resp. upward) directed. The proof
relies on the use of the truncation function

ξε(s) =

⎧⎨⎩ −ε if s < ε
s if s ∈ [−ε, ε]
ε if s > ε

.

Note that
1
ε
ξε

(
(y1 − y1)−(z)

)
→ χ{y1<y2}(z) a.e. on Z as ε ↓ 0 .

So we have the following lemmata

Lemma 4.1. If y1, y2 ∈ W 1,p(Z) are two upper solutions for problem (1.1) and
y = min{y1, y2} ∈ W 1,p(Z), then y is also an upper solution for problem (1.1).

Lemma 4.2. If v1, v2 ∈ W 1,p(Z) are two lower solutions for problem (1.1) and
v = max{v1, v2} ∈ W 1,p(Z), then v is also a lower solution for problem (1.1).

In Section 3 we used zero as a lower solution for the “positive” problem and
as an upper solution for the “negative” problem. However, this is not good enough
for the purpose of generating a smallest positive and a biggest negative solution,
as described earlier. For this reason, we strengthen the hypotheses on j(z, x) as
follows:

H(j)2: j : Z × R → R is a function such that j(t, 0) = 0 a.e. on Z, ∂j(z, 0) = {0}
a.e. on Z, hypotheses H(j)2(i) → (iv) and (vi) are the same as hypotheses
H(j)1(i) → (iv) and (vi) and
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(iv) there exists η̂ ∈ L∞(Z)+, such that

λ1 < lim inf
x→0

u

|x|p−2x
≤ lim sup

x→0

u

|x|p−2x
≤ η̂(z)

uniformly for a.a. z ∈ Z and all u ∈ ∂j(z, x).
Using this stronger hypothesis near origin, we can find μ0 ∈ (0, 1) small such

that x = μ0u1 ∈ intC+ is a strict lower solution and v = μ0(−u1) ∈ −intC+ is a
strict upper solution for problem (1.1). So we can state the following lemma:

Lemma 4.3. If hypotheses H(j)2 hold, then problem (1.1) has a strict lower solution
x ∈ intC+ and a strict upper solution v ∈ −intC+.

We consider the order intervals

[x, x] =
{
x ∈ W 1,p

0 (Z) : x(z) ≤ x(z) ≤ x(z) a.e. on Z
}

and [v, v] =
{
v ∈ W 1,p

0 (Z) : v(z) ≤ v(z) ≤ v(z) a.e. on Z
}

.

Using Lemmata 4.1 and 4.2 and Zorn’s lemma, we prove the following result:

Proposition 4.4. If hypotheses H(j)2 hold, then problem (1.1) admits a smallest
solution in the order interval [x, x] and a biggest solution in the order interval [v, v].

Now let xn = εnu1 with εn ↓ 0 and let En
+ = [xn, x]. Proposition 4.4 implies

that problem (1.1) has a smallest solution xn
∗ in En

+. Clearly {xn
∗}n≥1 ⊆ W 1,p

0 (Z) is
bounded and so by passing to a suitable subsequence if necessary, we may assume
that

xn
∗

w→ y+ in W 1,p
0 (Z) and xn

∗ → y+ in Lp(Z) as n →∞ .

Arguing by contradiction and using hypothesis H(j)2(v), we can show that
y+ 
= 0 and of course y+ ≥ 0. Here we use the strict monotonicity of the principal
eigenvalue on the weight function (see Section 2). Moreover, by Vazquez [14], we
have y+ ∈ intC+ and using this fact it is not difficult to check that y+ is in fact
the smallest positive solution of problem (1.1).

Similarly, working on En
− = [v, vn] with vn = εn(−u1), εn ↓ 0, we obtain

y− ∈ −intC+ the biggest negative solution of (1.1). So we can state the following
proposition:

Proposition 4.5. If hypotheses H(j)2 hold, then problem (1.1) has a smallest pos-
itive solution y+ ∈ intC+ and a biggest negative solution y− ∈ −intC+.

According to the scheme outlined in the beginning of the section, using this
proposition, we can establish the existence of a nodal solution. As we already
mentioned, a basic tool to this end, is equation (2.3). But in order to be able to
use (2.3), we need to strengthen further our hypothesis near the origin. Also we
need to restrict the kind of locally Lispchitz functions j(z, x), we have. Namely,
let f : Z ×R → R be a measurable function such that for every r > 0 there exists
ar ∈ L∞(Z)+ such that

|f(z, x)| ≤ ar(z) for a.a. z ∈ Z and all |x| ≤ r .
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We introduce the following two limit functions:

f1(z, x) = lim inf
x′→x

f(z, x′) and f2(z, x) = lim sup
x′→x

f(z, x′) .

Both functions are R-valued for a.a. z ∈ Z. In addition we assume that they
are sup-measurable, meaning that for every x : Z → R measurable function, the
functions z → f1(z, x(z)) and z → f2(z, x(z)) are both measurable. We set

j(z, x) =
∫ x

0

f(z, s)ds . (4.1)

Evidently (z, x) → j(z, x) is jointly measurable and for a.a. z ∈ Z, x → j(z, x)
is locally Lipschitz. We have

∂j(z, x) =
[
f1(z, x), f2(z, x)

]
for a.a. z ∈ Z , for all x ∈ R .

Clearly j(z, 0) = 0 a.e. on Z and if for a.a. z ∈ Z, f(z, ·) is continuous at 0,
then ∂j(z, 0) = {0} for a.a. z ∈ Z. The hypotheses on this particular nonsmooth
potential function j(z, x) are the following:

H(j)3: j : Z × R → R is defined by (4.1) and
(i) (z, x) → f(z, x) is measurable with f1, f2 sup-measurable;
(ii) for a.a. z ∈ Z, x → f(z, x) is continuous at x = 0;
(iii) |f(z, x)| ≤ a(z) + c|x|p−1 a.e. on Z, for all x ∈ R,with a ∈ L∞(Z)+,

c > 0;
(iv) there exists θ ∈ L∞(Z)+ satisfying θ(z) ≤ λ1 a.e. on Z, θ 
= λ1 and

lim sup
|x|→∞

f2(z, x)
|x|p−2x

≤ θ(z)

uniformly for a.a. z ∈ Z;
(v) there exists η̂ ∈ L∞(Z)+ such that

λ2 < lim inf
x→0

f1(z, x)
|x|p−2x

lim sup
x→0

f2(z, x)
|x|p−2x

≤ η̂(z)

uniformly for a.a. z ∈ Z;
(vi) for a.a. z ∈ Z and all x ∈ R, we have f1(z, x)x ≥ 0 (sign condition).

From Proposition 4.5, we have a smallest positive solution y+ ∈ intC+ and a
biggest negative solution y− ∈ −intC+ for problem (1.1). We have

A(y±) = u± with u± ∈ Lp′
(Z), u±(z) ∈ ∂j

(
z, x±(z)

)
a.e. on Z .
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We introduce the following truncations of the functions f(z, x) :

f̂+(z, x) =

⎧⎨⎩ 0 if x < 0
f(z, x) if 0 ≤ x ≤ y+(z)
u+(z) if y+(z) < x

,

f̂−(z, x) =

⎧⎨⎩ u−(z) if x < y−(z)
f(z, x) if y−(z) ≤ x ≤ 0
0 if 0 < x

,

f̂(z, x) =

⎧⎨⎩ u−(z) if x < y−(z)
f(z, x) if y−(z) ≤ x ≤ y+(z)
u+(z) if y+(z) < x

,

Using them, we define the corresponding locally Lipschitz potential func-
tions, namely ĵ+(z, x) =

∫ x

0
f̂+(z, s)ds, ĵ−(z, x) =

∫ x

0
f̂−(z, s)ds and ĵ(z, x) =∫ x

0
f̂(z, s)ds for all (z, x) ∈ Z × R.

Also, we introduce the corresponding locally Lipschitz Euler functionals de-
fined on W 1,p

0 (Z). So we have

ϕ̂+(x) =
1
p
‖Dx||pp −

∫
Z

ĵ+
(
z, x(z)

)
dz, ϕ̂−(x) =

1
p
‖Dx‖p

p −
∫

Z

ĵ−
(
z, x(z)

)
dz

and ϕ̂(x) =
1
p
‖Dx||pp −

∫
Z

ĵ
(
z, x(z)

)
dz for all x ∈ W 1,p

0 (Z) .

Finally, we set

T+ = [0, y+], T− = [y−, 0] and T = [y−, y+] .

We can show that the critical points of ϕ+ (resp. of ϕ−, ϕ) are in T+ (resp. in
T−,T ). So the critical points of ϕ̂+ (resp. ϕ̂−) are {0, y+} (resp. {0, y−}). Moreover,

ϕ̂+(y+) = inf ϕ̂+ < 0 = ϕ̂+(0) and ϕ̂−(y−) = inf ϕ̂− < 0 = ϕ̂−(0) .

Clearly y+, y− are local C1
0 (Z)-minimizers of ϕ̂ and so they are also local

W 1,p
0 (Z)-minimizers. Without any loss of generality, we may assume that they are

isolated critical points of ϕ̂. So we can find δ > 0 small such that

ϕ̂(y−) < inf
[
ϕ̂(x) : x ∈ ∂Bδ(y−)

]
≤ 0 ,

ϕ̂(y+) < inf
[
ϕ̂(x) : x ∈ ∂Bδ(y+)

]
≤ 0 ,

where ∂Bδ(y±) = {x ∈ W 1,p
0 (Z) : ‖x − y±‖ = δ}. Assume without loss of

generality that ϕ̂(y−) ≤ ϕ̂(y+).
If we set S = ∂Bδ(y+), T0 = {y−, y+} and T = [y−, y+], then we can check

that the pair {T0, T} is linking with S in W 1,p
0 (Z). So by virtue of Theorem 2.2,

we can find y0 ∈ W 1,p
0 (Z) a critical point of ϕ̂ such that

ϕ̂(y±) < ϕ̂(y0) = inf
γ∈Γ

max
t∈[−1,1]

ϕ̂
(
γ(t)

)
(4.2)

where Γ = {γ ∈ C([−1, 1],W 1,p
0 (Z)) : γ(−1) = y−, γ(1) = y+}. Note that

from (4.2) we infer that y0 
= y±.
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We will show that ϕ̂(y0) < ϕ̂(0) = 0 and so y0 
= 0. Hence y0 is the desired
nodal solution. To establish the nontriviality of y0, it suffices to construct a path
γ0 ∈ Γ such that

ϕ̂(γ0(t)) < 0 for all t ∈ [0, 1] (see (4.2)) .

Using (2.3), we can produce a continuous path γ0 joining−εu1 and εu1 for
ε > 0 small. Note that if Sc = C1

0 (Z) ∩ ∂B
Lp(Z)
1 and S = W 1,p

0 (Z) ∩ ∂B
Lp(Z)
1 are

equipped with the relative C1
0 (Z) and W 1,p

0 (Z) topologies respectively, then

C
(
[−1, 1], Sc

)
is dense in C

(
[−1, 1], S

)
.

Also we have
ϕ̂|γ0 < 0 . (4.3)

Using Theorem 2.4, we can generate the continuous path

γ+(t) = h(t, εu1) , t ∈ [0, 1] ,

with h(t, x) the deformation of Theorem 2.4. This path joins εu1 and y+.
Moreover, we have

ϕ̂|γ+ < 0 . (4.4)

In a similar fashion we produce a continuous path γ− joining y− with −εu1

such that
ϕ̂|γ− < 0 . (4.5)

Concatinating γ−, γ0 and γ+, we produce a path γ0 ∈ Γ such that

ϕ̂|γ0
< 0 (see (4.3),(4.4) and (4.5)) .

This proves that y0 
= 0 and so y0 is a nodal solution. Nonlinear regularity
theory implies that y0 ∈ C1

0 (Z).
Therefore we can state the following theorem on the existence of nodal solu-

tions

Theorem 4.6. If hypotheses H(j)3 hold, then problem (1.1) has a nodal solution
y0 ∈ C1

0 (Z).

Combining Theorems 3.5 and 4.6, we can state the following multiplicity
result for problem (1.1).

Theorem 4.7. If hypotheses H(j)3 hold, then problem (1.1) has at least three non-
trivial solutions, one positive x0 ∈ intC+, one negative v0 ∈ −intC+ and the third
y0 ∈ C1

0 (Z) nodal.
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A Young Measures Approach to Averaging

Zvi Artstein

Dedicated to Arrigo Cellina and James Yorke

Abstract. Employing a fast time scale in the Averaging Method results in
a limit dynamics driven by a Young measure. The rate of convergence to
the limit induces quantitative estimates for the averaging. Advantages that
can be drawn from the Young measures approach, in particular, allowing
time-varying averages, are displayed along with a connection to singularly
perturbed systems.

1. Introduction

The Averaging Method suggests that a time-varying yet small perturbation on a
long time interval, can be approximated by a time-invariant perturbation obtained
by “averaging” the original one. The method has been introduced in the 19th
Century as a practical device helping computations of stellar motions. Its rigorous
grounds have been affirmed in the middle of the 20th Century. Many applications,
including to fields beyond computations, make the field very attractive today.
For a historical account and many applications consult Lochak and Meunier [10],
Sanders and Verhulst [14], Verhulst [17], and references therein.

In this paper we make a connection between the averaging method and an-
other useful tool, namely, probability measure-valued maps, called Young mea-
sures. These were introduced by L.C. Young as generalized curves in the calculus
of variations; other usages are as relaxed controls, worked out by J. Warga, limits
of solutions of partial differential equations, and many more. For an account of
some of the possible applications consult the monographs and surveys Young [19],
Warga [18], Valadier, [16], Pedregal [12, 13], Balder [6], and references therein.
For a connection to singular perturbations extending, in particular, the Levinson-
Tikhonov scope, see Artstein [3].

Incumbent of the Hettie H. Heineman Professorial Chair in Mathematics. Research supported
by the Israel Science Foundation.



16 Z. Artstein

The qualitative consequences of the averaging method played a role in all
the aforementioned applications of Young measures. The purpose of this note is
to show that the Young measures approach can contribute to the considerations
of averaging, including to the quantitative estimates the theory offers.

In the next section we explain how Young measures arise in the averaging
considerations. A general estimate based on the distance in the sense of Young
measures is displayed in Section 3. Applications to the classical averaging, along
with some examples, are given in Section 4. Averaging considerations relative to
subsequences, resulting, in particular, in time-varying averages, is a feature Young
measures help to clarify; it is displayed in Section 5 along with a comment on the
connection to singularly perturbed systems.

2. The connection

In this section we provide the basic definitions of Young measures and explain
how they arise in considerations of averaging. We start actually with the latter,
namely, provide the motivation first.

Averaging of ordinary differential equations is concerned with an equation
which depends on a small positive parameter ε and given by

dx

dt
= εf(t, x, ε) , x(0) = x0 . (2.1)

We assume, throughout, continuity of f(t, x, ε) in x and measurability in t (con-
tinuity in ε is not needed in general; it is explicitly assumed below when used).
In many applications one has to carry out a change of variables in order to arrive
to the form (2.1); in fact, the form (2.1) already depicts the small perturbation;
see Verhulst [17] for an elaborate discussion. Of interest is the limit behaviour of
solutions of (2.1) as ε → 0. A typical result assures, under appropriate conditions,
that the solution, say x(·), of (2.1) (it depends on ε) is close to the solution, say
x0(·), of the averaged equation, namely, the equation

dx

dt
= εf0(x) , x(0) = x0 ; (2.2)

here the time-invariant right hand side of (2.2) is the limit average of the original
equation, namely,

f0(x) = lim
T→∞, ε→0

1
T

∫ T

0

f(t, x, ε)dt , (2.3)

assuming, of course, that the limit exists. (The order of convergence between T
and ε in (2.3) may play a role; we do not address this issue in this general dis-
cussion.) Furthermore, the theory assures that the two solutions, x(·) and x0(·),
are uniformly close on an interval of length of order ε−1, say uniformly on [0, ε−1].
Estimating the order of approximation is a prime goal of the theory. Discussions
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and examples can be found in Arnold [1], Bogoliubov and Mitropolsky [8], Guck-
enheimer and Holmes [9], Lochak and Meunier [10], Sanders and Verhulst [14],
Verhulst [17]. We provide some concrete examples later on.

A standard approach to verifying the approximation and establishing the
order of approximation is via differential or integral inequalities, e.g., Gronwall
inequalities, carefully executed so to produce the appropriate estimates. We offer
another approach which starts with a change of time scales, namely, s = εt. In the
“fast” time variable s equations (2.1) and (2.2) take the form

dx

ds
= f(s/ε, x, ε), x(0) = x0 (2.4)

and, respectively,
dx

ds
= f0(x), x(0) = x0 . (2.5)

Verifying an approximation estimate for solutions of (2.1) and (2.2) uniformly on
[0, ε−1] amounts to verifying the same estimate for solutions of (2.4) and (2.5)
uniformly on [0, 1].

When attempting to apply limit considerations to the right hand side of
(2.4) a difficulty arises, namely, to determine the limit, as ε → 0, of the function
f( s

ε , x, ε), as a function of s for a fixed x. Indeed, the point-wise limit may not
exist, while weak limits, although resulting in the desired average, are not easy to
manipulate when quantitative estimates are sought. What we suggest is to employ
the Young measures limit, as follows.

The best way to explain the idea is via a concrete example. Suppose that the
right hand side in (2.4) is the function sin(s

ε ). As ε → 0 the function oscillates more
and more rapidly. What the Young measure limit captures is the distribution of
the values of the function. Indeed, on any fixed small interval, say [s1, s2] in [0, 1],
when ε is small the values of sin( s

ε ) are distributed very closely to the distribution of
the values of the sin function over one period; namely, the distribution is μ0(dξ) =
π−1(1 − ξ2)−

1
2 dξ which is a probability measure over the space of values of the

mapping sin(·). A way to depict the limit is to identify it with the probability
measure-valued map, say μ(·)(dξ) which assigns to each s ∈ [0, 1] the probability
distribution μ0(dξ) just defined. In the example, the same probability distribution
is assigned to all s in the interval. The general definition of a Young measure allows
probability measure-valued maps which may not be constant over the interval.
Later we take advantage of this possibility when allowing time-varying averages.

A probability measure on Rn is a σ-additive mapping, say μ, from the Borel
subsets of Rn into [0, 1] such that μ(Rn) = 1. The space of probability measures
is endowed with the weak convergence of measures, namely, μi converge to μ0 if∫

h(ξ)μi(dξ) converge to
∫

h(ξ)μ0(dξ) for every bounded and continuous mapping
h(·) : Rn → R. Here ξ is an element of Rn. The space of probability measures on
Rn is denoted P(Rn). In the next section we recall the Prohorov metric; it makes
the space P(Rn) with the weak convergence of measures a complete metric space.
On this space see Billingsley [7].
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A measurable mapping μ(·) : [0, 1] → P(Rn) is called a Young measure, the
measurability being with respect to the weak convergence. A Young measure, say
μ(·), is associated with a measure, marked in this paper in bold face font, say μ,
on [0, 1] × Rn defined on rectangles E × B by μ(E × B) =

∫
E

μ(s)(B)ds. The
resulting measure is also a probability measure (since the base space has Lebesgue
measure one, otherwise we get a probability measure multiplied by the Lebesgue
measure of that base). The convergence in the space of Young measures is now
derived from the convergence on P([0, 1]×Rn), and likewise the Prohorov metric.
A useful consequence is that the space of Young measures with values supported
on a compact subset of Rn is a compact set in the space of Young measures.

An Rn-valued function, say f(s), is identified with the Young measure whose
values are the Dirac measures supported on the singletons {f(s)}. The convergence
of functions in the sense of Young measures, say of {fi(·)}, is taken to be the
convergence of the associated Young measures. More on the basic theory of Young
measures and their convergence see Balder [6], Valadier [16].

The application of the Young measure convergence to the averaging prob-
lem is via the convergence, as ε → 0, in the sense of Young measures of the
functions f( s

ε , x, ε). We shall also consider convergence of f( s
εj

, x, εj) for a subse-
quence εj → 0. The limit in the general case is a Young measure, say μ0(s, x)(dξ)
(here x is the parameter carried over from the function f( s

ε , x, ε), and dξ is an
infinitesimal element in Rn). The resulting limit differential equation is defined by

dx

ds
= E

(
μ0(s, x)(dξ)

)
, x(0) = x0 , (2.6)

where E(μ0(s, x)(dξ)) is the expectation with respect to ξ of the measure, namely,
it is equal to

∫
Rn ξμ0(s, x)(dξ). Thus, the differential equation (2.6) is an ordinary

differential equation whose right hand side is determined via an average of values.
When the measure μ0(s, x)(dξ) is a Dirac measure, namely a function, the equation
reduces to the form in (2.4). We abuse rigorous terminology and refer to μ0(s, x)
as the right hand side of the differential equation (2.6). It is easy to see that when
the convergence holds when ε → 0 (rather than for a subsequence εj → 0), the
limit Young measure is constant-valued, see Remark 5.3.

It should be pointed out that, throughout the derivations, it is the expecta-
tion of the Young measure which plays a role, and not the Young measure itself.
Considering the entire Young measure does not, however, restrict the scope of the
applications and, in turn, helps in the analysis.

It has been known for a long time that, under appropriate conditions, if
the right hand side, say fi(s, x), of a differential equation converges in the sense
of Young measures to, say, μ0(s, x), then the corresponding solutions converge
uniformly on bounded intervals. This may be considered a qualitative aspect of
averaging. It was exploited in many frameworks. One such application is to relaxed
controls, see Warga [18], Young [19]. Applications more related to the averaging
principle were to systems with oscillating parameter and to singularly perturbed
systems, see Artstein [2, 3], Artstein and Vigodner [5]. In the present paper the
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direction of the contribution is reversed, namely, we exploit the Young measures
convergence in order to derive quantitative estimates within the averaging method.

3. A quantitative estimate

In this section we present an estimate of the distance between solutions of two
ordinary differential equations driven by Young measures. The estimate is based on
local averages of the equations. Standard ordinary differential equations with Rn-
valued right hand side form a particular case. The application of the estimate to the
averaging method is carried out in the next section. There are other applications
of the general estimates, e.g., to relaxed controls; they are not examined in the
present paper.

The Prohorov distance ρ(·, ·) among probability measures is the basis of the
quantitative estimates in this paper. For measures, say μ and ν on a metric space
M , the Prohorov distance ρ(μ, ν) is defined by

ρ(μ, ν) = inf
{
η : for all B, μ(B) ≤ ν(Bη) + η and ν(B) ≤ μ(Bη) + η

}
(3.1)

(here Bη is the η-neighborhood of the Borel set B in M); see Billingsley [7].
Notice that when the two measures are Dirac, namely, each supported on a point,
then the Prohorov distance coincides with the Euclidean distance. We apply the
definition to measures in the space P(Rn) of probability measures in Rn and to
Young measures (as defined in the previous section) in P([0, 1]×Rn).

Lemma 3.1. Let μ and ν be two probability measures on Rn whose supports are
included in the ball of radius r. Then |E(μ(dξ)) − E(ν(dξ))| ≤ αρ(μ, ν) with α
depending only on r.

Proof. Recall that in general, when h(ξ) : Rn → [0,∞) is a nonnegative measur-
able function which is bounded, say by r, and μ is a probability measure on Rn

then ∫
Rn

h(ξ)μ(dξ) =
∫ r

0

μ
({

ξ : h(ξ) ≥ λ
})

dλ , (3.2)

where dλ being the Lebesgue measure, see, e.g., Billingsley [7, page 223]. The i-th
coordinate of the expectation E(μ(dξ)) is the integral

∫
Rn ξiμ(dξ) (with ξi being

the i-th coordinate of ξ). Clearly, the integration can be carried out when ξi is
replaced by 0 outside of the ball of radius r, and when replacing ξi by ξi + r the
integration is of a positive bounded function. Employing (3.2) we deduce that the
difference between the i-th coordinates of E(μ(dξ)) and E(ν(dξ)) is∫ r

0

(
μ
(
{ξ : ξi + r ≥ λ}

)
− ν
(
{ξ : ξi + r ≥ λ}

))
dλ . (3.3)

The inequalities in (3.1) establishing the Prohorov distance imply, in particular,
that μ({ξ : ξi + r ≥ λ}) ≤ ν({ξ : ξi + r + ρ(μ, ν) ≥ λ}) + ρ(μ, ν) and likewise
with the roles of μ and ν exchanged. Plugging these inequalities in (3.3) implies
the existence of the desired coefficient α; this completes the proof. �
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The estimate in this section refers to solutions of two ordinary differential
equations given by

dx

ds
= E

(
μi(s, x)(dξ)

)
, x(0) = x0 , (3.4)

where for every x the mappings μi(·, x) for i = 1, 2 are Young measures defined on
s ∈ [0, 1], with values being probability distributions on Rn (Compare with (2.6)).
Lipschitz continuity of μi(s, x) in the variable x is understood with respect to the
Prohorov metric on P(Rn).

Recall that we use bold face, say μ, to indicate the Young measure μ(·)
defined on s ∈ [0, 1]. A Young measure μ is bounded if there is a bound, say r,
such that all the supports of μ(s) for all s are contained in the ball of radius r
in Rn. When I is a subinterval of [0, 1] we write μ(I) for the normalized value of
μ(I×Rn) namely, we divide the latter by the length of I; then μ(I) is a probability
measure (analogous to μ(s) for a single s). Notice that E(μ(I)(dξ)) is the average
of the expectations of μ(s) for s ∈ I; it coincides with the average of the function
on the interval when the measures μ(s) are Dirac measures.

The first estimate utilizes the Prohorov distance on P(Rn) and information
about the averages of the Young measures. We later connect it to the Prohorov
distance on the space of Young measures.

Theorem 3.2. For each x let μ1(s, x) and μ2(s, x) be Young measures on s ∈ [0, 1]
uniformly bounded, say by r. Suppose that both mappings are Lipschitz in the
variable x with Lipschitz constant K. Let (Δ, η) be a pair of nonnegative numbers
such that whenever an interval I in [0, 1] is of length Δ then |E(μ1(x)(I)(dξ)) −
E(μ2(x)(I)(dξ))| ≤ η. Then the distance between the solutions x1(s) and x2(s)
of (3.4), with μ1 and, respectively, μ2 being the right hand side, is uniformly
bounded on [0, 1] by cmax(Δ, η) where c is a constant which depends only on r
and K.

Proof. In view of the Lipschitz condition of each μi(s, x) and Lemma 3.1 we deduce
that both E(μi(s, x)(dξ)) are uniformly Lipschitz in the x variable; denote the
Lipschitz constant by K1.

Rather than estimating directly the distance |x1(s)− x2(s)| we start by esti-
mating |x1(s) − x2(s)|e−sK1 ; let s0 be a point in [0, 1] at which the maximum of
the latter term is attained, and denote this maximum by m0.

Since we are dealing with solutions of the differential equation (3.4) for i =
1, 2, the equalities xi(s) = x0 +

∫ s

0
E(μi(σ, xi(σ))(dξ))ds hold, and we can use the

triangle inequality and deduce that m0 is bounded by

e−s0K1

∣∣∣∣∣
∫ s0

0

(
E
(
μ1

(
σ, x1(σ)

)
(dξ)

)
− E

(
μ2

(
σ, x1(σ)

)
(dξ)

))
dσ

∣∣∣∣∣
+ e−s0K1

∣∣∣∣∣
∫ s0

0

(
E
(
μ2

(
σ, x1(σ)

)
(dξ)

)
− E

(
μ2

(
σ, x2(σ)

)
(dξ)

))
dσ

∣∣∣∣∣ .
(3.5)
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We estimate the two terms in (3.5) separately.
We claim that the first term in (3.5) is bounded by c1(Δ+η) with c1 depend-

ing only on r and K. To show this we divide the interval [0, s0] to sub intervals
of length Δ, with the exception, possibly, of the last one which may be shorter.
Consider the piecewise constant map z(·) which on each interval of the partition
takes the value x1(s′) where s′ is the middle point of the interval. Then for i = 1, 2

e−s0K1

∣∣∣∣∣
∫ s0

0

(
E
(
mi

(
σ, x1(σ)

)
(dξ)

)
− E

(
mi

(
σ, z(σ)

)
(dξ)

))
dσ

∣∣∣∣∣ ≤ c2Δ (3.6)

with c2 depending only on K1 and r; indeed, the estimate follows from the claim
stated in the beginning of the proof and the observation that |x(s)− z(s)| ≤ rΔ.
The condition on (Δ, η) implies that

e−s0K1

∣∣∣∣∣
∫ s0

0

(
E
(
μ1

(
σ, z(σ)

)
(dξ)

)
− E

(
μ2

(
σ, z(σ)

)
(dξ)

))
dσ

∣∣∣∣∣ ≤ c3(Δ + η) ,

(3.7)
with c3 depending only on r. Combining the two inequalities in (3.6) and the one
in (3.7) verifies the estimate concerning the first term in (3.5).

We resort again to the observation in the beginning of the proof and conclude
that the second term in (3.5) is bounded by

e−s0K1

∫ s0

0

|x1(σ)− x2(σ)| dσ . (3.8)

Multiplying the integrand in (3.8) by e−σK1eσK1 and using the particular choice
of s0 as the point where m0 is attained we can bound (3.8) by

e−s0K1m0

∫ s0

0

K1e
σK1dσ ≤ m0

(
1− e−K1

)
, (3.9)

namely, a bound on the second term in (3.5). Combined with the previous estimate
we get

m0 ≤ c1(Δ + η) + m0

(
1− e−K1

)
. (3.10)

The last inequality clearly establishes the desired estimate, however, for the quan-
tity m0. Since |x1(s)− x2(s)| ≤ eK1m0 the proof is concluded. �

The preceding result utilizes the distance between averages of the two Young
measures. Being close in the Prohorov distance is not a necessary condition for the
averages to be close; it induces, however, an estimate on how close the averages
are, as follows.

Lemma 3.3. Let μ1(·) and μ2(·) be two bounded Young measures on [0, 1], say
bounded by r, and let δ = ρ(μ1,μ2). Then whenever an interval I in [0, 1] is of
length δ

1
2 then |E(μ1(I)(dξ))− E(μ2(I)(dξ))| ≤ cδ

1
2 with c depending only on r.

Proof. From the definition of the Prohorov distance we deduce (in fact, for every
interval) that |μ1(I ×Rn)−μ2(I ×Rn)| ≤ 2δ. Dividing the two terms by δ

1
2 and

invoking Lemma 3.1 yield the result. �
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Corollary 3.4. For every x let μ1(s, x) and μ2(s, x) be Young measures, uniformly
bounded, say by r. Suppose that both mappings are Lipschitz in the variable x with
Lipschitz constant K. Suppose that ρ(μ1(x),μ2(x)) ≤ δ for every x. Then the
distance between the solutions x1(s) and x2(s) of (3.4) with μ1 and, respectively,
μ2 being the right hand side, is uniformly bounded on [0, 1] by cδ

1
2 with c being a

constant which depends only on r and K.

Proof. Follows from Theorem 3.2 and Lemma 3.3. �

As mentioned already, the results in this section apply also when the right
hand side of the equation is an Rn-valued function. An elaboration on this partic-
ular case with further applications will be documented separately.

4. The application to averaging

In this section, following the arguments in Section 2, we translate the general esti-
mates obtained in the previous section to estimates within the averaging method
in ordinary differential equations.

The equation we examine is (2.1), copied here with the specification of the
time span.

dx

dt
= εf(t, x, ε) , x(0) = x0 , t ∈ [0, ε−1] . (4.1)

The change of time scales s = εt transforms the equation to
dx

ds
= f(s/ε, x, ε) , x(0) = x0 , s ∈ [0, 1] . (4.2)

The following assumption is a bit stronger than the existence of the averaged
equation as reflected in (2.2) and (2.3); it captures, however, all the applications
of the classical averaging of ordinary differential equations. In the next section we
introduce a generalization that goes beyond the classical averaging.

Assumption 4.1. As ε → 0 the functions f( s
ε , x, ε) converge in the sense of Young

measures to a Young measure on [0, 1], say μ0(s, x), which is constant-valued,
namely, does not depend on s. We denote the common value by μ0(x).

Under Assumption 4.1 we identify the averaged equation as
dx

dt
= εE

(
μ0(x)(dξ)

)
, x(0) = x0 , t ∈ [0, ε−1] . (4.3)

The averaging method establishes the distance (hopefully small) between solutions
of the time varying equation (4.1) and the time-invariant one (4.3), uniformly
on the interval [0, ε−1]. Notice that in the s-scale the time-invariant equation is
dx
ds = E(μ0(x)(dξ)).

Lemma 4.2. Suppose that f(x, t, ε) is uniformly bounded, say by r, and Lipschitz
in x with a Lipschitz constant independent of t and ε. Under Assumption 4.1 the
probability measure μ0(x) is bounded by r and Lipschitz in x.
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Proof. It is easy to see that the probability measure μ0(x) is, in fact, the limit as
ε → 0 of the distributions of the values f( s

ε , x, ε) over [0, 1] with the Lebesgue mea-
sure. The latter distributions are uniformly Lipschitz in x, and the limit, clearly,
inherits the Lipschitz property. �

Theorem 4.3. Suppose that f(x, t, ε) is uniformly bounded, say by r, and Lipschitz
in x with a Lipschitz constant independent of t and ε. Suppose that Assumption
4.1 holds. Let (Δ(ε), η(ε)) be a pair of nonnegative numbers such that for every
s ∈ [0, 1−Δ(ε)]∣∣∣∣∣ 1

Δ(ε)

∫ s+Δ(ε)

s

(
f(σ/ε, x, ε)dσ − E

(
μ0(x)(dξ)

))
dσ

∣∣∣∣∣ ≤ η(ε) . (4.4)

Then the distance between the solutions of (4.1) and (4.3) is uniformly bounded on
[0, ε−1] by cmax(Δ(ε), η(ε)) where c is a constant which depends only on r and K.
In particular, if δ(ε) is a bound on the Prohorov distance between f( s

ε , x, ε) and
μ0(x) for all x, then the mentioned distance is bounded by cδ

1
2 where c is a constant

which depends only on r and K.

Proof. The two statements amount to applying Theorem 3.2 and Corollary 3.4 in
the framework of the present section, on, however, the time scale s. �

We display now some illustrations of the previous result. The first two are
paraphrases of the well known periodic averaging, see Sanders and Verhulst [14,
Theorem 3.2.10], Guckenheimer and Holmes [9, Theorem 4.1.1], (but notice that
in our version the period may depend on ε).

Example 4.4. Consider the system
dx

dt
= εf

(
p(ε)t, x

)
, x(0) = x0 , (4.5)

with p(ε) positive and bounded away from 0 and f(t, x) periodic with period T .
Suppose also that f(t, x) is uniformly bounded and uniformly Lipschitz in x. Then
the distance between the solution of (4.5) and the solution of the autonomous
averaged equation

dx

dt
= ε

1
T

∫ T

0

f(t, x)dt , x(0) = x0 , (4.6)

is of order ε, uniformly on the intervals [0, ε−1]. Indeed, it is easy to see that the
conditions of Theorem 4.3 hold with the Young measure being the distribution
of f(t, x) over a period (leading indeed to the averaged equation (4.6)) and with
(Δ(ε), η(ε)) = (εp(ε)T, 0). The boundedness away of p(ε) from zero guarantees the
desired estimate.

Example 4.5. Consider equation (4.5) with, however, allowing p(ε) approaching
zero as ε → 0. For instance, let p(ε) = | log ε|−1. The natural averaged system is
again (4.6). The pair measuring the averages is again (Δ(ε), η(ε)) = (εp(ε)T, 0).
Thus, the order of approximation in this case is ε| log ε|, which converge to zero
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as ε → 0. When εp(ε) does not approach zero as ε → 0 the approximation is of
order 1. It is easy to see that any order between ε and 1 can be materialized.

Example 4.6. Consider the system
dx

dt
= ε
(
f1

(
p1(ε)t, x

)
+ . . . + fk

(
pk(ε)t, x

))
, x(0) = x0 , (4.7)

with each pj(ε) positive and bounded away from 0 and fj(t, x) periodic with
period T . Suppose also that fj(t, x) are uniformly bounded and uniformly Lipschitz
in x. It is clear that the conditions of Theorem 4.3 hold with the Young measure
being the cumulated distribution of fj(t, x), j = 1, . . . , k over a period, leading to
the averaged equation

dx

dt
= ε

1
T

∫ T

0

(
f1(t, x) + . . . + fk(t, x)

)
dt , x(0) = x0 . (4.8)

It is also easy to see that the Prohorov distance between the right hand side
of (4.7) (in, however, the s time scale) and the limit Young measure is of order ε.
By Theorem 4.3 we deduce that the rate of approximation in ε

1
2 . If, for instance,

we allow p(ε) to be | log ε|−1 away from 0, the Prohorov distance becomes of order
ε| log ε| and the order of approximation is therefore ε

1
2 | log ε|.

5. Time-varying averages

Underlying the classical averaging is Assumption 4.1, guaranteeing that one equa-
tion captures the limit behaviour as ε → 0 of the time-varying system. The Young
measures approach allows a relatively simple and rigorous examination of a situa-
tion where more than one limit equation exists. We examine this possibility now.
We consider the system (4.1) and its fast scale version (4.2).

Definition 5.1. A Young measure, say μ(s, x), is a limit average of the right hand
side of the time-varying equation if it is a limit, in the sense of Young measures,
of a subsequence f( s

εj
, x, εj), as εj → 0.

The next result guarantees that limit averages exist; recall that in the classical
averaging method the existence of the averaged equation is an assumption.

Lemma 5.2. Suppose that f(x, t, ε) is uniformly bounded, say by r, continuous in
ε and Lipschitz in x with a Lipschitz constant independent of t and ε. Then every
sequence εi → 0 has a subsequence, say εj, such that f( s

εj
, x, εj) converges in the

sense of Young measures. Any such limit average, say μ(s, x), is bounded by r and
Lipschitz in the x variable. The family of all such limit averages is compact and
connected in the space of Young measures.

Proof. The boundedness by r is clear. Existence of subsequences which converge
and the compactness follow since the family of Young measures on [0, 1] with
values in a compact set is compact. The continuity in ε implies that as a Young
measure f( s

ε , x, ε) depends continuously on ε; this easily implies that the family
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of limit averages is connected. What is a bit subtle is the Lipschitz dependence
on x (the Lipschitz dependence of the entire Young measure μ(x) on x is easy,
but we need the Lipschitz property of μ(s, x) separately for almost every each s).
To this end let f( s

εj
, x, εj) converge to μ(s, x). For almost every s0 ∈ [0, 1] the

probability measure μ(s0, x) is the limit of μ(I, x) for I of length tending to zero
with s0 ∈ I (for the definition of μ(I) see the paragraph preceding Theorem 3.2).
The value μ(I, x) is, in turn, the limit of the distribution of f( s

εj
, x, εj) for s ∈ I,

thus it is Lipschitz in x. A simple limit argument shows that the limit μ(s0, x) is
also Lipschitz in x. �

Remark 5.3. Notice that unlike the case in Section 4, the limit Young measures
may not be constant-valued. If, however, f( s

ε , x, ε) converge as ε → 0, say to
μ(s, x), the latter is constant-valued. Indeed, it is easy to see that if f( s

εj
, x, εj)

converge to μ(s, x) then on, say s ∈ [0, 1
2 ], the sequence generated by 1

2εj converges
to μ(2s, x). Such relations clearly imply that μ(s, x) does not depend on s.

The preceding observations combined with the estimates of Section 3 enable
to determine approximation rates for subsequences of solutions. We state now a
global result, followed by an illustration.

We consider equation (4.1) with f(t, x, ε) bounded and Lipschitz in x, and
denote the family of its limit averages by E .

Theorem 5.4. Suppose that f(t, x, ε) is uniformly bounded, continuous in ε and
Lipschitz in x with a Lipschitz constant independent of t and ε. Let δ(ε) be the
Prohorov distance between f( s

ε , x, ε) and the family E of limit averages of the
equation. Then the distance between the solution of

dx

dt
= εf(t, x, ε) , x(0) = x0 , (5.1)

and the solution of
dx

dt
= εE

(
μ(εt, x)(dξ)

)
, x(0) = x0 , (5.2)

for one of the Young measures in E, is of order δ(ε)
1
2 , uniformly on [0, ε−1].

Proof. The statement amounts to applying Corollary 3.4 to equation (5.1) in,
however, the fast time scale and to equation (5.2) when its right hand side is the
Young measure closest to f( s

ε , x, ε) in E . �

Example 5.5. Consider a system
dx

dt
= εf(t, x) , x(0) = x0 , (5.3)

with right hand side which on intervals [Nj−1, Nj ], j = 1, 2, . . . with N0 = 0, is
equal to one of, say, three prescribed periodic functions, fi(t, x) with periods Ti,
for i = 1, 2, 3. Furthermore, the functions appear cyclically, namely, on [Nj−1, Nj ]
the right hand side is fi(j)(t, x) where i(j) = j mod 3. Consider now the case
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where, say, N1 = 2 and Nj+1 = N2
j for j ≥ 1. The limit averages are easy to

determine. Indeed, when ε−1
j = Nj the distance of f( s

εj
, x) from the constant-

valued Young measure whose distribution is equal to the distribution of fi(j)(t, x)
over a period, is less than or equal to εjTi(j). Denote this distribution by μi(j)(x).
When εj+1 ≤ ε ≤ εj the associated Young measure takes the value μi(j)(x) on
part of the interval, say s ∈ [0, s′] and takes the value μi(j+1)(x) on the rest of the
interval; the dividing point is s′ = (ε−1 − ε−1

j )(ε−1
j+1 − ε−1

j )−1. Respectively, the
solution of (5.3) is of order ε away from the solution of the autonomous equation on
[0, ε−1s′] and continues to be of order ε away from the solution of the corresponding
autonomous equation on [ε−1s′, ε−1]. The order ε for the approximation is justified
by Theorem 3.2 applied separately on the two subintervals.

Remark 5.6. We conclude by relating the previous considerations to singularly
perturbed systems. Consider the system

dx

dt
= εf(x, y)

dy

dt
= g(x, y) ,

(5.4)

with x ∈ Rn and y ∈ Rm and when the desired time interval is t ∈ [0, ε−1]. Thus,
the x-equation in (5.4) is of the form (2.1) with the time dependency provided by
the trajectory y(t), which in turn is coupled with x. This is, indeed, the general
form used in the averaging problem, see Arnold [1], Lochak and Meunier [10],
Verhulst [17]. When the fast time scale s = εt is introduced, the system becomes

dx

ds
= f(x, y)

ε
dy

ds
= g(x, y) ,

(5.5)

namely, a singularly perturbed equation; the desired time interval here is s ∈
[0, 1]. The classical approach to the analysis of (5.5) is via the Levinson-Tikhonov
method, assuming that for a fixed x the fast solution converges to an asymptot-
ically stale point y(x). Further regularity conditions identify the limit behaviour
as (x(s), y(x(s))) with x(s) the solution of dx

ds = f(x, y(x)). See O’Malley [11],
Tikhonov et al. [15]. Such an analysis covers only a degenerate form of averaging.
Removing the assumption of the convergence of the fast dynamics to a stable equi-
librium is offered in Artstein and Vigodner [5], Artstein [3], where the equilibria
are replaced by invariant measures; the resulting differential equation is driven by
a Young measure, exactly as in the present paper. In the special case where g(x, y)
in (5.4) does not depend on the x variable we get exactly the form (2.1), with
time dependency induced by the solution y(t) of dx

dt = g(y). Indeed, Example 5.5
is a simplified version of an example analyzed in detail in Artstein [4] within the
framework of singular perturbations.
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for Analyzing the Dynamic Behavior:
Lorenz Attractors, Julia Sets,
and Hutchinson’s Maps
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Abstract. Some issues on chaotic solutions, to Lorenz systems, for instance,
are related to the concepts of viability kernels of subsets under continuous time
systems, or in the case of Julia or Cantor sets, for instance, under discrete
time systems.

It happens that viability kernels of subsets, capture basins of targets
and the combination of the twos provide tools for the analysis of the local be-
havior around equilibria (local stable and unstable manifolds), the asymptotic
behavior and the fluctuation of evolutions between two areas of a domain, etc.

Since algorithms and softwares do exist for computing the viability ker-
nels and the capture basins, as well as evolutions viable in the viability kernel
until they converge to a target in finite time, we are able to localize the at-
tractor, to compute local stable and unstable manifolds, heteroclinical points,
etc.

Mathematics Subject Classification (2000). Primary 37F50; Secondary 28A80.

Keywords. Lorenz attractor, fractals, fluctuation, viability kernel, chaos à la
Saari, Julia sets, Mandelbrot function, Hutchison maps.

1. Introduction

Existence and uniqueness of solutions to differential equations, was and still is
identified by many scientists with the mathematical description of determinism,
after the 1796 book L’Exposition du système du monde and the 1814 book Essai
philosophique sur les probabilités by Pierre Simon de Laplace [1749–1827]: “We
must regard the present state of the universe as the effect of its anterior state
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and not as the cause of the state which follows. An intelligence which, at a given
instant, would know all the forces of which the nature is animated and the respective
situation of the beings of which it is made of, if by the way it was wide enough to
subject these data to analysis, would embrace in a unique formula the movements
of the largest bodies of the universe and those of the lightest atom: Nothing would
be uncertain for it, and the future, as for the past, would present at its eyes.”

Does it imply what is meant by “predictability”? In 1770, even before Laplace,
Paul Henri Thiry, baron d’Holbach [1694–1778] wrote in his book Système de la
nature: “Finally, if everything in nature is linked to everything, if all motions are
born from each other although they communicate secretely to each other unseen
from us, we must hold for certain that there is no cause small enough or remote
enough which sometimes does not bring about the largest and the closest effects on
us. The first elements of a thunderstorm may gather in the arid plains of Lybia,
then will come to us with the winds, make our weather heavier, alter the moods
and the passions of a man of influence, deciding the fate of several nations.”

Later, in a mathematical perspective, Henri Poincaré [1854–1912] wrote in
“La science et l’hypothèse” (1908): “If we knew exactly the laws of Nature and
the situation of the universe at the initial moment, we could predict exactly the
situation of that same universe at a succeeding moment. But even if it was the
case that the natural laws had no longer any secret for us, we could still know
the situation approximately. If that enabled us to predict the succeeding situation
with the same approximation, that is all we require, and we should say that the
phenomenon has been predicted, that it is governed by the laws. But it is not al-
ways so; it may happen that small differences in the initial conditions produce very
great ones in the final phenomena. A small error in the former will produce an
enormous error in the latter. Prediction becomes impossible and we obtain a fortu-
itous phenomenon.” Jumping ahead in time, with the advent of computers, while
studying a simplified meteorological model made of a system of three differential
equations, Edward Lorenz discovered in the beginning of the 1960’s that for cer-
tain parameters where the system has three repelling equilibria, the “limit set”
was quite strange, “chaotic” in the sense that evolutions approach one equilibrium
while circling around it, then suddenly leave away toward another equilibrium
around which it turns again, and so on. In other words, this behavior is strange.
“chaotic”, in the sense that the limit set of an evolution is not a trajectory of a pe-
riodic solution. Lorenz presented in 1979 a lecture to the American Association for
the Advancement of Sciences entitled: Predictability: Does the flap of a butterfly’s
wing in Brazil set off a tornado in Texas?

Chaos was thus “born again”, resurrected with another name, soon to become
famous. Some nonlinear differential equations produce indeed chaotic behavior,
quite sensitive to initial conditions. Was chance rooted in deterministic system? Is
uncertainty observed in living systems living systems consistent with differential
equations?

However, for many problems arising in biological, cognitive, social and eco-
nomic sciences, I believe we face a completely orthogonal situation, governed by
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differential inclusions, but producing evolutions as regular or stable (in a very
loose sense) as possible for the sake of adaptation and viability required for life.

Myopic, conservative, lazy and opportunistic agents, from molecules to
(wo)men, have some contingent freedom to choose among some regulons to govern
the evolution, in order to protect themselves against tychastic uncertainty, obey-
ing no statistical regularity, produced by tyches, from the Greek goddess Tyche,
meaning and embodying a concept of “chance”.

Differential inclusions and dynamical games are useful tools for providing
mathematical metaphors for this kind of evolution. Their chaotic properties have
to be studied ... for avoiding them.

Some issues on chaotic evolution are related to viability kernels and capture
basins of subsets under continuous time systems (attractor of the Lorenz, for in-
stance) or discrete time systems (Julia and Mandelbrot sets, Cantor and fractal
nature of inverses of Hutchinson maps, etc.).

Viability kernels of subsets, capture basins of targets and the combination
of those two provide other tools for the analysis of the local behavior around
equilibria (local stable and unstable manifolds), the asymptotic behavior (localizing
the attractor in the intersection of the forward and backward viability kernels), the
fluctuation basin, heteroclines, etc.

The viability kernel of a constrained subset under an evolutionary system is
the (possibly empty) set of initial states from which at least one evolution remains
(viable) forever in the constrained set and the capture basin of a target is the set
of initial states from which at least one evolution reaches the target in finite time.
We refer to the viability literature for the mathematical properties of viability
kernels and capture basins. We stress here the numerical results are provided by
the Viability Kernel and Capture Basin Algorithms introduced in [23, Saint-Pierre]
(See also [10, Cardaliaguet, Quincampoix & Saint-Pierre], [22, Quincampoix &
Saint-Pierre]). They allow us to

1. compute the viability kernel of a constrained set or the capture basin of a
target under a differential equation, or even, a control system,

2. compute the evolutions viable in the constrained set forever or until they
reach the target in finite time. Indeed, starting from an initial state in the
viability kernel, standard algorithms for computing solutions (the so-called
shooting methods) do not take into consideration the necessary conditions
for imposing the viability of the solution. Since the initial state lies only in
an approximation of the viability kernel, the absence of these corrections
does not allow us to “tame” evolutions which quickly leave the constrained
set, above all for systems which are sensitive to initial states, as the Lorenz
system.

These algorithms handle subsets instead of functions, and are part of the emerging
field of “set-valued numerical analysis”, to which belongs by the way interval
arithmetic (see [19,20, Moore]). Since fluctuation basins can be expressed in terms
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of viability kernels and capture basins, these algorithms provide new numerical
results that can be of interest.

For systems with high sensitivity to initial states, this is quite important, be-
cause, even starting from an initial state in the attractor, approximations provided
with very precise schemes of solutions which should be viable in the attractor may
actually leave it (and converge to it, but from the outside).

Although the results we present in this paper hold true for control systems, we
test them only on the Lorenz system for the sake of comparison in the continuous
time case, on the Julia sets in the discrete time case.

2. Viability concepts

Definition 2.1 (Control Systems). Let X and U be finite dimensional spaces,
1. f : (x, u) ∈ X × U �→ f(x, u) ∈ X,
2. U : x ∈ X � U(x) ⊂ U with which we associate the set-valued map F : x ∈

X � F (x) := f(x,U(x)) ⊂ X.
The evolutionary system S : X � C(0,∞;X) maps any x ∈ X to the set S(x)
of evolutions x(·) starting from x and governed by the control system (or by a
differential inclusion)

x′(t) = f
(
x(t), u(t)

)
where u(t) ∈ U

(
x(t)

)
or x′(t) ∈ F (x(t)) (2.1)

The backward (or negative) evolutionary system
←−S is associated with

x′(t) = −f(x(t), u(t)) where u(t) ∈ U(x(t)) or x′(t) ∈ −F (x(t))

There are several ways for describing continuity of the evolutionary system
x � S(x) with respect to the initial state, regarded as stability property.

Definition 2.2. The evolutionary system S is said to be upper semicompact from
X to C(0,∞;X) if for any xn ∈ X converging to x in X and for any evolution
xn(·) ∈ S(xn) starting at xn, there exists a subsequence of xn(·) converging to a
evolution x(·) ∈ S(x) uniformly on compact intervals.

The main (and difficult) theorem states that the set of solutions depends
continuously upon the initial states in the upper semicompact sense. This is the
case for Marchaud differential inclusions:

Definition 2.3. We say that F is a Marchaud map if⎧⎪⎪⎨⎪⎪⎩
(i) the graph and the domain of F are nonempty and closed
(ii) the values F (x) of F are convex
(iii) ∃ c > 0 such that ∀ x ∈ X,

‖F (x)‖ := supv∈F (x) ‖v‖ ≤ c(‖x‖+ 1)

(2.2)

We recall the statement of the Stability Theorem 3.5.2 of [2, Aubin]:

Theorem 2.4. If F : X � X is Marchaud, the solution map S is an upper semi-
compact evolutionary system.
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The basic viability problem is reformulated in terms of the definition of via-
bility kernels:

Figure 1. Viability Kernels. Let K ⊂ X being regarded as a con-
strained environnement. The viability kernel Viab(K) of K is the set
of initial states x0 ∈ K such that one evolution x(·) ∈ S(x0) starting
at x0 is viable in K

ViabS(K) := {x0 ∈ K | ∃x(·) ∈ S(x0) such that ∀t ≥ 0, x(t) ∈ K}

When targets to be reached in finite time are involved, we introduce the
concept of capture basins of targets:

Figure 2. Capture Basins of Targets. Let C ⊂ K ⊂ X be two
subsets, C being regarded as a target, K as a constrained envi-
ronnement. The viable-capture basin Capt(K,C) of C in K is the
set of initial states x0 ∈ K such that C is reached in finite time
before possibly leaving K by at least one solution x(·) ∈ S(x0) of
the control system starting at x0

CaptS(K,C) :=
{x ∈ K | ∃x(·) ∈ S(x),∃t∗ > 0 such that x(t∗) ∈ C and ∀t ∈ [0, t∗], x(t) ∈ K}
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For more details on viability theory, we refer to [2, Aubin] and to the forth-
coming book [5, Aubin, Bayen, Bonneuil & Saint-Pierre]. We provide here basic
only definitions and some results which may be relevant to fluctuations of evolu-
tions.

2.1. Lorenz systems

Lorenz introduced the following variables
1. x, proportional to the intensity of convective motion,
2. y, proportional to the temperature difference between ascending and descend-

ing currents,
3. z, proportional to the distortion (from linearity) of the vertical temperature

profile.
Their evolution is governed by the following system of differential equations:⎧⎨⎩ (i) x′(t) = σy(t)− σx(t)

(ii) y′(t) = rx(t)− y(t)− x(t)z(t)
(iii) z′(t) = x(t)y(t)− bz(t)

(2.3)

where σ > b + 1.
The vertical axis (0, 0, z)z∈R is a symmetry axis, which is also the viability

kernel of the hyperplane (0, y, z) under the Lorenz system, from which the solutions
are (0, 0, ze−bt).

Figure 3. Trajectories of six evolutions starting from initial con-
ditions (i, 50, 0), i = 0, . . . , 5. Only the part of the trajectories
from step times ranging between 190 and 200 are shown for clar-
ity. If the normalized Rayleigh number r ∈]0, 1[, then 0 is an
asymptotically stable equilibrium. If r = 1, the equilibrium 0 is
“neutrally stable”
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When r > 1, the equilibrium 0 becomes unstable and two more equilibria appear:

e1 :=
(√

b(r − 1),
√

b(r − 1), r − 1
)

and

e2 :=
(
−
√

b(r − 1),−
√

b(r − 1), r − 1
)

.

They are stable when 1 < r	 :=
σ(σ + b + 3)

σ − b− 1
and unstable when r > r	.

The Viability Kernel Algorithm provides the forward and backward viability
kernels under the Lorenz system:

Figure 4. Examples of viability kernel of a cube K in R3 of the
forward and backward Lorenz system. We take σ = 10, b = 8

3
and r = 28. Whenever the backward viability kernel is contained
in the interior of K, the backward viability kernel is contained in
the forward viability kernel. The color scale provides the third
coordinates



36 J.-P. Aubin and P. Saint-Pierre

The following figure provides views of the Backward Viability Kernel

Figure 5. The trajectories of three evolutions converging to the
backward viability kernel are shown

The Viability Kernel Algorithm “tames” evolutions in the viability kernel in
the following sense:

Figure 6. Taming Evolutions in the Viability Kernels. The via-
bility kernel algorithm involves a correction procedure allowing them
to compute evolutions viable in the viability kernel. They “trap and
tame” viable evolutions even though they are sensitive to initial condi-
tions, whereas usual solvers without lacking such correction procedure
cannot maintain them viable so that solutions escape quickly from the
kernel or basin
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3. Attractors and their localization

We recall the définirons of limit sets of evolutions and of attractors:
Let x(·) ∈ C(0,∞;X) be an evolution. We say that the (closed) subsets{

ω(x(·)) :=
⋂

T>0 cl(x(R+))
α(x(·)) := ←−ω (x(·)) :=

⋂
T>0 cl(x(R−)

of the cluster points when t →∞ and t → −∞ are respectively the ω-limit set of
x(·) and the α-limit set of the evolution x(·).
Definition 3.1. Let SK(x) denote the set of evolutions starting at x ∈ K viable
in K. We denote by

AttrS(K) :=
⋃

x(·)∈SK(x) x∈K

{ω(x(·))} and

Attr←−S (K) :=
⋃

x(·)∈SK(x) x∈K

{α(x(·))}

the ω-attractor or simply attractor and the α-attractor or backward attractor of
the subset K under S respectively.

If S is upper semicompact, the ω-limit set ω(x(·)) of an evolution x(·) ∈ S(x)
is always forward and backward viable under S:

ω(x(·)) = ViabS(ω(x(·))) = Viab←−S (ω(x(·)))
The forward and backward attractors of K under S, as well as their closures are
respectively subsets viable and backward viable under the evolutionary system:

AttrS(K) = ViabS(AttrS(K)) = Viab←−S (AttrS(K))

and
Attr←−S (K) = ViabS(Attr←−S (K)) = Viab←−S (Attr←−S (K))

They are consequently contained in the intersection of the viability kernel
of K and the backward viability kernel of K:

AttrS(K) ∪ Attr←−S (K) ⊂ ViabS(K) ∩Viab←−S (K)

Theorem 3.2 (Localization of the attractor). Assume that the evolutionary system
is upper semicompact. Then

AttrS(K\Viab←−S (K)) ⊂ ViabS(K) ∩ ∂Viab←−S (K) .

Consequently, if Viab←−S (K) ⊂ Int(K), then

AttrS(K) ⊂ Viab←−S (K) ⊂ InvS(K) .

Consider two subsets K and L ⊂ K. we can also prove that

AttrS(K) ⊂ AttrS(L) ∪ �CaptS(K, ViabS(L)) . (3.1)

As a consequence, we can localize the Lorenz attractor in its backward via-
bility kernel.
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3.1. Localization of the Lorenz attractor

Figure 7. Usually, the Lorenz limit set is illustrated (but not
computed) by computing solutions to the systems and drawing
their trajectories. By the way, these trajectories do not belong
to the limit set (except when they start from the limit set), just
approach it. In our example, we draw the trajectory of only one
solution and we superpose it to the viability kernel under the
backward system. The “eyes” around around the two nonzero
equilibria are disjoint from the attractor

4. Fluctuation basins

Let K1 ⊂ K and K2 ⊂ K be two closed subsets covering K: K = K1 ∪K2. The
fluctuation basin Fluct(K1,K2) between K1 and K2 is the subset of initial states
x ∈ K from which all evolutions x(·) ∈ S(x) viable in K fluctuate back and forth
between K1 to K2 in the sense that the evolution leaves successively K1 and K2

in finite time. We refer to [7, Aubin & Saint-Pierre] the following characterization
of the fluctuation basin:

Theorem 4.1. The fluctuation basin is equal to the complement

Fluct(K1,K2) := � (CaptS (K1 ∪K2,ViabS(K1) ∪ViabS(K2)))

of the capture basin of the union ViabS(K1)∪ViabS(K2). If we assume furthermore
that Ki ⊂ Int(Ki), i = 1, 2, then

Fluct(K1,K2) := � (ViabS(K1) ∪ViabS(K2)) .
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As an example, one can compute the fluctuation basin under the Lorenz
system by the Viability Kernel Algorithm:

Figure 8. Fluctuation under the Lorenz system. Forward Via-
bility Kernel of K−

1 and K+
1 . Viability kernels of K−

1 and K+
1 are

separated on the left and united on the right. Evolutions starting from
each of these viability kernels remain in them, and cannot fluctuate.
Starting outside the viability kernel of K−

1 , the evolutions reach K+
1

in finite time. Either they reach it in the viability kernel of K+
1 , and

they do not fluctuate anymore, or they reach the capture basin of K−
1

viable in K, and they fluctuate once more. They fluctuate back and
forth from K−

1 to K+
1 if they do not belong to the capture basin of the

union of the two viability kernels

5. Local behavior around equilibria

Definition 5.1 (Stable and unstable local manifolds). Let E be the intersection of
the forward and backward viability kernels of some compact subset C. A subset L
between E and C is a local stable manifold of E in C if from any initial states
x ∈ L starts at least one evolution x(·) ∈ S(x) viable in L such that its ω-limit set
ω(x(·)) ⊂ E is contained in E (when E := {e} is reduced to an equilibrium, such
an evolution converges to this equilibrium). A local unstable manifold of E is a
local stable manifold for the backward system.

These definitions can be couched in termes of viability kernels:

Theorem 5.2. The local stable manifold of E in C is equal to the (forward) viability
kernel ViabS(C) and the local unstable manifold of E in C is equal to the backward
viability kernel Viab←−S (C).
For any state x belonging to C\(ViabS(C) ∪ Viab←−S (C)), all evolutions passing
through x arrived in C a finite time earlier and will leave C in finite time without
meeting the union of the local forward and backward manifolds.

The Viability Kernel Algorithm allows us to compute the stable and unstable
manifolds around the trivial equilibrium:
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Figure 9. Local Manifolds around the Trivial Equilibrium. For-
ward and backward viability kernels of a neighborhood of the ori-
gin (trivial equilibrium) are the two-dimensional local stable and one-
dimensional unstable manifolds.
The trajectory of an evolution (red) computed with the viability kernel
algorithm remains viable in the stable manifold and converges to the
origin, whereas another approximation of the evolution (grey) start-
ing from the same initial state computed with a high precision Runge-
Kutta method leaves the stable manifold due to the sensitivity to initial
conditions

and the nontrivial equilibrium:

Figure 10. Local Manifolds around a Nontrivial Equilibrium.
Forward and backward viability kernels of a neighborhood of a non-
trivial equilibrium e1 are the one-dimensional local stable manifold and
the singleton reduced to the equilibrium.
The equilibrium is thus given by the viability kernel algorithm, and not
computed analytically.
For every non-equilibrium point x in this neighborhood, the evolution
passing through x arrived in it a finite time earlier and will leave it in
finite time. Evolutions may cross this neighborhood, but for any only a
finite duration. This explains why these balls (the “eyes”) are disjoint
from the attractor
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Figure 12. The heteroclinic evolution from 0 to e1. The hetero-
clinic evolution linking the trivial equilibrium 0 to the non triv-
ial equilibrium e1 is obtained from a point in the intersection

Viab←−S (K\B(e1, 15))∩ViabS(B(e1, 15)) by piecing together the evolu-
tion of the forward system viable in viability kernel of a neighborhood
of e1 and the evolution of the backward system viable in its complement

6. Fractal properties of viability kernels under discrete systems

Viability kernels under some discrete systems enjoy fractal properties as well as
high sensitivity. Some of them are Cantor subsets. We begin with Julia sets:
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Figure 13. Julia Sets and Fractals. Pierre Fatou [1878–1929] and
Gaston Julia [1893–1978] studied in depth the iterates of complex func-
tion z �→ z2 + u, or, equivalently, of the map

(x, y) �→ ϕ(x, y) := (x2 − y2 + a, 2xy + b).

The subset Ku := Viabϕ(B(0, 1)) is the filled-in Julia set and its
boundary Ju := ∂Ku the Julia set.
Examples of a filled-in Julia sets and of a Julia set with empty interior,
called Fatou dust

Contrary to “shooting methods”, the viability kernel algorithm provides the
exact filled-in Julia sets and the viable iterates.

Actually, Theorem 6.1 provides a characterization of the Julia set which can
be used by the viability kernel algorithm to compute it:

Figure 14
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Theorem 6.1 (Julia sets and Filled-in Julia sets). The boundary

∂Viabϕ(K) = Viabϕ(K \ C)

of a viability kernel is the viability kernel of the complement of a subset C ⊂
Viabϕ(K)

if and only
if the boundary ∂ViabS(K) is viable and the interior Int(ViabS(K)) captures C.

Hence the viability kernel algorithm computes also the Julia set.
We turn our attention to viability kernels under disconnecting discrete sys-

tems.

Definition 6.2 (Hutchinson Map). A set-valued map Φ is said to be disconnecting
on a subset K if there exists a finite number p of functions αi : K �→ X such that

∀ x ∈ K, Φ−1(x) :=
p⋃

i=1

αi(x)

and such that there exist constants λi ∈]0, 1[ satisfying: for each subset C ⊂ K,⎧⎨⎩ (i) ∀ i = 1, . . . , p, αi(C) ⊂ C (αi is antiextensive)
(ii) ∀ i 
= j, αi(C) ∩ αj(C) = ∅
(iii) ∀ i = 1, . . . , p, diam(αi(C)) ≤ λidiam(C)

If the functions αi : K �→ K are contractions with Lipschitz constants λi ∈]0, 1[,
then Φ−1 is called an Hutchinson map (introduced in 1981 by John Hutchinson
and also called an iterated function system by Michael Barnsley).

Definition 6.3 (Cantor Sets). A subset K is said to be
1. perfect if it is closed and if each of its elements is a limit of other elements

of K,
2. totally disconnected if it contains no nonempty open subset,
3. a Cantor set if it is non-empty compact, totally disconnected and perfect.

Classical results can be reformulated in the following way:

Theorem 6.4. The viability kernel of a compact set under a disconnecting map is
an uncountable Cantor set.

The first point to check is that the Cantor set is a cantor set and to compute
it with the Viability Kernel Algorithm:

Theorem 6.5. The Cantor Ternary Set is the viability kernel of the interval [0, 1]
under the Cantor Ternary Map Φ defined on K := [0, 1] ⊂ R by

Φ(x) := (3x, 3(1− x))

The Cantor Ternary Set is a self similar, symmetric, uncountable Cantor set with
fractal dimension log 2

log 3 and satisfies C = α1(C) ∪ α2(C) and α1(C) ∩ α2(C) = ∅.
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The interval [0, 1] is viable under the the Verhulst logistic differential equation
x′(t) = rx(t)(1−x(t)) whereas its viability kernel is a Cantor set under its discrete
analogue xn+1 = rxn+1(1 − xn+1) when r > 4, also called the logistic system or
the quadratic map. This is due to the fact that under for r > 4, the quadrating
map is disconnecting:

Figure 15. The Quadratic Map. The quadratic map Φ(x) :=
{rx(1 − x)} is disconnecting for r > 4. The viability kernel of the
interval [0, 1] under Φ(x) := {5x(1 − x)} is a uncountable, symmetric
Cantor set

The two-dimensional version of the Cantor set is the Sierpinski Gasket:

Figure 16. The Sierpinski Gasket. The Sierpinski Gasket is the
viability kernel under the discrete map

Φ(x, y) :=

{
(2x, 2y), (2x − 1, 2y),

(
2x − 1

2
, 2y − 1

)}
Since this map is disconnecting, the Sierpinski Gasket is a self similar,
uncountable Cantor set with fractal dimension log 3

log 2
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[3] J.-P. Aubin, Mutational and morphological analysis: tools for shape regulation and
morphogenesis, Birkhäuser, 1999
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Generalized Steiner Selections
Applied to Standard Problems
of Set-Valued Numerical Analysis

Robert Baier

Dedicated to Arrigo Cellina and James Yorke

Abstract. Generalized Steiner points and the corresponding selections for set-
valued maps share interesting commutation properties with set operations
which make them suitable for the set-valued numerical problems presented
here. This short overview will present first applications of these selections to
standard problems in this area, namely representation of convex, compact sets
in Rn and set operations, set-valued integration and interpolation as well as
the calculation of attainable sets of linear differential inclusions. Hereby, the
convergence results are given uniformly for a dense countable representation of
generalized Steiner points/selections. To achieve this aim, stronger conditions
on the set-valued map F have to be taken into account, e.g., the Lipschitz
condition on F has to be satisfied for the Demyanov distance instead of the
Hausdorff distance. To establish an overview on several applications, not the
strongest available results are formulated in this article.

Mathematics Subject Classification (2000). 54C65; 93B03, 93C05, 28B20.

Keywords. generalized Steiner selections, set-valued quadrature methods and
interpolation, linear differential inclusions, attainable sets, Lipschitz and ab-
solutely continuous selections, set operations.

1. Preliminaries

In this section, some basic notations for convex sets are introduced. Br(m) denotes
the closed Euclidean ball with radius r and center m in Rn, B1, Sn−1 the unit
ball resp. sphere, ‖ · ‖ the Euclidean norm in Rn and Kc(Rn) the set of all convex,
compact, nonempty subsets of Rn. δ∗(l, C) and Y

(
l, C
)

are the support function
resp. the supporting face of C ∈ Kc(Rn) in direction l ∈ Rn, where Y

(
l, C
)
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coincides with the subdifferential of the support function. Unique supporting points
are denoted by y(l, C).

In this paragraph, some well-known set operations are briefly recalled. The
Minkowski sum of two sets C,D ∈ Kc(Rn), the scalar multiplication with λ ∈ R
and the image under a linear matrix A ∈ Rp×n are defined as usual:

C + D =
⋃
c∈C
d∈D

{c + d} , λC =
⋃
c∈C

{λc} and AC =
⋃
c∈C

{Ac} . (1.1)

The Demyanov difference from [8,16] is defined as

C −· D = co
⋃

l∈TC∩TD

{
y(l, C)− y(l,D)

}
,

where TC ⊂ Sn−1 defines the set of directions l with Y
(
l, C
)

= {y(l, C)}. The
Demyanov distance dD(C,D) could be calculated as the maximal norm element
‖C −· D‖ of the Demyanov difference and is stronger than the Hausdorff distance.
It plays a major role in this article, since it could also be expressed by the norm
of the differences of generalized Steiner points.

Within the set of all Borel probability measures on the Borel σ-algebra B
onto B1, a smooth measure β is defined by a density function θ ∈ C1(B1) and

β(A) =
∫

A

β(dp) =
∫

A

θ(p) dp ,

where A ∈ B is a Borel-measurable subset of B1. This class of measures is shortly
denoted by SM, the so-called smooth measures.

Atomic measures from AM are concentrated in a single point l ∈ Sn−1, i.e.,

α[l](A) =

{
0, if l /∈ A, A ∈ B ,
1, if l ∈ A, A ∈ B .

Measures with finite support in Sn−1 (class FM) are convex combination of mea-
sures in AM (cf. [4]). CM denotes either the family of measures AM or FM.

Generalized Steiner points and selections are introduced for smooth mea-
sures in SM by Dentcheva in [9–11]. They are generalization of the well-known
Steiner center St

(
U
)

(take the smooth measure with uniform density in the next
definition) as mentioned in [9], cf. also the references given therein.

Definition 1.1. The generalized Steiner (GS-) point of a set C ∈ Kc(Rn) for a
measure γ ∈ {FM,SM} is defined as

Stγ

(
C
)

:=
∫

B1

St
(
Y
(
p, C

))
γ(dp) .

Definition 1.1 equals the definition given in [9] (cf. [4, Lemma 3.3]), where the
norm-minimal element of Y

(
p, C

)
is used instead of the Steiner center. However,

the definition above from [4] generalizes the GS-point from smooth measures to
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measures with finite support. For atomic measures α[l], α[ξ] ∈ AM with l, ξ ∈ Sn−1

and λ ∈ [0, 1], the following formulas (cf. [4, Lemma 3.3]) apply for the GS-point:

Stα[l]

(
C
)

= St
(
Y
(
l, C
))

, Stλα[l]+(1−λ)α[ξ]

(
C
)

= λ Stα[l]

(
C
)

+ (1− λ) Stα[ξ]

(
C
)

For simpler notation, we set

Stα[l]

(
C
)

=

{
St
(
C
)
, if l = 0Rn ,

Stα[η]

(
C
)
, if l 
= 0Rn and η = 1

‖l‖ · l .

2. Representation and arithmetics of sets

GS-points form a dense, non-minimal representation of a convex compact set, i.e.,

C =
⋃

α∈FM

{
Stα

(
C
)}

=
⋃

β∈SM

{
Stβ

(
C
)}

(2.1)

(see [9, Lemma 5.4] for measures in SM resp. [4, Corollary 3.5] for the class FM).

Proposition 2.1. For C ∈ Kc(Rn), there exists a sequence (βm)m∈N ⊂ SM with

C =
⋃

m∈N

{
Stβm

(
C
)}

.

The sequence of measures could also be chosen from FM.

Proof. This follows for smooth measures from [10, Theorem 3.4]. (2.1) allows to
choose a measure αm,N ∈ FM for N ∈ N and each m ∈ N with

‖Stαm,N

(
C
)
− Stβm

(
C
)
‖ ≤ 1

N
.

The following union gives the representation stated in the proposition:⋃
N∈N

⋃
m∈N

{
Stαm,N

(
C
)}

�

GS-points commute with the arithmetical operations for sets in Kc(Rn), cf. [9,
Remarks after Theorem 3.6] for measures in SM resp. [4, Lemma 4.1] for FM.

Proposition 2.2. Let C,D ∈ Kc(Rn) and γ ∈ CM. Then,

Stγ

(
λC + μD

)
= λ Stγ

(
C
)

+ μStγ

(
D
)

(λ, μ ≥ 0) ,

Stγ

(
RC
)

= R Stγ̃

(
C
)

(R orthogonal matrix) . (2.2)

Hereby, γ̃(B) = γ(R ·B) for all sets B ∈ B.

Example 2.3. Let

U = co
{(

2
2

)
,

(
0
2

)
,

(−2
−2

)
,

(
0
−2

)}
, V = co

{(
1
1

)
,

(−1
1

)
,

(−1
−1

)
,

(
1
−1

)}
and W = U + V . Figure 1 shows that U and V are represented in the left picture
by 8 GS-points Stα[li]

(
C
)

(8 small crosses), i = 1, . . . , 8. By Proposition 2.2 the
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Figure 1. Minkowski sum W (right) of the summands U, V (left)

GS-points of U and V in common directions li are added (see how the GS-points
marked by squares resp. triangles add to form the GS-point of W in the same
direction in the right picture).

One could not expect that (2.2) holds for a general matrix R ∈ Rn×n. Nev-
ertheless, this property could be fulfilled for special classes of sets.

Definition 2.4. The tuple (M,U) with M ∈ Rn×m and U ⊂ Rm fulfills the GSCL-
property (commutation of GS-points under linear maps), if

Stα[l]

(
MU

)
= M Stα[M�l]

(
U
)

for each l ∈ Sn−1.

Lemma 2.5. Let M ∈ Rn×m and p0 ∈ Rm. Then, (M, {p0}), (M,B1(0Rm)) and
(M, [−1, 1]m) fulfill the GSCL-property.

Proof. Clearly, all GS-points of singletons coincide with the only element of the
set, so that the case U = {p0} is simple to prove.

For a set U symmetric to the origin (i.e., U = (−1)·U), one has for η ∈ Sm−1:

Y
(
− η, U

)
= −Y

(
η, U

)
, St

(
U
)

= 0Rm and Stα[−η]

(
U
)

= −Stα[η]

(
U
)
.

If l ∈ Sn−1 and η := M�l = 0Rm , then Y
(
M�l, U

)
= U , MU = (−1) · MU so

that

M Stα[M�l]

(
U
)

= M St
(
U
)

= 0Rn = St
(
MU

)
= St

(
Y
(
l,MU

))
= Stα[l]

(
MU

)
.

If η 
= 0Rm , then Y
(
η,B1(0Rm)

)
= {y(η,B1(0Rm))} and M Stα[η]

(
B1(0Rm)

)
equals

M St
(
Y
(
η,B1(0Rm)

))
= My(η,B1(0Rm)) = Stα[l]

(
MB1(0Rm)

)
.
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Let v ∈ Rm. Then, M Stα[η]

(
co{−v, v}

)
coincides with

M St
(
Y
(
η, co{−v, v}

))
= M ·

⎧⎪⎨⎪⎩
v if η�v > 0 ,

0Rm if η�v = 0 ,

−v if η�v < 0

⎫⎪⎬⎪⎭ =

⎧⎪⎨⎪⎩
Mv if l�Mv > 0 ,

0Rn if l�Mv = 0 ,

−Mv if l�Mv < 0

= St
(
Y
(
l, co{−Mv,Mv}

))
= Stα[l]

(
M co{−v, v}

)
.

The assertion follows from [−1, 1]m =
m∑

i=1

co{−ei, ei} with unit vectors ei ∈ Rm.

�

An immediate consequence of Proposition 2.2 is the representation of the set
operations in (1.1) with A being orthogonal (cf. [4, Corollary 4.4]) as well as for
the Demyanov difference/distance, cf. [4, Theorems 4.5, 4.6 and Corollary 4.8].

Theorem 2.6. Let C,D ∈ Kc(Rn). Then, there exists (γm)m∈N ⊂ CM with

C −· D =
⋃

m∈N

{
Stγm

(
C
)
− Stγm

(
D
)}

, dD(C,D) = sup
m∈N

‖Stγm

(
C
)
− Stγm

(
D
)
‖ .

3. Regularity of set-valued maps

In this paper, a set-valued map F : I ⇒ Rn is given with images in Kc(Rn) and
to each measure γ ∈ CM the generalized Steiner (GS-) selection corresponds:

t �→ Stγ

(
F (t)

)
.

It is interesting that the regularity of the set-valued map F carries over to the
uniform regularity of its GS-selection and vice versa, if the regularity is in some
sense uniform. The first result states the Castaing representation by GS-selections
characterizing the measurability of F (i.e., each preimage of an open set lies in B).

Theorem 3.1. Let F : I ⇒ Rn be measurable with images in Kc(Rn). Then,
Stγ

(
F (·)

)
is measurable for each γ ∈ CM and there exists (γm)m∈N ⊂ CM with

F (t) =
⋃

m∈N

{
Stγm

(
F (t)

)}
(t ∈ I) .

Proof. For smooth measure, this result could be found in [10, Theorem 3.4].
For atomic measures, proceed as in the proof of [10, Theorem 3.4] and choose
the same measures (βm)m∈N ⊂ SM with densities (θm)m∈N ⊂ C1(B1). Given an
accuracy ε > 0, each point (t, y) ∈ graphF , i.e., y ∈ F (t), could be approached as

‖y − Stβm

(
F (t)

)
‖ ≤ ε̃ :=

ε

4
√

n
.

Apply [7, Proposition 3.4.5] to construct countable, dense sequences (gm,k)k∈N

of simple, measurable functions in L1(B1,B, βm). Let sm,i be the function with
values of the i-th coordinate of Stβm

(
F (·)

)
. By [7, Proposition 3.4.2], there exists
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a simple, measurable map hm,i with ‖sm,i−hm,i‖L1 < ε̃. Following the proof of [7,
Proposition 3.4.5], one could choose gm,k,i with ‖hm,i − gm,k,i‖L1 < ε̃. Due to the
construction, gm,k,i is a finite sum of terms am,k,i,j ·χAm,k,i,j

(·) with am,k,i,j being
an ε̃-approximation of the values sm,i on Am,k,i,j . Hence, one could replace am,k,i,j

by sm,i(ξm,k,i,j) with ξm,k,i,j ∈ Am,k,i,j so that the resulting sum coincides with
the measure with finite support in

⋃N(m,k,i)
j=1 {ξm,k,i,j}. Since one could approach

(t, y) ∈ graphF within accuracy ε, the Castaing representation is proved.
For each l ∈ Sn−1, the Borel measurability of the GS-selection Stα[l]

(
F (·)

)
follows from the one of marginal map t �→ Y

(
l, F (t)

)
by [6, Theorem 3.4]. Indeed,

the proof of [4, Lemma 3.2] could be modified by focussing on the time t instead
of the direction l. �
Proposition 3.2 ( [4, Proposition 5.1]). Let F : I ⇒ Rn be a set-valued map with
images in Kc(Rn). Then, F is D-Lipschitz, i.e., dD(F (t), F (τ)) ≤ L · |t − τ |, if
and only if for each measure γ ∈ SM, the GS-selection Stγ

(
F (·)

)
is uniformly

Lipschitz continuous with constant L. SM could be replaced by AM or FM.

E.g., the maps F (t) = r(t)U with U ∈ Kc(Rn), r(t) ≥ 0 or A(t)B1 with
A(·) ∈ C(I), A(t) invertible, are D-Lipschitz. If the Lipschitz continuity of F is
demanded only w.r.t. the Hausdorff distance, the GS-selections for SM are still
Lipschitz (cf. [10, Theorem 4.1]), but with constants depending on the measure.

Example 3.3 ( [4, Example 5.2]). Let I = [−π
2 , 3π

2 ] and consider the set-valued
map F (t) = co {

(
0
0

)
,
(
cos(t)
sin(t)

)
} on I. Then, F is Lipschitz continuous w.r.t. Hausdorff

distance with constant 1.
Consider θ ∈ C1(Rn), the normal Dirac sequence (θm)m∈N from [14, Chapter 7.1C]
and their measures βm ∈ SM. If L > 0, the Lipschitz constants Lβm

with

Lβm
= L ·

(
n · max

l∈Sn−1
θm(l) + max

p∈B1
‖∇θm(p)‖

)
, ∇θm(p) = mn · ∇θ(m · p) ,

tend to +∞, since the second maximum is positive and bounded uniformly in m.

In [4] the bounded variation of F is discussed and results on the uniform
bounded variation of the GS-selections are obtained. Before discussing the case of
absolutely continuity, we recall the definition of the Aumann integral in [2]:∫

I

F (t) dt =
{∫

I

f(t) dt | f ∈ L1(I) and f be a selection of F

}
Proposition 3.4. Let F be an indefinite integral as in [1], i.e., there exists a meas-
urable, integrably bounded G : I ⇒ Rn with images in Kc(Rn), F0 ∈ Kc(Rn) and

F (t) := F0 +
∫ t

t0

G(s) ds (t ∈ I) .

Then, each GS-selection of F is absolutely continuous for all γ ∈ CM with

Stγ

(
F (t)

)
= Stγ

(
F0

)
+
∫

I

Stγ

(
G(t)

)
dt. (3.1)
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Proof. The measurability of Stγ

(
G(·)

)
follows from Theorem 3.1, the integrability

by the integrably boundedness of G(·). Equation (3.1) can be proved by Proposition
2.2 and [4, Propositions 6.2 and 6.4]. �

Especially, the proposition yields a dense, countable representation of the
Aumann-integral by Lebesgue integrals of GS-selections with measures in CM.

4. Set-valued interpolation and quadrature methods

Proposition 4.1 (piecewise linear interpolation in [20]). Let I = [t0, T ] and F :
I ⇒ Rn be a set-valued map with images in Kc(Rn) which is D-Lipschitz with
constant L. Then, the piecewise linear interpolation

P1(F ; t) := P1(t) :=
ti+1 − t

h
F (ti) +

t− ti
h

F (ti+1)
(
t ∈ [ti, ti+1]

)
with step-size h = T−t0

N , N ∈ N, and grid points ti = t0 + ih, i = 0, . . . , N , yields

dD

(
F (t), P1(t)

)
= sup

m∈N

‖Stγm

(
F (t)

)
− Stγm

(
P1(t)

)
‖ ≤ L

4
h

with a suitable sequence (γm)m∈N ⊂ CM.

Proof. Propositions 2.2, 3.2 and Theorem 2.6 yield:

dD(F (t), P1(t)) = dD

(
ti+1 − t

h
F (t) +

t− ti
h

F (t),
ti+1 − t

h
F (ti) +

t− ti
h

F (ti+1)
)

≤ ti+1 − t

h
dD(F (t), F (ti)) +

t− ti
h

dD(F (t), F (ti+1))

≤ ti+1 − t

h
· L · |t− ti|+

t− ti
h

· L · |t− ti+1|

=
2L

h
(ti+1 − t)(t− ti) ≤

L

4
· h �

Hence, F (t) could be densely approximated by a countable number of piece-
wise linear interpolants of GS-selections, since Stγm

(
P1(F ; ·)

)
= P1(Stγm

(
F (·)

)
; ·).

Given some weights bμ ≥ 0 and nodes cμ ∈ [0, 1], μ = 1, . . . , s, a set-valued
quadrature formula (cf. [5, 12] and references therein) is given by

Q(F ) := (T − t0)
s∑

μ=1

bμF
(
t0 + cμ(T − t0)

)
for a set-valued function F : I ⇒ Rn with images in Kc(Rn). The iterated version
of this quadrature formula is given as

QN (F ) := h
N−1∑
i=0

s∑
μ=1

bμF (ti + cμh) (4.1)

for the equi-distant step-size h = T−t0
N , N ∈ N, and nodes ti = t0+ih, i = 0, . . . , N .
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In the next proposition, the assumption of bounded variation in [4, Propo-
sition 6.6] is replaced by the stronger condition of Lipschitz continuity to shorten
the exposition. In the proof, Propositions 2.2, 3.2, 3.4 and Theorem 2.6 are used.

Proposition 4.2. Let F : I ⇒ Rn have images in Kc(Rn) and be D-Lipschitzian
with constant L. Consider an iterated set-valued quadrature method (4.1) with

s∑
μ=1

bμ = 1 and N ∈ N. Then, there exists (γm)m∈N ⊂ CM with

dD

(∫
I

F (t) dt,QN (F )
)

= sup
m∈N

‖
∫

I

Stγm

(
F (t)

)
dt−QN

(
Stγm

(
F (·)

))
‖ ≤ Lh

Consequently, Proposition 4.2 shows that the integral of each GS-selection
Stγm

(
F (·)

)
is uniformly approximated by the corresponding point-wise iterated

quadrature formula of order O(h), since Stγm

(
QN (F (·))

)
= QN

(
Stγm

(
F (·)

))
.
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Figure 2. Approximations of the Aumann integral

Example 4.3 ( [19, Example before Theorem 2]). Consider F : [0, 2π] ⇒ Rn with
F (t) = 1

4 ·
(
sin(t)
cos(t)

)
[−1, 1] and δ∗(l, F (t)) = 1

4 · | sin(t)l1 + cos(t)l2| for l ∈ S1.

Then,
∫ 2π

0
F (t) dt = B1 and

Stα[l]

(
F (t)

)
=

⎧⎪⎨⎪⎩
(
sin(t)
cos(t)

)
, if sin(t)l1 + cos(t)l2 > 0 ,(

0
0

)
, if sin(t)l1 + cos(t)l2 = 0 ,

−
(
sin(t)
cos(t)

)
, if sin(t)l1 + cos(t)l2 < 0 .

Clearly, Stα[l]

(
F (·)

)
has bounded variation uniformly in l ∈ S1, since it is piece-

wise Lipschitz with maximal two jumps depending on l in I (the jump height is
independent from l). Hence, a set-valued iterated quadrature method converges at
least with order O(h) with the weakened form of Proposition 4.2 in [4]. Figure 2
shows the iterated Riemann sum QN (F ) = h

∑N−1
i=0 F (ti) for N = 10 (left picture,
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the GS-points are marked by crosses) and the approximating sequence of the con-
vex hulls QNi

(F ) with Ni = 2i, i = 0, 1, . . . , 4 (on the right, i = 4 emphasized).

Table 1. Approximate convergence order for iter. Riemann sum

i N M ΔN pN i N M ΔN pN

0 1 3 1.83540766 — 4 16 24 0.18109238 1.01091
1 2 3 1.83540766 0.00000 5 32 40 0.09037697 1.00270
2 4 8 0.78379807 1.22755 6 64 72 0.04516741 1.00067
3 8 16 0.36493295 1.10285 7 128 136 0.02258107 1.00017

Table 1 shows the approximate convergence order for the iterated Riemann
sum. N is the number of subintervals, M is the resulting number of different
GS-points, ΔN ≈ dD(QN (F ),

∫
I
F (t) dt) is an approximation of the Demyanov

distance to the reference set (iterated trapezoidal rule with Nref = 100000) and
pN is the estimated order of convergence which tends to the expected order 1.

5. Linear differential inclusions

Consider the linear differential inclusion (LDI) with absolutely continuous solu-
tions x(·) and given integrable matrix functions A : I → Rn×n, B : I → Rn×m, a
starting set X0 ∈ Kc(Rn) and a control region U ∈ Kc(Rm).

x′(t) ∈ A(t)x(t) + B(t)U
(
a.e. t ∈ I = [t0, T ]

)
, (5.1)

x(t0) ∈ X0 , (5.2)

The following representation of the attainable set A(T, t0, X0) (the set of all
end points x(T ) of absolutely continuous solutions) is well-known and is recalled
in the next lemma, cf., e.g., [17].

Lemma 5.1. Given the problem (LDI) in (5.1)–(5.2) and l ∈ Sn−1, the reachable
set can be represented with the fundamental matrix solution Φ(·, ·) as

A(T, t0, X0) = Φ(T, t0)X0 +
∫

I

Φ(T, τ)B(τ)U dτ ,

Y
(
l,A(T, t0, X0)

)
= Φ(T, t0)Y

(
Φ(T, t0)�l,X0

)
+
∫

I

Φ(T, τ)B(τ)Y
(
B(τ)�Φ(T, τ)�l, U

)
dτ . (5.3)

Proof. The second equality follows from [15, §2, Theorem 1] applied to the sub-
differential ∂δ∗(l, F (t)) = Y

(
l, F (t)

)
with F (t) = Φ(T, t)B(t)U . �
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Corollary 5.2. Given the problem (LDI) in (5.1)–(5.2), γ ∈ CM and t ∈ I = [t0, T ],
the GS-point of the reachable set evaluates as

Stγ

(
A(t, t0, X0)

)
= Stγ

(
Φ(t, t0)X0

)
+
∫

I

Stγ

(
Φ(t, τ)B(τ)U

)
dτ (t ∈ I) .

If furthermore, X0 and U are singletons, Euclidean balls or unit cubes in Rn resp.
Rm and η(t; l) = Φ(t, t0)�l, ζ(t, τ ; l) = B(τ)�Φ(t, τ)�l, then

Stα[l]

(
A(t, t0, X0)

)
= Φ(t, t0) Stα[η(t;l)]

(
X0

)
+
∫

I

Φ(t, τ)B(τ) Stζ(t,τ ;l)

(
U
)

dτ . (5.4)

Proof. Clearly, Lemma 5.1 can be applied together with Lemma 2.5, since (Φ(t, t0),
X0) and (Φ(t, τ)B(τ), U) fulfill the GSCL-property. �

Equation (5.4) means that the GS-selection u(·) = Stζ(T,·;l)
(
U
)

is the optimal
control for the optimal control problem (OCP)

max l�x(T )

s.t. x′(t) = A(t)x(t) + B(t)u(t) (a.e. t ∈ I) , (5.5)

x(t0) = Stα[η(T ;l)]

(
X0

)
The corresponding solution x(·) is nothing else than an extremal solution of (LDI),
where the proof was considerably simple and does not use the maximum principle.
Although it should be noted that mild assumptions are available in [13] on which
the strong convexity of the attainable set follows, one should observe that in any
case there could not appear a multivalued situation in (5.4) as present in (5.3).
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Figure 3. Euler’s solutions with N = 100 for Example 5.3

Example 5.3. Consider (LDI) on I = [0, 2π] with

A(t) =
(

0 1
−1 0

)
, B(t) =

1
4
·
(

0
1

)
, U = [−1, 1] , X0 = {0R2}

The attainable set A(2π, 0, {0R2}) equals the Aumann integral in Example 4.3.
Figure 3 shows 40 Euler grid functions with N = 100 subintervals (left picture)
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approximating optimal solutions of the ODE in (OCP), each one corresponds to
a different direction l ∈ Sn−1. The opening of the solution funnel is bounded by
the attainable set A(2π, 0, {0R2}). In the right picture, one trajectory originating
from a GS-selection is depicted which has two kinks due to jumps in the control.

6. Conclusions

Using the Demyanov difference in the regularity concepts of set-valued maps, er-
ror estimates which compare GS-points in common outer normals are possible (in
contrast to [5, 12, 19, 20]). This overview did not present the weakest versions of
available results. As examples it should be mentioned that the class of sets which
fulfill the GSCL-property is broader than mentioned in Lemma 2.5. One could
introduce concepts of bounded variation as in [4] to establish order of convergence
O(h) under weaker assumptions than in Propositions 4.1 and 4.2. For the general-
izations for higher order in interpolation resp. quadrature methods and existence
proofs of smooth dense solutions, special classes of ”smooth” set-valued maps need
to be studied in a forthcoming paper. Furthermore, the application of GS-points
to set-valued Runge-Kutta methods (cf. [3, 18]) needs further investigation.
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[8] V. Demyanov and A. Rubinov, Constructive nonsmooth analysis, volume 7 of Ap-
proximation and Optimization. Peter Lang, Frankfurt am Main, 1995.

[9] D. Dentcheva, Differentiable Selections and Castaing Representations of Multifunc-
tions. J. Math. Anal. Appl. 223 (1998), 371–396.

[10] D. Dentcheva, Regular Castaing Representations of Multifunctions with Applications
to Stochastic Programming. SIAM J. Optim. 10 (2000), 732–749.



60 R. Baier

[11] D. Dentcheva, Continuity of Multifunctions Characterized by Steiner Selections. Non-
linear Anal. 47 (2001), 1985–1996.

[12] T. Donchev and E. Farkhi, Moduli of smoothness of vector valued functions of a real
variable and applications. Numer. Funct. Anal. Optim. 11, no. 5 & 6 (1990), 497–509.

[13] H. Frankowska and C. Olech, R-convexity of the integral of the set-valued func-
tions. In Contributions to analysis and geometry. Conference held at the Johns Hop-
kins University, Baltimore, Maryland, April 24-25, 1980, D. Clark, G. Pecelli and
R. Sacksteder, eds., John Hopkins Univ. Press, Baltimore, MD, 1981, 117–129.

[14] F. Hirsch and G. Lacombe, Elements of Functional Analysis. Volume 192 of Graduate
Texts in Mathematics. Springer, New York, 1999.

[15] A. Ioffe and V. Levin, Subdifferentials of convex functions. Trans. Moscow Math.
Soc. 26 (1972), 1–72.

[16] A. Rubinov and I. Akhundov, Difference of compact sets in the sense of Demyanov
and its application to non-smooth analysis. Optimization 23, no. 3 (1992), 179–188.

[17] L. Sonneborn and F. van Vleck, The bang-bang principle for linear control problems.
SIAM J. Control, Ser. A, 2 (1965), 151–159.

[18] V. Veliov, Second Order Discrete Approximation to Linear Differential Inclusions.
SIAM J. Numer. Anal. 29, no. 2 (1992), 439–451.

[19] V. Veliov, Discrete approximations of integrals of multivalued mappings. C. R. Acad.
Bulgare Sci. 42, no. 12 (1989), 51–54.

[20] A. Vitale, Approximation of convex set-valued functions. J. Approx. Theory 26
(1979), 301–316.

Robert Baier
University of Bayreuth
Department of Mathematics
Chair of Applied Mathematics
D-95440 Bayreuth
Germany
e-mail: robert.baier@uni-bayreuth.de



Progress in Nonlinear Differential Equations
and Their Applications, Vol. 75, 61–77
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Variational Problem
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Abstract. In this paper we prove the existence of a solution in L∞
loc(Ω) to the

Euler-Lagrange equation for the variational problem

inf
ū+W

1,∞
0 (Ω)

∫
Ω

(
1ID(∇u) + g(u)

)
dx , (0.1)

with D convex closed subset of Rn with non empty interior. By means of a
disintegration theorem, we next show that the Euler-Lagrange equation can
be reduced to an ODE along characteristics, and we deduce that the solution
to Euler-Lagrange is different from 0 a.e. and satisfies a uniqueness property.
Using these results, we prove a conjecture on the existence of variations on
vector fields [3].

Mathematics Subject Classification (2000). 49K20.

Keywords. Extended valued functions, Euler-Lagrange equation, Hamilton-
Jacobi equation, disintegration of a measure.

1. Introduction

We consider the existence of a solution to the Euler-Lagrange equation for the
minimization problem

inf
{

g(u), u ∈ ū + W 1,∞
0 (Ω),∇u ∈ D

}
, (1.1)

where g : R �→ R strictly monotone increasing and differentiable, Ω open set with
compact closure in Rn, and D convex closed subset of Rn. Under the assumption
that ∇ū ∈ D a.e. in Ω, there is a unique solution u to (1.1) and we can actually
give an explicit representation of u is terms of a Lax-type formula. The solution is
clearly Lipschitz continuous because ∇u ∈ ∂D a.e. in Ω.



62 S. Bianchini

The Euler-Lagrange equation for (1.1) can be written as

div
(
π(x)

)
= g′

(
u(x)

)
, π(x) · ∇u(x) = max

{
π(x) · d, d ∈ D

}
, (1.2)

where π is a measurable function. The first equation is considered in the distri-
bution sense, and the second relation follows by using the subdifferential to the
convex function

1ID(x) =

{
0 x ∈ D

+∞ x /∈ D

in the standard formulation of the Euler-Lagrange equations. It means that the
vector π(x) lies in the convex support cone of ∂D at the point ∇u(x).

In [5], the authors prove that under the assumption D = B(0, 1) (in which
case u is basically the solution to the Eiconal equation), there is a solution to the
Euler-Lagrange equation (1.2), which can be rewritten as

div
(
p(x)∇u(x)

)
= g′

(
u(x)

)
, p ≥ 0 . (1.3)

The main point in the proof is that in the region Ω \ J , where J is the singularity
set of u, the solution u is C1,1, and thus the above equation can be reduced to an
ODE for p along the characteristics. We recall that in this case u is locally semi
convex, so that ∇u has many properties of monotone functions (see for example [1]
for a survey on monotone functions).

Simple examples show that such differentiability properties do not hold for
general sets D. However, using some weaker continuity property of ∇u, in [4] the
author proves that the Euler-Lagrange equation holds and in the case the dual D∗

of D is strictly convex, an explicit representation formula of the solution can be
given.

In this paper we extend the results of [4] to the general case, i.e., under the
only assumption that D, D∗ are convex. The proof is based on the following steps.

First, by relaying on the explicit form of the solution (Section 2), one defines
the set valued function B(x) ⊂ ∂Ω as the set of boundary data such that

u(y)− u(x) = |y − x|D∗ , y ∈ ∂Ω ,

where | · |D∗ is the pseudo norm generated by D∗, the dual of D (Section 3). If D∗

is strictly convex, it is known that B(x) is single valued Hn a.e., and we denote
this function by b(x) (Section 3.1).

Then we select a L∞ function b(x) ∈ B(x) with good properties: the principal
one is that it can be approximated Hn a.e. by functions bi(x) generated by strictly
convex sets D∗

i . This allows to pass many properties of bi to the limit, in particular
that if we define the vector field

d(x) =
b(x)− x

|b(x)− x|D∗

then divd is a bounded measure and it is the limit of the vectors di(x) constructed
by considering the strictly convex sets D∗

i (Section 3.2).
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Using the estimates inherited by the sequence di, one can prove the following
theorem (Section 4):

Theorem 1.1. The Lebesgue measure can be disintegrated as

Hn|Ω =
∫

ν(y,z)dμ(y, z) , (1.4)

where νy is a probability measure supported only on the set of lines [x, b(x)], and
(y, z) parameterizes all segments [x, b(x)].

Moveover we have the explicit expression of ν(y,z): ν(y,z)(s) = α(s, y, z)H1(s)
with α satisfying the ODE

d

ds
α(s, y, z) = α(s, y, z)(divd)a.c. . (1.5)

with (divd)a.c. the absolutely continuous part of divd.

The proof is divided in several steps: the problem is not in the existence of
the disintegration, but in the form of the measure ν(y,z). The idea is to use an
estimate on the divergence of d to obtain that the measures ν(y,z) are absolutely
continuous w.r.t. H1 (Section 4.1).

As a corollary, using an estimate of (divd)a.c. along the segment x + td(x),
one obtains that α > 0 Hn a.e. (Section 4.2).

The final step is to use this disintegration of Hn|Ω to prove that the weak
solution to the Euler Lagrange equation

div
(
p(x)d(x)

)
= g′

(
u(x)

)
, d(x) = ∂D

(
∇u(x)

)
(1.6)

satisfies an ODE on each segment x + td(x). This allows to find the explicit form
of the solution as

p(s, y, z) =
1

α(s, y, z)

∫ s

−∞
α(t, y, z)g

(
u(t)

)
dt . (1.7)

This shows that p > 0 Hn a.e. in Ω, so that we can prove the following theorem:

Theorem 1.2. There exists a solution for the Euler Lagrange equation (1.6) strictly
positive Hn a.e. in Ω.

As noticed in [4], a consequence of this positivity is that a conjecture stated
in [3] is true (Section 6).

2. Preliminaries

We consider the following variation problem

inf
ū+W 1,∞

0

∫
Ω

(
1ID(∇u) + g(u)

)
dx , (2.1)
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with g : R �→ R strictly monotone increasing and differentiable, Ω open set with
compact closure in Rn. The function 1IA is the indicative function of a set A ⊂ Rn,

1IA(x) =

{
0 x ∈ A

+∞ x /∈ A
(2.2)

Moreover, to have a finite infimum in (2.1), we assume that the function ū satisfies

∇ū ∈ D . (2.3)

As a consequence, the infimum is finite and it is attained.
To avoid degeneracies, in the following we assume that D is a bounded convex

closed subset of Rn, with non empty interior, and without loss of generality we
suppose that

B(0, r) =
{

x ∈ Rn, |x| ≤ r
}
⊂ D . (2.4)

We then denote the dual convex set D∗ by

D∗ =
{

d ∈ Rn : d · � ≤ 1 ∀� ∈ D
}

, (2.5)

where the scalar product of two vectors x, y ∈ Rn is x · y. The set D∗ is closed,
convex and D∗∗ = D. We will write the support set at �̄ ∈ ∂D as

δD(�̄) =
{

d ∈ D∗ : d · �̄ = sup
�∈D

d · �
}

. (2.6)

Let | · |D be the pseudo-norm given by the Minkowski functional

|x|D = inf
{
k ∈ R : x ∈ kD

}
= sup

{
d · x, d ∈ D∗} , (2.7)

and define the dual pseudo-norm by

|x|D∗ = inf
{
k ∈ R : x ∈ kD∗} = sup

{
� · x, � ∈ D

}
. (2.8)

Note that due to convexity the triangle inequality holds,

|x + y|D∗ ≤ |x|D∗ + |y|D∗ , x, y ∈ Rn , (2.9)

and that | · |D, | · |D∗ are the Legendre transforms of 1ID∗ , 1ID respectively.
In the following, we denote with Hn−1 the n− 1 dimensional Hausdorff mea-

sure [2], Definition 2.46 of page 72: for any Ω′ ⊂ Ω,

|Ω′|Hn−1 = Hn−1(Ω′)

= κ sup
δ>0

(
inf
{∑

i∈I

|diam(Bi)|n−1,diam(Bi) ≤ δ, Ω ⊂
⋃
i∈I

Bi

})
,

(2.10)

where κ is the constant such that Hn−1 is equivalent to the Lebesgue measure on
n− 1 dimensional planes:

κ =
π

n−1
2

Γ
(
1 + n−1

2

) , Γ(α) =
∫ ∞

0

tα−1e−tdt .
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We recall that Hn is the n dimensional Lebesgue measure Ln, [2], Theorem 2.53
of page 76.

If f : X �→ Y is a measurable map between the measure space (X,S, μ) into
the measurable space (Y, T ), we define the push forward measure f�μ as ( [2],
Definition 1.70 of page 32)

f�μ(T ) = μ
(
f−1(T )

)
, T ∈ T . (2.11)

The first proposition is the explicit representation of the solution by a Hopf-
Lax type formula.

Proposition 2.1. The solution of (2.1) is given explicitly by

u(x) = max
{

u(x̄)− |x̄− x|D∗ , x̄ ∈ ∂Ω, αx + (1− α)x̄ ∈ Ω ∀α ∈ (0, 1)
}

. (2.12)

Moreover, u is Lipschitz continuous and ∇u ∈ D a.e..

The proof of this proposition is standard, and can be found for example
in [4], Proposition 2.1. The basic ideas are that the function defined by (2.12) has
derivative still in D and is the lowest possible function such that ∇u ∈ D.

3. Regularity estimates

Before studying the Euler-Lagrange equation for the variational problem (2.1), we
introduce some important functions and prove some basic regularity estimates.

Define the set valued functions

B(x) =
{
x̄ ∈ ∂Ω : u(x) = u(x̄)− |x̄− x|D∗

}
⊂ ∂Ω , (3.1)

x �→ D(x) =
{

x̄− x

|x̄− x|D∗
, x̄ ∈ B(x)

}
⊂ ∂D∗ . (3.2)

Thus D(x) is the set of directions where u has the maximal growth in the norm
| · |D∗ . It is easy to prove that both sets B(x), D(x) are closed not empty subset
of ∂Ω, ∂D∗, respectively (see the proof of [4], Proposition 2.1). The normalization
in (3.2) implies that

u(x + td) = u(x) + t (3.3)

for all x ∈ Ω, d ∈ D(x). We can say that B(x) is the set where the half lines
x + td(x), with d ∈ D(x) and t ≥ 0, intersect ∂Ω.

The first result is the upper continuity of the set valued map D(x).

Proposition 3.1. The function D(x) is closed graph and upper semicontinuous:
more precisely for all y ∈ Ω, for all ε > 0 there exists δ > 0 such that

D(x) ⊂ D(y) + B(0, ε) (3.4)

for x ∈ y + B(0, δ).

The same result can be said for the the function B(x).
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Proof. Fixed the point y, by rescaling we can restrict to the set of points distant
1 from y

D∗(y, 1) =
{
x : |x− y|D∗

}
,

and we can assume that u(y) = 0. By the explicit formula of solutions, the set
D(y) is given by

D(y) =
{
z − y : |z − y|D∗ = 1, u(z) = 1

}
,

so that it follows from Lipschitz continuity that for all ε there is a δ such that

u(z) < 1− ε ∀z : |z − y|D∗ = 1,dist
(
z,D(y)

)
> δ .

We thus have that for all x such that |x− y|D∗ ≤ ε/2

u(x) ≥ −ε/2 > u(z)− 1 + ε/2 .

Thus the set D(z) for such a z has a distance from D(y) less than O(δ + ε). The
closed graph property follows from the fact that each D(x) is closed. �

We next prove that the set valued map B is measurable: we repeat the com-
putations of [4], Proposition 3.3. We recall that if F is a set valued function, then

F−1(A) =
{
x : F (x) ∩A 
= ∅

}
. (3.5)

Lemma 3.2. The function B(x) is measurable, i.e., the inverse image of open sets
are Borel measurable.

Proof. We have to prove that for all open set O in ∂Ω, the inverse image{
x : B(x) ∈ O

}
is Borel. Take a sequence of closed set Ōi ⊂ O, i ∈ N, on the boundary ∂Ω such
that ∪iŌi = O. The measurability of B−1(Ōi) is trivial for the function

u0 = max
{
u(x̄)− |x̄− x|D∗ , x̄ ∈ Ōi, αx + (1− α)x̄ ∈ Ω ∀α ∈ [0, 1)

}
,

since it coincides with the whole Ω. Then, one only observes that

B−1(Ōi) =
{
x : u0(x) = u(x)

}
,

where u(x) is the solution to the variational problem. Since u0, u are Lipschitz
function, it follows that B−1(Ōi) is a closed set in Ω, hence B−1(O) = ∪iB−1(Ōi)
is Borel. �

We finally prove the following relation among the derivative of the Lipschitz
function u and the function D.

Lemma 3.3. If x is a point of differentiability of u, then

∇u ∈ ∂D∗(d) =
{
� ∈ D : � · d = 1

}
, (3.6)

where d ∈ D(x). In particular, d ∈ ∂D(∇u(x)), so that

D(x) ⊂ ∂D
(
∇u(x)

)
. (3.7)
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Proof. This follows from the equation u(x+ td) = u(x)+1 for all d ∈ D(x), which
gives

∇u · d = 1 =⇒ ∇u ∈ ∂D∗(d)

by definition of ∂D∗ and the fact that ∇u ∈ D (Proposition 2.1). �

3.1. The strictly convex case

In this generality we cannot say much on the functions B, D. Following [4], in this
section we make the following assumption.
Assumption. The conjugate set D∗ is strictly convex.

This implies that D is differentiable. Using (3.7), it follows that

Corollary 3.4. The functions B and D are single valued in each differentiability
point of u.

We can thus consider the set of lines

Σ(x) =
⋃

d∈D(x)

{
x + td : t ∈ R, u(x + td) = u(x) + t

}
. (3.8)

The set B(x) is the set of end points for t ≥ 0, while by considering the end points
for t ≤ 0, we define the function

a(x) =
{
x− td : t ≥ 0, d ∈ D, u(x− td)

= u(x)− t, u(x− (t + ε)d) > u(x)− (t + ε) ∀ε > 0
}

.
(3.9)

From the strict convexity of D∗, it follows in fact that a(x) is single valued: if D(x)
contains two different directions, then a(x) = x. This is clearly not the case when
D∗ is not strictly convex.

As a corollary of the explicit form of the solution and the above definitions,
we have

Corollary 3.5. If D∗ is strictly convex, the function a(x) is single valued and, on
the differentiability set of u, the functions B(x), D(x) are single valued.

Moreover, the solution u can be written as

u(x) = min

⎧⎨⎩u(x̄) + |x− x̄|D∗ , x̄ ∈
⋃
y∈Ω

a(y), αx + (1− α)x̄ ∈ Ω ∀α ∈ (0, 1)

⎫⎬⎭ ,

u(x) = max

⎧⎨⎩u(x̄)− |x̄− x|D∗ , x̄ ∈
⋃
y∈Ω

B(y), αx + (1− α)x̄ ∈ Ω ∀α ∈ (0, 1)

⎫⎬⎭ .

(3.10)

In the set S where B(x), D(x) are single valued, we will use the notation

B(x)
∣∣∣
S

= b(x) , D(x)
∣∣∣
S

= d(x) . (3.11)
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An important consequence of the continuity property of B (Proposition 3.1)
and Corollary 3.4 is that we have some stability of the vector d w.r.t. perturbation
of the boundary data, of the set D and approximation by smooth vector fields.

Proposition 3.6. The function x �→ d(x) is continuous w.r.t. the inherited topology
on the differentiability set of u. Moreover, it holds

1. If ui(∂Ω) → u(∂Ω) in L∞(∂Ω), then di(x) → d(x) in Lp(Ω), for all p ∈
[1,∞), where di = δD(∇u).

2. If ρε is a convolution kernel, then ρε ∗ d converges to d in Lp(Ω), for all
p ∈ [1,∞).

3. If Di is a sequence of convex sets converging to D w.r.t. the Hausdorff dis-
tance, with D∗

i strictly convex and D ⊂ Di, then the vector field di(x) corre-
sponding to the solution ui to

inf
ū+W 1,∞

0 (Ω)

∫
Ω

(
1IDi

(∇u) + g(u)
)
dx , (3.12)

converges to the vector field d corresponding to u in Lp(Ω), for all p ∈ [1,∞).

The key argument in the proof is the convergence of D(x), which follows from
the upper continuity of D(x).

3.2. The general case

We now consider a sequence of strictly convex sets Di converging to D: natural
candidates are the sets Di obtained by the inf-convolution,

Di = D�B(0, 1/i) =
{
x : ∃x1 ∈ D,x2 ∈ B(0, 1/i), x = x1 + x2

}
. (3.13)

By construction, Di is smooth and its Legendre transform is

|x|D∗
i

= |x|D∗ +
1
i
|x|B . (3.14)

We thus have that D∗
i is strictly convex, and D∗

i ⊂ D∗. By computations similar
to the proof of Proposition 3.1, it follows that for all x ∈ Ω, ε > 0,

Di(x) ⊂ D(x) + B(0, ε) , (3.15)

if i = i(ε, x) sufficiently large.
We now show that the functions di(x) converges a.e. to a precise measurable

selection of the set valued function D(x).

Lemma 3.7. Define the selection B(x) ⊂ B(x) as

B(x) =
{
b ∈ B(x), |b− x| is minimal

}
. (3.16)

Then B(x) is single valued Hn a.e. in Ω, if Ω is a polyhedron.

Proof. This follows simple because if B(x) contains two vectors with directions on
different faces of D∗, then the set is n − 1 rectifiable, with the same proof given
in [4], Lemma 6.2 and Proposition 6.4.
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Conversely, the set where B(x) contains two vectors on the same face, is
contained in the set{

x ∈ Ω : ∃x1, x2 ∈ ∂Ω, x1 
= x2, |x1 − x| = |x2 − x|
}

.

which for a polyhedron is contained in the planes bisecting the angles of the faces
of ∂Ω: it is thus of measure 0. �

In the following we assume thus that Ω is a polyhedron. The general case can
be treated by covering the open set Ω with a countable number of polyhedra, and
solving the Euler-Lagrange equation in each polyhedron with suitable boundary
conditions.

Proposition 3.8. Assume that ui|∂Ω → u|∂Ω in C0(∂Ω, R). Then, for all x ∈ Ω,
for all ε there exists ī such that

Bi(x) ⊂ B(x) + B(0, ε) . (3.17)

Proof. The proof follows the same analysis of Proposition 3.1: in fact, for i � 1
the set Bi(x) is a subset of B(x) + B(0, ε). �

In particular we have a corollary:

Corollary 3.9. Let d(x) be the vector field

d(x) =
b(x)− x

|b(x)− x|D∗
∈ L∞(Ω, ∂D∗) . (3.18)

Then the function di ∈ L∞(Ω, ∂D∗
i ) converges to d Hn a.e..

Also in this case, we can consider the set of lines

Σ(x) =
⋃

d∈D(x)

{
x + td : t ∈ R, u(x + td) = u(x) + t

}
. (3.19)

This set reduces to a segment Hn a.e.. We can introduce the function

x �→ a(x) =
{

x + td(x), t = inf
{

s : d
(
x + sd(x)

)
= d(x)

}}
. (3.20)

Since d is Borel measurable, then also a(x) is: moreover, a(a(x)) = x. We will
denote by J the set of the initial points of Σ:

J =
⋃
x∈Ω

a(x) . (3.21)

Following the same proof of [4], Proposition 5.1, we can prove that

Proposition 3.10. The divergence of the vector field d(x) is a positive locally finite
Radon measure, satisfying

div d(x) +
�

dist(Ω′, ∂Ω)
≥ 0 (3.22)
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for all x ∈ Ω′ ⊂⊂ Ω, with ρ depending on on D. Moreover, we have the estimate

|div d|
(
B(x, r)

)
≤ dist(∂D∗, 0)−1|∂B(0, r)|+ 2�|B(x, r)|

dist
(
B(x, r), ∂Ω

) , B(x, r) ⊂⊂ Ω .

(3.23)
Finally, the singular part is strictly positive in Ω.

Proof. The idea of the proof is that the above estimates holds for the approximat-
ing sequence di, so that we can pass to the limit divdi ⇀ divd. �

To end this section, we deduce also a uniform estimate on the push forward of
the n−1 dimension Lebesgue measure by the map x �→ x+ td(x). These estimates
are the extension to this case of the estimates of [4], Lemma 5.4.

Let x̄ be a Lebesgue point of d: without any loss of generality we assume

x̄ = 0 , d(0) = e1 = (1, 0) ,

where we denote with ei the unit vector along the i-th coordinate axis.
Consider the Borel measurable sets

Z = Z(0) = B(0, r) ∩ {e1 · y = 0} ∩
{
− e1 · a(y), e1 · b(y) ≥ 2h

}
, (3.24)

Z(s) =
{
x = y + sd(y), y ∈ S(0)

}
,

Z(−h, h) =
{
x = y + sd(y), y ∈ S(0) , t ∈ [−h, h]

}
.

(3.25)

We now show that (I + td)�Hn−1|Z remains equivalent to Hn−1.

Proposition 3.11. We have the following estimates: there exists C = C(h, r,D)
such that

1
C
Hn−1

(
Z(s)

)
≤ Hn−1

(
Z(t)

)
≤ CHn−1

(
Z(s)

)
, (3.26)

for all −h ≤ s ≤ t ≤ h. Moreover

1
C
Hn
(
Z(s, t)

)
≤ Hn−1

(
Z(0)

)
(t− s) ≤ CHn

(
Z(s, t)

)
. (3.27)

The constant C(h, r,D) can be estimated by

C(h, r,D) =
1
e

exp
{

�

eh
s

}
, e = inf

y∈Z
{ei cot d(y)} , (3.28)

with ρ the constant entering in (3.22).

Proof. By the construction of Z, it follows that the vector field di(x) converges to
d for all points x ∈ C(−h, h). Similarly, if we define A = {y − 3hd(y)/2, y ∈ Z},

ũi = inf
{
u(a) + |x− a|Di , a ∈ A

}
,

then the vector field d̃i corresponding to the function ũi converges to d for all
x ∈ Z(−h, h). By Lusin and Egoroff theorems, we can find a compact set Zk where
d is continuous and di converges to d uniformly. We thus have that (I + tdi)Zk is
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compact, and if O(t) is an open set containing Z(t) such that Hn−1(O \Z(t)) ≤ ε,
then (I + tdi)Zk ⊂ O(t), i, k � 1, and

Hn−1
(
O(t)

)
≥ Hn−1

(
(I + tdi)Zk

)
≥ 1

C
Hn−1(Zk) .

We have used the uniform estimate on the divergence of di, which can be obtained
by Proposition 3.10. By passing to the limit we obtain the first inequality of (3.26).

To obtain the second one, one can repeat the computation starting from
the set ∪x∈Zk

a(x), where now A(x) is slightly perturbed in order to have the
convergence of the di: more precisely, the set A(x) is the set z − (t − s + h)d(z),
with z ∈ Z(t). �

Using the above lemma we show that the set J = ∪x∈Ωa(x) is negligible, by
using an argument similar to the one in [4, 5].

Proposition 3.12. The set J has Lebesgue measure 0.

4. Disintegration of the Lebesgue measure

Consider now the Borel maps x �→ b(x), x �→ d(x), and the Borel measure m on
Rn × Rn × Rn defined by∫

Rn×Rn×Rn

φ(x, y, z)dm =
∫

Ω

φ
(
x, b(x), d(x)

)
dx , (4.1)

for all continuous function φ : Rn × Rn × Rn �→ R. We can write equivalently

m = (I, b, d)�Hn|Ω . (4.2)

Denote with π2 the projection on the second set of coordinates, i.e.,

π2 : Rn × Rn × Rn �→ Rn

(x, y, z) �→ π2(x, y, z) = (y, z)

We recall the following disintegration theorem [2], Theorem 2.28 of page 57:

Theorem 4.1. Let m be a positive Radon measure on Rn1 × Rn2 such that, if π
is the projection on Rn2 , the measure μ = π�m is Radon. Then there exist finite
positive Radon measures νx2 on Rn1 such that x2 �→ νx2 is measurable, νy(Rn1) = 1
for μ a.e., and for all measurable functions f ∈ L1(Rn1 × Rn2 ,m), the function
x1 �→ f(x1, x2) is measurable for μ a.e.

x2 �→
∫

f(x1, x2)dνy(x1) ∈ L1(Rn2 , μ) (4.3)

and the following disintegration formula holds:∫
Rn1×Rn2

f(x1, x2)dm(x1, x2) =
∫

Rn2

(∫
Rn1

f(x1, x2)dνx2(x1)
)

dμ(x2) . (4.4)

This decomposition is unique, in the sense that if there is another μ measur-
able map ν′

x2
such that (4.3) and (4.4) hold for every Borel function Borel function
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f with compact support, and such that ν′
x2

(Rn1) ∈ L1
loc(R

n2 , μ), then ν′
x2

= νx2 for
μ a.e..

In our case, since |m|(R3n) = |Ω|, the measure m is clearly Radon, and also
the projection μ = π2�m,∫

R2n

φ(y, z)dμ =
∫

Ω

φ
(
b(x), d(x)

)
dx ,

is clearly a Radon measure. Moreover, μ is concentrated in the set

Υ =
{
(y, z) : ∃x ∈ b−1(y), d(x) = z

}
. (4.5)

because
d−1(R2n \Υ) = ∅ ,

it follows that μ is concentrated on Υ.

Remark 4.1. We use the disintegration w.r.t. (b(x), d(x)) because we need not
only to control the direction d, but also the end point b(x): in fact the coordinates
(b(x), d(x)) parameterizes the set ∪x∈ΩΣ(x), and to all (b, d) there corresponds at
most one segment x + td(x).

Applying the above theorem to our case, we obtain the following proposition:

Proposition 4.2. There exists probability measures νy,z such that for all functions
f ∈ L1(R3n,m) it holds∫

R3n

f(x, y, z)dm(x, y, z) =
∫

R2n

(∫
Rn

f(x, y, z)dν(y,z)(x)
)

dμ(y, z) , (4.6)

where μ = π2�m. Moreover μ is concentrated on Υ, and ν(y,z) is concentrated on
the lines (b, d)−1(y, z).

Proof. The support of the measure μ and ν(x,y) is a consequence of the construction
of μ and the fact that (b, d)−1(y, z) is a straight line for (y, z) ∈ Υ. �

The problem here is that we do not know much about the structure of ν(y,x),
apart from the the validity of the disintegration formula: in fact, there are examples
where the disintegration of the Lebesgue measure w.r.t. sets of straight lines does
not generate measures ν absolutely continuous w.r.t. H1.

4.1. Absolute continuity of the measures νy,z

We first recall that in [4], Theorems 5.7 and 5.8 show that, in the case of strictly
convex sets D∗

i , the disintegration of the Lebesgue measure satisfies

dν(y,z),i(s) = α(s, y, z)ds ,

with α(s, y, z) uniformly bounded in all sets Ω′ ⊂⊂ Ω. If φ = φ(x1), then∫
dν(y,z),iφ

(
x1 + sd(x1)

)
≤ C(h)

∫
φ(x1)dx1

for a.e. (y, z) such that e1 · y ≥ sup{x1 ∈ suppφ} + h, e1 · z ≥ 1/2. In fact, the
last condition means that ei · d(x) ≥ 1/2, i.e. the integral on the line x + sd(x) is
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equivalent to the integral in dx1, and the other assures that we are away from the
boundary.

Lemma 4.3. If (bi, di) → (b, d) a.e., then mi = (I, bi, di)�Hn|Ω ⇀ m and μi =
(bi, di)�Hn|Ω ⇀ μ.

The proof is a straightforward application of the definition of push forward
of a measure.

We are now able to show that ν(y,z) is a.c. w.r.t. Lebesgue.

Proposition 4.4. The measures ν(y,z) is a.c. w.r.t. H1.

Proof. It is sufficient to prove the statement on the sets e1·y ≥ sup{x ∈ suppφ}+h,
e1ż ≥ 1/2, since by changing direction or constant h we can cover all Υ with a
countable number of sets satisfying these assumptions.

For this set, taking as a test function ψ(x, y, z) = ψ(y, z)φ(x1), we thus obtain∫
Ω

ψ
(
bi(x), di(x)

)
φ(x1)dx

=
∫

R2n

dμiψ(y, z)
∫

R

dν(y,z),i(s)φ(s) ≤ C

∫
R2n

dμiψ(y)
∫

R

φ(x1)dx1 .

By the weak convergence, we obtain (the integral
∫

φ(t)dt is constant w.r.t. (y, z))∫
R2n

dμ(y, z)ψ(y, z)
∫

R

dνy,z(s)φ(s)

=
∫

Ω

ψ
(
b(x), d(x)

)
φ(x1)dx ≤ C

∫
R2n

dμ(y, z)ψ(y, z)
∫

R

φ(x1)dx1 .

It thus follows that, by the freedom in choosing ψ, that for all φ for μ a.e.∫
R

φ(s)dν(y,z)(s) ≤ C

∫
R

φ(s)ds ,

so that νy is absolutely continuous w.r.t. H1:

νy ≤ CH1 μ a.e. . (4.7)

�

The next step is to study the relation between dν(y,z)(s) = α(s, y, z)ds and
the divergence of d(x).

4.2. Divergence disintegration

By definition of divergence, we have that∫
Ω

φ(x)dξ = −
∫

Ω

d · ∇φdx φ ∈ C1
c (Ω, R) . (4.8)

We use again the approximation given by the di.
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By [4], Theorem 5.8, for the di we can write for all ψ(x, y, z) = ψ(y, z)φ(x1),
where ψ is selected in such a way that supp{ψ(y, z)φ(x1)} ⊂⊂ Ω,∫

Rn

φ(x1)d
(
div
(
ψ(bi(x), di(x)

)
di(x))

)
= −

∫
Rn

ψ
(
bi(x), di(x)

)(
e1·di(x)

)
φ′(x1)dx .

(4.9)
Note that ψ does not need to be smooth, since we are working with di.

Passing to the limit and using the weak convergence of divdi, we can write
for the vector d the same estimate:∫

Rn

φ(x1)d
(
div
(
ψ(b(x), d(x))d(x)

))
= −

∫
Rn

ψ
(
b(x), d(x)

)(
e1 · d(x)

)
φ′(x1)dx .

(4.10)
The first part of the integral defines a linear function on ψ(y) (if the divergence is
a measure) for all φ fixed: in fact we have the uniform estimate on the divergence
measure given by (3.23).

If we thus consider the functional

ψ �→
∫

Rn

φ(x1)div
(
ψ
(
b(x), d(x)

)
d(x)

)
dx ,

we have that it can be written as∫
Rn

φ(x1)div
(
ψ
(
b(x), d(x)

)
d(x)

)
dx =

∫
dμ̃φ(y, z)ψ(y, z)

=
∫

dμ̃(y, z)cφ(y, z)ψ(y, z) ,

where here and in the following we will use the notation

m̃ = (I, b, d)�|divd| , m̃ = π2�μ̃ = (b, d)�|divd| .
We have used the fact that |μ̃φ| ≤ μ̃.

Note that since (b, d) is Borel, we obtain Borel measures. By restricting the
divergence to Ω′ ⊂⊂ Ω, we have a finite measure by Proposition 3.10, so that the
Radon property holds and we can apply again the disintegration theorem.

By taking a countable dense set in Cc, we have that the dependence w.r.t.
φ is linear for all φ for μ̃ a.e., and moreover, from the bounded estimate, we have
that cφ ≤ ‖φ‖. We thus can extend it to the whole Cc and use the representation
theorem to write∫

Rn

φ(x1)div
(
ψ
(
b(x), d(x)

)
d(x)

)
dx =

∫
dμ̃ψ(y, z)

∫
dν̃(y,z)(s)φ(s) . (4.11)

Using the disintegration of the r.h.s. of (4.8), we have the equality∫
dμ̃ψ(y, z)

∫
dν̃(y,z)(s)φ(s) = −

∫
dμψ(y, z)

∫
dν(y,z)(s)φ′(s) . (4.12)

By decomposing
dμ̃ = k(y, z)dμ + dμ̃s ,
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we have that for all φ (at least in a countable dense subset of Cc)∫
dsα(s, y, z)φ′(s) = −k(y, z)

∫
dν̃y(s)φ(s) . (4.13)

This gives the following representation of α(s, y, z).

Proposition 4.5. The density α(s, y, z) can be written as

α(s, y, z) = k(y, z)ν̃(y,z)(−∞, s) , (4.14)

where ν̃(y,z is the measure corresponding to the disintegration

divd =
∫

ν̃(y,z)dμ̃(y, z) , (4.15)

and k(y, z) = dμ̃/dμ, μ = (b, d)�Hn|Ω.

This representation can be improved to show that only the absolutely con-
tinuous part of the divergence enters in the computation of α(s, y, z).

4.3. Explicit representation of the density α(s, y, z)
We recall that by Proposition 3.11, the following estimate holds:∫

φ(x1)div(χAd)dx ≤
∫

φ(x1)dx1 , (4.16)

where the constant C depends on the compact support of φ, the set A and the
distance from the initial points A and the boundary ∂Ω. This shows that we can
cover the set where the singular part of divd is concentrated by cylinders with
total Lebesgue measure as small as we want.

It thus follows that
m̃ = (divd)a.c.m + m̃s .

so that we can obtain

Theorem 4.6. The Lebesgue density satisfies the ODE

d

ds
α(s, y, z) = α(s, y, z)(divd)a.c. . (4.17)

A more precise estimate and using the same argument of [4], Theorem 5.7,
it follows that

α(s, y, z) ≤ �max
{ |b(x)− x|

ε′
,
|x− a(x)|

ε

}
, (4.18)

where x is the point corresponding to (s, y, z).
By studying the ODE (4.14), on can easily prove the following corollary:

Corollary 4.7. The function α(s, y, z) is different from 0 Hn a.e. in Ω, and uni-
formly bounded in Ω′ ⊂⊂ Ω.

This concludes the analysis of the disintegration of the Lebesgue measure.
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5. Existence of a solution to the Euler-Lagrange equation

After this machinery, it is quite easy to solve the Euler Lagrange equation, and
thus to prove that the solution is positive inside the domain. In fact, the Euler
Lagrange equation can be written thus as

div
(
p(x)d(x)

)
= g′

(
u(x)

)
,

with p ≥ 0. By weak compactness, there exists a solution to the Euler Lagrange
equation: this result is proved in [4], Theorem 4.3.

We disintegrate the Euler Lagrange equation: for all φ ∈ C1
c (Ω),∫

Ω

(
p(x)d(x)∇φ(x) + g(x)φ(x)

)
dx

=
∫

dμ(y, z)
(∫

R

(
p(y, s)φs(y, s) + g(y, s)φ(y, s)

)
α(s, y, z)ds

)
.

We thus obtain that on each line the function p satisfies

p(s, y, z) = p0(y, z) +
1

α(s, y, z)

∫ s

−∞
α(t, y, z)g

(
u(t)

)
dt , (5.1)

where the initial data p0(y, z) can be chosen arbitrary(but in a measurable way)
if the segment x + td(x) has both ends on the boundary, otherwise p0(y, z) = 0.
Clearly this solution is different from 0 a.e. on Ω, because c(s, y, z) 
= 0 a.e..

It thus follows

Theorem 5.1. The Euler Lagrange equation corresponding to the variational prob-
lem (2.1) has a solution which is different from 0 a.e. in Ω.

The possibility of choosing p0(y, z) allows in the general case to join the
polyhedra in such a way that non divergence on the boundary occurs, so that one
can construct the solution to Euler-Lagrange equation for general Ω.

6. A conjecture of Bertone-Cellina

In this section we consider the following conjecture. Let Ω be an open bounded
set in Rn, and D a convex closed bounded set in Rn. Let u ∈ W 1,∞(Ω) such that
∇u ∈ D a.e.. The conjecture stated in [3] is the following:

1. either there exists a function η ∈ W 1,∞
0 (Ω), η 
= 0, such that ∇η +∇u ∈ D;

2. or there exists a divergence free vector π ∈ (L1
loc(Ω))n such that π 
= 0 and

π(x) · ∇u(x) = max
k∈D

{
π · k

}
(6.1)

a.e. in Ω.

The following proposition has been proved in [3, 4]:

Proposition 6.1. If there exists π satisfying point (2), then η = 0.
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To prove the other implication, consider in fact the two minimization problem

inf
ū+W 1,∞

0 (Ω)

∫
Ω

(1ID
(
∇u
)
− u)dx , inf

ū+W 1,∞
0 (Ω)

∫
Ω

(
1ID(∇u) + u

)
dx . (6.2)

Since we assume that there are no variations, then the two solutions coincide
with u, so in particular there are two positive functions p−(x), p+(x) belonging to
L∞

loc(Ω) and satisfying the Euler-Lagrange equation

div
(
p−(x)d(x)

)
= −1 , div

(
p+(x)d(x)

)
= 1 . (6.3)

For the second minimization problem, we have to reverse the directions on x+td(x),
by setting

a(x) =
{
x + td(x), t ∈ R

}
∩ ∂Ω , b(x) =

{
x− td(x), t ∈ R

}
∩ ∂Ω .

Clearly, it is equivalent to consider the minimization problem

inf
−ū+W 1,∞

0 (Ω)

∫
Ω

(
1I−D(∇v)− v

)
dx ,

and setting u = −v.
By adding the two equations in (6.3), it follows that π(x) = p+(x)d(x) +

p−(x)d(x) satisfies point (2), if we can prove that it is different from 0: this follows
from Theorem 5.1.
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Singular Limits for Impulsive Lagrangian
Systems with Dissipative Sources

Alberto Bressan

Dedicated to Arrigo Cellina and James Yorke

Abstract. Consider a mechanical system, described by finitely many Lagrang-
ian coordinates. Assume that an external controller can influence the evolution
of the system by directly assigning the values of some of the coordinates. If
these assignments are implemented by means of frictionless constraints, one
obtains a set of ordinary differential equations where the right hand side
depends also on the time derivatives of the control functions. Some basic
aspects of the mathematical theory for these equations are reviewed here. We
then consider a system with an additional dissipative term, which vanishes
on a stable submanifold N . As the coefficient of the source term approaches
infinity, we show that the limiting impulsive dynamics on the reduced state
space N can be modelled by two different systems, depending on the order
in which two singular limits are taken. These results are motivated by the
analysis of impulsive systems with non-holonomic constraints.

1. Introduction

Consider a mechanical system described by N Lagrangian variables q1, . . . , qN . Its
kinetic energy T = T (q, q̇) will be given by a positive definite quadratic form of
the time derivatives q̇i, say

T (q, q̇) =
1
2

N∑
i,j=1

Aij(q) q̇iq̇j . (1.1)

This work was completed with the support of our TEX-pert.
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If the system is affected by external forces having components Qi = Qi(t, q, q̇), its
motion is determined by the equations

d

dt

∂T

∂q̇i
=

∂T

∂qi
+ Qi(t, q, q̇) i = 1, . . . , N .

In a common situation, an external controller can apply additional forces, whose
components φi(q, u) depend continuously on the state q of the system and on the
value u = u(t) of the control function. In this case, the evolution of the system is
described by

d

dt

∂T

∂q̇i
=

∂T

∂qi
+ Qi(t, q, q̇) + φi(q, u) i = 1, . . . , N .

This leads to a control system in standard form, where the right hand side depends
continuously on the control u.

In a quite different but still realistic situation, a controller can prescribe the
values of the last m coordinates qn+1, . . . , qn+m as functions of time, say

qn+i(t) = ui(t) i = 1, . . . , m . (1.2)

We now make the crucial assumption that the identities (1.2) are achieved by
implementing m frictionless constraints. Here frictionless means that the forces
produced by the constraints make zero work in connection with any virtual dis-
placement of the remaining free coordinates q1, . . . , qn. Calling Φi(t) the compo-
nents of the additional forces, used to implement the constraints (1.2), the motion
is now determined by the equations

d

dt

∂T

∂q̇i
=

∂T

∂qi
+ Qi(t, q, q̇) + Φi(t) i = 1, . . . , n + m. (1.3)

The assumption that the constraints are frictionless is expressed by the identities

Φ1(t) = · · · = Φn(t) = 0 . (1.4)

In this case, the evolution of the remaining free coordinates q1, . . . , qn, together
with their conjugate momenta

pi =
∂T

∂q̇i
, i = 1, . . . , n , (1.5)

is described by a first order system of 2n differential equations:{
q̇i = φi

(
t, q(t), p(t), u(t), u̇(t)

)
,

ṗi = ψi

(
t, q(t), p(t), u(t), u̇(t)

)
,

i = 1, . . . , n , (1.6)

where upper dots denote derivatives w.r.t. time. The presence of the time deriva-
tives u̇i of the control functions accounts for the impulsive character of (1.6).

The theory of control of Lagrangian systems by means of of moving con-
straints was initiated independently by Aldo Bressan and by Charles-Michel Marle,
around 1980. The memoir [9] was motivated by problems of optimal control for the
ski or the swing, later studied in [10]. In [18] one can find a more general geomet-
ric approach, also including some mechanical applications. A subsequent paper by
Cardin and Favretti [11] clarified the relations between the two approaches.
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The impulsive control of mechanical systems leads to a rich mathematical
theory, different in many aspects from the standard theory of control.

1.1. Basic form of the equations.

Assume that the external forces Qi in (1.3) depend at most linearly on the first
derivatives q̇1. Then, as shown in [9], the right hand sides of (1.6) are polynomials
of degree ≤ 2 w.r.t. the derivatives u̇i. Renaming the variables x = (x1, . . . , x2n) =
(q1, . . . qn , p1, . . . , pn), we thus obtain a system of the form

ẋ = f̃(t, x, u) +
m∑

i=1

g̃i(t, x, u) u̇i +
m∑

i,j=1

h̃ij(t, x, u) u̇iu̇j . (1.7)

To achieve a further simplification, one can introduce the additional state variables
x0 = t and xn+1 = u1 , . . . , xn+m = um , with equations

ẋ0 = 1 , ẋn+j = u̇j j = 1, . . . , m .

This removes the explicit dependence of the vector fields f̃ , g̃i, h̃ij on the variables
t and u:

ẋ = f(x) +
m∑

i=1

gi(x) u̇i +
m∑

i,j=1

hij(x) u̇iu̇j . (1.8)

In many important cases, all the coefficients hij of the quadratic terms vanish
identically, and the right hand side of (1.8) is an affine function of the components
u̇i, namely

ẋ = f(x) +
m∑

i=1

gi(x) u̇i . (1.9)

The form of the basic equations plays a key role in determining the class
of control functions for which the corresponding trajectory of the system can be
uniquely defined. Systems of the form (1.9) were called “fit for jumps” in [9]. In this
case, since the derivative of the control enters linearly in the equations, solutions
can here be defined also in connection with a control function having jumps at
certain points. On the other hand, if we insert a control having a jump in (1.8),
a product like u̇iu̇i will formally contain the square of a Dirac delta distribution.
Therefore, if the vector field hii does not vanish, the state of system will instantly
reach infinity. In this case, the model is clearly not well posed.

An analytic characterization of systems “fit for jumps” was first derived in [9].
This property also admits an elegant geometric characterization, in terms of or-
thogonal geodesic curves. In the case of a scalar control, this characterization was
obtained in Theorem 5.1 of [9]. For general vector-valued controls, the analysis
in [24] showed how “fitness for jumps” is related to another fundamental property
of foliations on a Riemann manifold, studied in [25,26].

Of particular interest is the case where all vector fields gi in (1.9) commute,
i.e., their Lie brackets [gi, gj ]

.= (Dgj) gi−(Dgi) gj vanish identically. By a suitable
change of coordinates one can then remove the presence of the derivatives u̇i from
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the equations [29]. The evolution is thus described by a standard (non-impulsive)
control system.

1.2. Construction of trajectories for non-smooth controls.

When the control functions u = (u1, . . . , um) are absolutely continuous, one could
simply define vi

.= u̇i, i = 1, . . . , n, and use v = (v1, . . . , vm) as our basic control
function. Using these new variables, (1.8) becomes a control system in standard
form, namely

ẋ = f(x) +
m∑

i=1

gi(x) vi +
m∑

i,j=1

hij(x) vivj .

This approach, however, is not of much interest. In most applications, the dynamics
of the system and the constraints on the control functions are naturally formulated
using the coordinates themselves as controls, rather then their time derivatives.
Moreover, in several optimization problems, the optimal control uopt(·) is a discon-
tinuous function of time. Restricting the search to absolutely continuous controls
would be fruitless. When studying the impulsive system in its original form (1.8),
a major issue is how to define solutions for controls which are not Lipschitz con-
tinuous. A natural approach is the following. Let the functions f , gi , and hij in
(1.8) be smooth, and consider the initial data

x(0) = x̄ . (1.10)

Then the Cauchy problem (1.8), (1.10) has a unique solution t �→ x(t, u) for any
C1 control u(·). In order to construct a solution corresponding to a more general
(possibly discontinuous) control function u(·), one can approximate u by a sequence
of C1 control functions uk and take the limit of the corresponding trajectories. The
key problem here is to identify suitable topologies on the space of controls and on
the space of trajectories which render continuous the control-to-trajectory map:
u(·) �→ x(· , u). This problem has been the object of many investigations, in the
context of stochastic differential equations [29], and for control systems [2, 4–7,
17, 19]. Observe that, if the convergence uk(·) → u(·) implies the convergence of
the sequence of trajectories x(· , uk), one can then uniquely define the trajectory
x(· , u) as the limit

x(· , u) .= lim
k→∞

x(·, uk) ,

in a suitable topology.
A related problem is to characterize the L1 closure of the set of all trajectories

which correspond to smooth controls. As shown in [8], this can be done in terms
of a differential inclusion with closed, convex right hand side:

dx

ds
∈ F

(
x(s)

)
, (1.11)

where s �→ t(s) provides a reparametrization of the time variable. Trajectories
of (1.11) can be interpreted as a kind of “generalized solutions” of the impulsive
control system (1.8). This characterization is useful in many applications. For
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example, some problems of optimal control, or asymptotic stabilization, are best
studied by looking directly at the differential inclusion (1.11).

1.3. Stabilization to a constant state.

We recall that the impulsive system (1.8) is said to be locally stabilizable at a
state x̄ if, given any ε > 0 one can find δ > 0 such that the following holds. Given
any initial state x† with |x† − x̄| ≤ δ, one can find a C1 control u(·) such that the
corresponding trajectory satisfies∣∣x(t, u)− x̄

∣∣ ≤ ε for all t ≥ 0 . (1.12)

If a control u(·) can be found such that, in addition to (1.12),

lim
t→∞

x(t, u) = x̄ , (1.13)

then we say that the system is locally asymptotically stabilizable at x̄. Notice that
here we restrict the attention to C1 controls. This is natural, because the more
general trajectories of (1.8) are always defined as limits of solutions corresponding
to smooth controls.

For results on the (asymptotic) stabilization of a Lagrangian system, by
means of moving constraints, we refer to the forthcoming paper [BR5]. The key
idea here is to reduce the problem to a stabilization problem for the corresponding
differential inclusion (1.11). In turn, the weak stability of a differential inclusion
can be analyzed by well established techniques [12,15,27,28].

1.4. Optimization problems.

The problems of maximizing the amplitude of oscillation of a swing, or minimizing
the time taken by a skier to reach the end of a trail, were among the initial mo-
tivations for research on this subject [10]. A variety of optimal control problems
can be naturally formulated in the context of mechanical systems controlled by
moving constraints. As shown in [5], certain cases can be reduced to an optimiza-
tion problem for a standard (non-impulsive) control system. Other cases can be
studied in terms of a related differential inclusion. Further results on this type of
optimization problems can be found in [20–22]. For a general survey of the math-
ematical theory of Lagrangian systems controlled by moving constraints, we refer
to [3]. A key tool in the analysis of impulsive systems is the reparametrization of
the graph of the control function t �→ u(t). Given a function u(·) with bounded
variation (BV), one can consider a Lipschitz continuous curve γ, parametrized as
s �→

(
t(s), u(s)

)
, which contains the graph of u. Under suitable conditions, the

impulsive equations (1.9) reduce to a standard system of O.D.E’s, in terms of this
new variable s. This approach relies on the basic concept of “graph completion”,
which was introduced in [4].

Definition 1.1. A graph completion of a BV function u : [0, T ] �→ IRm is a Lips-
chitz continuous path γ = (γ0, γ1, . . . , γm) : [0, S] �→ [0, T ]× IRm such that

(i) γ(0) = (0, u(0)), γ(S) = (T, u(T )),
(ii) γ0(s1) ≤ γ0(s2) for all 0 ≤ s1 < s2 ≤ S,
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(iii) for each t ∈ [0, T ] there exists some s such that
γ(s) = (t, u(t)).

Notice that the path γ provides a continuous parametrization of the graph
of u in the (t, u) space. At a time τ where u has a jump, the curve γ must include
an arc joining the left and right points

(
τ, u(τ−)

)
,
(
τ, u(τ+)

)
.

Definition 1.2. Let γ be a graph completion of the control function u. Let y(·, γ)
be the unique Carathéodory solution of the Cauchy problem

d

ds
y(s) = f

(
y(s)

)
γ̇0(s) +

m∑
i=1

gi

(
y(s)

)
γ̇i(s) , y(0) = x̄ . (1.14)

Then the (possibly multivalued) function

t �→ x(t, γ) =
{
y(s, γ) ; γ0(s) = t

}
is called the generalized trajectory of (1.9)–(1.10) determined by the graph com-
pletion γ.

Observe that, by definition, the path γ is absolutely continuous, hence the
Carathéodory solution of (1.14) is well defined.

It can be shown that the trajectory x(·, γ) depends on the path γ itself, but
not on the way it is parametrized. In particular, let γ̃ : [0, S̃] �→ [0, T ] × IRm be
another graph completion of u such that

γ̃(s) = γ
(
φ(s)

)
s ∈ [0, S̃]

for some absolutely continuous, strictly increasing φ : [0, S̃] �→ [0, S]. Then the
generalized trajectories x(·, γ̃) and x(·, γ) coincide.

It is important to understand how the trajectory of the system (1.9) depends
on the choice of graph completion. The main results in this direction, proved in [4],
are as follows.

Let γ : [0, S] �→ IR1+m and γ̃ : [0, S̃] �→ IR1+m be any two graph completions
of the same control function u ∈ BV . Define their distance as

Δ(γ, γ̃) .= inf
φ

max
s∈[0,S]

∣∣∣γ(s)− γ̃
(
φ(s)

)∣∣∣ , (1.15)

where the infimum is taken over all continuous, strictly increasing, surjective maps
φ : [0, S] �→ [0, S̃] . In addition, we recall that the Hausdorff distance between two
compact sets A,B ⊂ IRN is

dH(A,B) .= max
{

max
a∈A

d(a,B) , max
b∈B

d(b, A)
}

.

The distances of a point from a set are here defined as

d(a,B) = inf
x∈B

|x− a| , d(b, A) = inf
x∈A

|x− b| .

We then have
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Theorem 1.3. Let the vector fields f, gi in (1.9) be Lipschitz continuous. Let un :
[0, T ] �→ IRm be a sequence of control functions. For each n ≥ 0, let γn be a
graph-completion of un . Assume that the total variation of the maps γn remains
uniformly bounded, and that

Δ(γn , γ0) → 0 as n →∞ . (1.16)

Then the graphs of the corresponding (possibly multivalued) trajectories x(· , γn)
converge to the graph of x(· , γ0) in the Hausdorff metric.

For a proof, see [4]. The following result, also proved in [4], relates the gen-
eralized solution obtained from a graph completion to the limit of more regular
solutions, corresponding to smooth control functions.

Theorem 1.4. Let γ : [0, S] �→ IR1+m be a graph completion of a control u :
[0, T ] �→ IRm. Let (un)n≥1 be a sequence of Lipschitz continuous controls with
uniformly bounded total variation, which approximates γ in the following sense:
Setting γn(s) .= (s, un(s)), one has

Δ(γ, γn) → 0 as n →∞ . (1.17)

Then the generalized solution x(· , γ) of (1.9)–(1.10) corresponding to the graph
completion γ satisfies

x(t , γ) = lim
n→∞

x(t, un) (1.18)

at every time t where x(γ, t) is single valued, hence almost everywhere.

Besides the theory of impulsive control, the idea of graph completion was
also used in [13, 14, 16] to achieve a definition of non-conservative products, and
non-conservative solutions to hyperbolic systems in one space dimension.

The remainder of this paper is organized as follows. In Section 2 we dis-
cuss some elementary mechanical examples, which motivate the impulsive control
model. Following [9], in Section 3 we sketch the derivation of the basic equation of
motion, assuming that the controller always implements frictionless constraints.

Section 4 contains the main new results of this paper. We consider an impul-
sive control system of the form

ẋ = f(x) +
m∑

i=1

gi(x)u̇i +
1
ε
Φ(x) . (1.14)

where f, gi,Φ are smooth vector fields on IRn, while ε > 0 is a small parameter. We
assume that the source term has dissipative character. More precisely, Φ vanishes
on a submanifold N ⊂ IRn, and every trajectory of the O.D.E.

ẋ = Φ(x)

converges to some point in N , as t → ∞. As the “relaxation time” ε approaches
zero, we study the dynamics of the system (1.14), corresponding to a possibly dis-
continuous control u(·). Since the trajectory of (1.14) is defined as limit of trajecto-
ries corresponding to an approximating sequence of smooth controls un(·) → u(·),
in the end one has to take two limits: ε → 0 and n →∞. Depending on the order
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in which these limits are taken, we show that two different dynamics are obtained,
for a system defined on the reduced state space N .

2. Mechanical examples

A mechanical system can be affected by an external controller in two basically
different ways. On one hand, the controller can influence the evolution of the
system by applying additional external forces. This leads to a standard control
problem, where the time derivatives of the state variables depend continuously on
the control function [23].

In other situations, also physically realistic, the controller acts on the sys-
tem by directly assigning the values of some of the coordinates. The remaining
coordinates are then be determined by solving a set of differential equations with
constraints, which also depend explicitly on the time derivative of the control
function. We illustrate these two cases with simple examples.

Example 2.1. Consider a child riding on a swing, pushed by his mother. In this
case, the equations of motion are the same as for a forced pendulum, say of length
r0 and mass m. In addition to the gravity acceleration g, the child is subject to
a force F = u(t) exerted by the parent. This force represents a control, and its
value can be prescribed (within certain bounds) as function of time. Let θ be the
angle formed by the swing with a vertical line. The motion is then described by
the controlled differential equation

mr0θ̈ = −mgr0 sin θ + u(t) . (2.1)

Example 2.2. Now consider an older boy riding on the swing. We assume that, by
standing up or kneeling down, he can change at will the radius of oscillation (within
certain bounds). This new system can be described in terms of two variables: the
angle θ and the radius of oscillation r. The kinetic energy is given by

T (r, θ, ṙ, θ̇) =
m

2

(
ṙ2 + r2θ̇2

)
, (2.2)

while the potential energy is

V (r, θ) = −mgr cos θ . (2.3)

The control implemented by the boy amounts to assigning the radius of oscillation
as a function of time, i.e., r = u(t), for some control function u. Calling L = T −V
the associated Lagrangian function, the evolution of the remaining coordinate
θ = θ(t) is now determined by the equation

d

dt

∂L

∂θ̇
=

∂L

∂θ
, (2.4)

which in this case yields

2mrθ̇ṙ + mr2θ̈ = −mgr sin θ . (2.5)
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Denoting by ω = θ̇ the angular velocity, and recalling that r = u, we obtain the
impulsive system

θ̇ = ω , ω̇ = −g sin θ

u
− 2ω

u
u̇ . (2.6)

Observe that the right hand side of the second equation depends linearly on the
time derivative of the control function. In this special case, we can remove the
dependence on u̇ by a change of variable. Namely, calling p = mr2θ̇ = mu2θ̇ the
angular momentum, from (2.6) one obtains

θ̇ =
p

mu2
, ṗ = −mgu sin θ , (2.7)

where the right hand sides do not depend on u̇.

Example 2.3. A bead of mass m slides without friction along a bar, while the bar
can be rotated around the origin, on a vertical plane. This system can be described
by two lagrangian parameters: the distance r of the bead from the origin, and the
angle θ formed by the bar and a vertical line. The kinetic and potential energy are
still given by (2.2)-(2.3). In the present case, however, we assign the angle θ = u(t)
as a function of time, while the radius r is the remaining free coordinate. The
evolution of the radius is now determined by the Lagrange equation

d

dt

∂L

∂ṙ
=

∂L

∂r
, (2.8)

where L = T − V . Using (2.2)–(2.3), and setting θ = u(t), from (2.8) we obtain
the second order equation

r̈ = ru̇2(t) + g cos u(t) (2.9)

Observe that in this case the right hand side of the equation contains the square
of the derivative of the control.

3. The equations of motion

Consider the Lagrangian system at (1.3), subject to frictionless constraints as in
(1.2), (1.4). In this section, following [9], we derive a set of equations describing the
evolution of the free coordinates q1, . . . , qn. Remarkably, this can be done without
explicitly computing the remaining components of the forces Φn+1 , . . . ,Φn+m.
Indeed, the variables qn+1, . . . , qn+m are already assigned by (1.2). Of course,
their time derivatives

q̇n+1 = u̇1(t) , . . . , q̇n+m = u̇m(t)

are also determined. We now show that the evolution of components q1, . . . , qn can
be derived from the first n equations in (1.3), taking (1.4) into account.

In connection with the quadratic form (1.1) for the kinetic energy, introduce
the conjugate moments

pi = pi(q, q̇)
.=

∂T

∂q̇i
=

n+m∑
i=1

Aij(q) q̇j . (3.1)
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Moreover, define the Hamiltonian function

H(q, p) =
1
2

n+m∑
i,j=1

Bij(q) pipj , (3.2)

where Bij are the components of the (n + m)× (n + m) inverse matrix B = A−1.
In other words,

n+m∑
j=1

BijAjk =
1 if i = k ,
0 if i 
= k .

(3.3)

Next, we solve the system of Hamiltonian equations for the first n variables{
q̇i = ∂H

∂pi
(q, p)

ṗi = −∂H
∂qi (q, p) + Qi(t, q, q̇)

i = 1, . . . , n . (3.4)

Notice that (3.4) is a system of 2n equations for q1, . . . , qn, p1, . . . , pn, where the
right hand side also depends on the remaining components qi, pi, i = n+1, . . . , n+
m. We can remove this explicit dependence by inserting the values{

qn+i = ui(t) , q̇n+i = u̇i(t) i = 1, . . . , m ,
pj = pj(p1, . . . , pn, q̇n+1, . . . , q̇n+m) j = n + 1, . . . , n + m.

(3.5)

In the second line of (3.5), in order to express pj as a linear combination of
p1, . . . , pn, q̇n+1, . . . , q̇n+m, we proceed as follows. Let C = (Cij) be the inverse of
the m×m submatrix (Bij)i,j=n+1,...,n+m, so that

n+m∑
i=n+1

CjiB
ik =

1 if j = k ,
0 if j 
= k ,

j, k ∈ {n + 1, . . . , n + m} . (3.6)

Recalling that p = Aq̇, q̇ = Bp, we multiply by Cji both sides of the identity

q̇i =
n∑

k=1

Bikpk +
n+m∑

k=n+1

Bikpk ,

and sum over i = n + 1, . . . , n + m. By (3.6), this yields

pj =
n+m∑

i=n+1

Cjiq̇
i −

n+m∑
i=n+1

n∑
k=1

CjiB
ikpk j = n + 1, . . . , n + m. (3.7)

Inserting in (3.4) the values pn+1, . . . , pn+m given by (3.7), we obtain a closed
system of 2n equations for the 2n variables q1, . . . , qn, p1, . . . , pn. More precisely,
fix an index i ∈ {1, . . . , n}. Recalling the definition of the Hamiltonian function
at (3.2), we obtain

q̇i = ∂
∂pi

{
1
2

∑n+m
j,k=1 Bjk(q) pjpk

}
=
∑n

j=1 Bij pj +
∑n+m

j=n+1 Bij pj

=
∑n

j=1 Bij pj +
∑n+m

j=n+1 Bij
(∑n+m

�=n+1 Cj� q̇� −∑n+m
�=n+1

∑n
k=1 Cj�B

�kpk

)
.

(3.8)
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Next, using again (3.4) and (3.7) we compute

ṗi = − ∂
∂qi

{
1
2

∑n+m
j,k=1 Bjk(q) pjpk

}
+ Qi(t, q, q̇)

= −
(

1
2

∑n
j,k=1 +

∑n
j=1

∑n+m
k=n+1 + 1

2

∑n+m
j,k=n+1

)
∂Bjk

∂qi pjpk + Qi(t, q, q̇)

= − 1
2

∑n
j,k=1

∂Bjk

∂qi pjpk

−∑n
j=1

∑n+m
k=n+1

∂Bjk

∂qi pj

(∑n+m
h=n+1 Ckhq̇h −∑n+m

h=n+1

∑n
�=1 CkhBh�p�

)
− 1

2

∑n+m
j,k=n+1

∂Bjk

∂qi

(∑n+m
h=n+1 Cjhq̇h −∑n+m

h=n+1

∑n
�=1 CjhBh�p�

)
×
(∑n+m

r=n+1 Ckr q̇
r −∑n+m

r=n+1

∑n
�=1 CkrB

r�p�

)
+Qi(t, q, q̇) .

(3.9)
Recalling that q̇n+i = u̇i, and that the matrices C(q) = (Cij(q)) are invert-

ible, a direct inspection of the above equations reveals that:
(i) The right hand side of (3.8) is always an affine function of the derivatives

u̇1 , . . . , u̇m .
(ii) The right hand side of (3.9) is an affine function of the derivatives u̇1 , . . . , u̇m

if and only if each Qi is an affine function of q̇n+1, . . . , q̇n+m, and moreover

∂Bjk(q)
∂qi

≡ 0 for all i ∈ {1, . . . , n} , j, k ∈ {n + 1, . . . , n + m} . (3.10)

Following [9], systems whose equations of motion are affine w.r.t. the time
derivatives of the control will be called fit for jumps. In the special case where
the derivatives u̇i do not appear at all in the equations, we say that the system is
strongly fit for jumps. From the above analysis we thus obtain

Theorem 3.1. The Lagrangian system controlled by moving constraints (1.2)–(1.4)
is “fit for jumps” if and only if the components of external forces Qi are affine
functions of the derivatives q̇j, j = n+1, . . . , n+m, and the identities (3.10) hold.

Theorem 3.2. The system (1.2)–(1.4) is “strongly fit for jumps” provided that the
external forces Qi depend only on the variables t, qi, and moreover the identi-
ties (3.10) hold, together with

Bij(q) ≡ 0 i ∈ {1, . . . , n} , j ∈ {n + 1, . . . , n + m} . (3.11)

4. Relaxation limits

Consider an impulsive system with dynamics depending linearly on the derivative
of the control:

ẋ = f(x) +
m∑

i=1

gi(x)u̇i +
1
ε
Φ(x) . (4.1)

Here f, gi,Φ are smooth vector fields on IRn, while x ∈ IRn is the state of the
system, u ∈ IRm is the control function and ε > 0 is a small parameter, i.e., the
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“relaxation time”. In the following we denote by t �→ x(t, y) the solution to the
Cauchy problem

ẋ = Φ(x) , x(0) = y . (4.2)

Our basic assumptions are

(A1) The set of equilibrium points

N .=
{
x ∈ IRn ; Φ(x) = 0

}
(4.3)

is a smooth manifold of dimension r < n. For each x ∈ N , one can split IRn as a
sum of a null and a stable subspace:

IRn = Nx ⊕ Sx , (4.4)

of dimension r and n− r respectively. Both subspaces in (4.4) are invariant under
the linear mapping DΦ(x) (the differential if Φ at the point x). Moreover, Nx

coincides with the tangent space to N at the point x, so that

DΦ(x) v = 0 v ∈ Nx ,

while the restriction of DΦ(x) to the subspace Sx has eigenvalues with strictly
negative real part.

(A2) The equilibrium manifold N is globally attractive, i.e., every solution of (4.2)
eventually approaches the manifold N . For each y ∈ IRn, the map

y �→ π(y) .= lim
t→∞

x(t, y) (4.5)

is a continuous projection of IRn onto N .

Our main goal is to describe the limits of trajectories of (4.1), as the relax-
ation parameter ε → 0.

As a preliminary, we define the m + 1 vector fields f̃ , g̃i : N �→ IRn by means
of a suitable projection. Recalling the decomposition (4.4), at each point x ∈ N
any vector v ∈ IRn can be decomposed as a sum of a vector in Nx and a vector in
Sx, say

v = πNv + πSv .

For x ∈ N we can thus define

f̃(x) = πNf(x) , g̃i(x) .= πNgi(x) . (4.6)

This yields a “reduced” impulsive control system on N

ẋ = f̃(x) +
m∑

i=1

g̃i(x)u̇i x ∈ N . (4.7)

By construction, the right hand side of (4.7) is tangent to N . Hence, for every
initial data x̄ ∈ N , it defines an evolution inside N .
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Given an initial data

u(0) = ū , x(0) = x̄ , (4.8)

one might expect that (4.7) describes the limit of trajectories of (4.1) as ε → 0.
Actually, some care must be taken on the order in which limits are taken.

Let u : [0, T ] �→ IRm be a BV function. In the case where u is discontinuous
and the vector fields gi do not commute, to uniquely determine the solution of
(4.1), (4.8) one needs to assign a graph completion γ of u. As recalled in Defini-
tions 1.1 and 1.2, the map γ : s �→

(
γ0(s), γ1(s), . . . , γm(s)

)
provides a Lipschitz

continuous parametrization of a curve in IR1+m which contains the graph of u.
If u(·) has a jump at a time τ , to compute the jump in the corresponding

generalized trajectory x(·, γ) we look at the non-trivial interval

[s−, s+] =
{
s ; γ0(s) = τ

}
.

The value x(τ+) of the trajectory corresponding to the graph completion γ is then
computed by solving the Cauchy problem

y(s−) = x(τ−) ,
d

ds
y(s) =

m∑
i=1

gi

(
y(s)

)
γ̇i(s) s ∈ [s−, s+] , (4.9)

and setting
x(τ+) = y(s+) . (4.10)

Observe that the O.D.E. in (4.9) is of Carathéodory type, having a right hand
side which is Lipschitz continuous w.r.t. y and measurable w.r.t. s. Indeed, the
components γi are uniformly Lipschitz continuous functions of the parameter s.

Next, consider a sequence of smooth controls uν converging to u in L1 and
for a.e. t, and whose graphs converge to the graph completion γ in the distance
defined in [?]. Call t �→ xν

ε (t) the solution to

ẋ = f(x) +
m∑

i=1

gi(x)u̇ν
i +

1
ε
Φ(x) , (4.11)

with initial data (4.8). Then set

xν = lim
ε→0

xν
ε , xε = lim

ν→∞
xν

ε .

We now have

Theorem 4.1. Let the hypothesis (A1) hold. Assume that u is continuous, x̄ ∈ N
and the smooth approximations uν converge to u uniformly on [0, T ]. Then the
following two limits are well defined for every t ∈ [0, T ] and coincide:

x(t) = lim
ν→∞

(
lim
ε→0

xν
ε (t)

)
= lim

ε→0

(
lim

ν→∞
xν

ε (t)
)

. (4.12)

The limit trajectory x : [0, T ] �→ N is a solution of the reduced impulsive control
system (4.7).
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Theorem 4.2. Let the hypotheses (A1), (A2) hold. Let u ∈ BV, and consider a
sequence of smooth controls uν converging to u in L1 and for a.e. t ∈ [0, T ], and
whose graphs converge to the graph completion γ of u, in the distance (1.15). Then
the two limits

x�(t) = lim
ν→∞

(
lim
ε→0

xν
ε (t)

)
, x�(t) = lim

ε→0

(
lim

ν→∞
xν

ε (t)
)

(4.13)

are well defined in L1 and for a.e. t ∈ [0, T ]. However, they do not coincide, in
general.

The first limit coincides with the solution of (4.7) corresponding to the graph
completion γ with initial data

x(0) = π(x̄) . (4.14)

The second limit is obtained by solving (4.7) outside the jump points, while,
at each time τ where u has a jump, if t(s) = τ for s ∈ [s−, s+], then

x(τ+) = π
(
y(s+)

)
, (4.15)

Here y(s+) is defined as in (4.9)–(4.10), while π : IRn �→ N is the projection
defined at (4.5).

We shall first give a proof of Theorem 2, in several steps. Afterwards, we will
show how to recover Theorem 1 by a minor modification of the previous arguments.

1. By the assumption (A1), there exists a family of coordinates z = (z1, . . . , zn)
with the following properties. The set of equilibrium points has the representation

N .=
{
x(z) ; ∈ IRn ; zr+1 = · · · = zn = 0

}
. (4.16)

The projection π : IRn �→ N takes the form

π
(
x(z1, . . . , zn)

)
= x(z1, . . . , zr, 0, . . . , 0) . (4.17)

Moreover, in the new coordinates, the O.D.E. (4.2) takes the form{
żj = 0 j = 1, . . . , r ,
żj = φj(z) i = r + 1, . . . , n ,

(4.18)

2. It will be convenient to construct a Lyapunov function on a neighborhood of
the manifold N . This is a smooth function V such that

V (x) = 0 if x ∈ N ,
V (x) > 0 if x /∈ N ,

(4.19)

∇V (x) · Φ(x) < 0 x /∈ N . (4.20)

The existence of such a function follows again from the assumption (A1).

3. Given the continuous control u(·), let t �→ x(t) ∈ N be the solution of the
reduced Cauchy problem (4.7)–(4.8). Using the adapted coordinates z1, . . . , zj , for
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each ε > 0 and ν ≥ 1 we call zν,ε = (zν,ε
1 , . . . , zν,ε

n ) the solution to{
żν,ε

j = f j(z) +
∑m

i=1 gj
i (z)u̇ν

i j = 1, . . . , r ,

żν,ε
j = f j(z) +

∑m
i=1 gj

i (z)u̇ν
i + 1

ε φj(z) j = r + 1, . . . , n ,
(4.21)

with initial data
z(0) = z̄ (4.22)

corresponding to (4.8).

4. Our next goal is to show that each xν = limε→0 xν
ε provides a solution to the

Cauchy problem

ẋ = f̃(x) +
m∑

i=1

g̃i(x)u̇ν
i , x(0) = π(x̄) . (4.23)

Define τε = ε1/2. We claim that

lim
ε→0

xν(τε) = π(x̄) (4.24)

Indeed, let t �→ w(t) be the solution to

ẇ = Φ(w) , w(0) = x̄ ,

and call yε(t) = xν
ε (εt), so that

d

dt
yε = ε

[
f(yε) +

∑
i

gi(yε)u̇ν
i

]
+ Φ(yε) .

Using the assumption (A2) we obtain

lim
ε→0

xν
ε (τε) = lim

ε→0
yε(ε−1/2) = lim

ε→0
w(ε−1/2) = π(x̄) ,

proving (4.24).

5. For a fixed ν ≥ 1, call yν(·) the solution to the Cauchy problem (4.23). Since
uν(·) is smooth, for some constant Cν we can assume∣∣u̇ν(t)

∣∣ ≤ Cν t ∈ [0, T ] .

Let Nδ be a compact neighborhood of the image set
{
yν(t) ; t ∈ [0, T ]

}
. Using an

a priori bound on the vector fields f, gi restricted to Nδ, for some constant M we
can thus assume∣∣∣∣∣f(x) +

m∑
i=1

gi(x)u̇i(t)

∣∣∣∣∣ ≤ M t ∈ [0, T ] , x ∈ Nδ . (4.25)

6. Let any ε0 > 0 be given. Then there is δ0 > 0 such that

V (z) < δ0 =⇒
n∑

j=r+1

|zj | ≤ ε0 . (4.26)
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Moreover, by (4.20) there is c0 > 0 such that

V (x) ≥ δ0 =⇒ ∇V (x) · Φ(x) < −c0 . (4.27)

Together, (4.25) and (4.27) imply that, for all ε > 0 sufficiently small,

∇V (x) · ẋν
ε ≤

1
ε
∇V (x) · Φ(x) +

∣∣∇V (x)
∣∣ ·M < 0 . (4.28)

This implies that the trajectory xν
ε cannot exit from the set

{
x ; V (x) ≤ δ0

}
.

7. The behavior of xν
ε on the initial interval [0, τε], with τε = ε1/2, was described

in step 4. To study the trajectory t �→ xν(t) on the remaining interval [τε, T ], we
use the formulation (4.21) in terms of the z-coordinates. By the previous steps,
given any δ0 > 0, for all ε > 0 sufficiently small we have

V
(
xν

ε (t)
)
≤ δ0 t ∈ [τε, T ] . (4.29)

In particular, by (4.26), given any ε0 > 0 we have

n∑
j=r+1

∣∣zν
j (t)

∣∣ ≤ ε0 t ∈ [τε, T ] . (4.30)

for all ε > 0 small enough. Since ε0 > 0 can be taken arbitrarily small, and the
functions f and giu̇i in (4.21) are uniformly Lipschitz continuous, as ε → 0 we
have the uniform convergence zν,ε → zν , where the limit trajectory provides a
solution to{

żν
j = f j(z) +

∑m
i=1 gj

i (z)u̇ν
i j = 1, . . . , r ,

żν
j = 0 j = r + 1, . . . , n ,

(4.31)

with initial data

z(0) = π(z̄) = (z̄1, . . . , z̄r, 0, . . . , 0) . (4.32)

To conclude, we now only need to observe that (4.31)-(4.32) correspond precisely
to (4.7), (4.14), in the z coordinates.

8. Finally, assume that the sequence uν converges to the graph-completion γ of u,
in the sense of graphs. An application of the results in [4], here stated in Theorem
1.4, implies that the corresponding trajectories xν(·) converge to x�(·) pointwise
for a.e. t ∈ [0, T ], and also in L1

(
[0, T ]

)
. This completes the proof of the first part

of Theorem 4.2.

9. In the remainder of the proof, we consider the second limit in (4.13). By the
convergence assumption on the approximating controls uν(·), for every fixed ε > 0
the limit

xε = lim
ν→∞

xν
ε (4.33)
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is described in terms of the graph completion γ : [0, S] �→ [0, T ]×IRm of the control
function u(·). Call s �→ x̂ε(s) the solution of

d

ds
x̂(s) =

(
f
(
x̂(s)

)
+

1
ε
Φ
(
x̂(s)

))
· d γ0(s)

ds
+

m∑
i=1

gi

(
x̂(s)

) dγi(s)
ds

s ∈ [0, S] ,

(4.34)
with initial data (4.8). Since the map s �→ t(s) = γ0(s) from [0, S] onto [0, T ]
is nondecreasing, for almost every t there exists a unique s = σ(t) such that
t = t

(
σ(t)

)
. We then have the representation

xε(t) = x̂ε(σ(t)
)
. (4.35)

10. It now remains to describe the limit of the maps x̂ε, as ε → 0. Consider the
set

J
.=
⋃

t∈[0,T ]

]
s−(t), s+(t)

[
, (4.36)

where

s−(t) = min
{
s ; γ0(s) = t

}
, s+(t) = max

{
s ; γ0(s) = t

}
.

Since s−(t) = s+(t) for all but countably many times t, the set J is actually the
union of countably many open intervals, say

J =
⋃
k≥1

]s−k , s+
k [ . (4.37)

Our goal is to prove that as ε → 0, the maps s �→ x̂ε(s) converge to the unique
map s �→ x̂�(s) providing a fixed point to the integral transformation w �→ T w
defined as

T w(s) .= π(x̄) +
∫
[0,s]\J

(
f̃
(
w(r)

)
γ̇0(r) +

∑m
i=1 g̃i

(
w(r)

)
γ̇i(r)

)
dr{

π
(
yk(s+

k )
)
− w(s−k )

}{ ∫ s

s−
k

∑m
i=1 gi(w(r))γ̇i(r) dr if s ∈ ]s−k , s+

k [ ,
0 if s /∈ J .

(4.38)

for all σ ∈ [0, S]. Some words of explanation are in order. In (4.38), the vector fields
f̃ , g̃i are the projections of f, gi, as defined at (4.6). For a given k, the function
yk : [s−k , s+

k ] �→ IRn is defined as the solution to the Cauchy problem

d

ds
y(s) =

m∑
i=1

gi

(
y(s)

)dγi(s)
ds

, y(s−k ) = x(s−k ) . (4.39)

Notice that, according to (4.38), the map s �→ x̂�(s) is right continuous. At each
of the points s = s+

k , it jumps from y(s+
k ) to π

(
y(s+

k )
)
.

12. In this step we prove the following lemma.
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Lemma 1. Given ε0 > 0, a time τ < T and a compact set Γ ⊂ IRn, there exists
η ∈ ]0, ε0] such that, for all ε > 0 small enough, the following holds. Fix any x∗ ∈ Γ
and call s �→ xε(s) the solution to (4.34) with initial data

xε

(
s+(τ)

)
= x∗. (4.40)

Then ∣∣∣xε

(
s+(τ) + η

)
− π(x∗)

∣∣∣ ≤ ε0 . (4.41)

Proof of Lemma 1. For notational convenience, set s+ .= s+(τ). Of course, this
implies τ = t(s+). Consider any sequence ην → 0 and define

εν
.=
[
t(s+ + ην)− t(s+)

]2
> 0 . (4.42)

For ε ≤ εν , the value xε

(
s+(τ) + ην

)
is more clearly estimated by a time-rescaling

technique. Set yε(ξ)
.= xε(s+ + εξ). We now look at the solution to the rescaled

problem
dyε

dξ (ξ) = ε dxε

ds (s+ + εξ)
=
[
ε f(yε) + Φ(yε)

]
dγ0
ds (s+ + εξ) +

∑m
i=1 ε gi(yε)dγi

ds (s+ + εξ) ,
(4.43)

for ξ ∈ [0, ην/ε], with initial data

yε(0) = x∗ . (4.44)

We now observe that

ε ·
∫ ην/ε

0

(∣∣f(yε(ξ))
∣∣ · ∣∣∣dγ0

ds (s+ + εξ)
∣∣∣+∑m

i=1

∣∣gi(yε(ξ))
∣∣ · ∣∣∣dγi

ds (s+ + εξ)
∣∣∣) dξ

≤ C ·
∫ s++ην

s+

( ∣∣∣dγ0(s)
ds

∣∣∣+∑m
i=1

∣∣∣dγi(s)
ds

∣∣∣ )ds → 0

(4.45)
as ην → 0. On the other hand, if ε ≤ εν , as ην → 0 we have

1
ε

∫ ην/ε

0

∣∣∣∣dγ0(s+ + εξ)
dξ

∣∣∣∣ dξ =
t(s+ + ην)− t(s+)

ε
=

ε
1/2
ν

ε
→ ∞ . (4.46)

Let w(·) be the solution to

d

dt
w(t) = Φ

(
w(t)

)
, w(0) = x∗ . (4.47)

The limits in (4.45) and (4.46) now show that, as ν →∞, as long as ε ∈ ]0, εν ] we
have

lim
ν→∞

xε(s+ + ην) = lim
ν→∞

yε(ην/ε) = lim
ν→∞

w(ε1/2
ν /ε) = lim

t→∞
w(t) = π(x∗) .

Choosing η = ην sufficiently small, by a standard compactness argument the
conclusion of the lemma holds uniformly for all initial data x∗ ∈ Γ. �
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13. In connection with the given graph completion s �→ γ(s), we now prove an-
other key estimate. Roughly speaking, the next lemma says that, if an interval
[a, b] does not contain large subintervals [s−, s+] where t(s) = γ0(s) is constant,
then the value of the Lyapunov function V

(
xε(s)

)
in (4.19)-(4.20) remains small

throughout [a, b]. This happens because, when γ0 is strictly increasing, by (4.27)
the large term ε−1Φ(xε) γ̇0 forces V to decrease.

Lemma 2. For any compact set K ⊂ IRn there exists a constant CK such that the
following holds. For any ε0 > 0, let [a, b] ⊆ [0, S] be such that, for every subinterval
[s′, s′′] ⊆ [a, b],

s′′ − s′ > ε0 =⇒ γ0(s′′) > γ0(s′) . (4.48)

Given any δ > 0, if s �→ xε(s) is a solution of (4.34) with ε > 0 sufficiently small
(depending on K and δ) and if

V
(
xε(a)

)
≤ δ , xε(a) ∈ K , (4.49)

then
V
(
xε(s)

)
≤ δ + CK · ε0 for all s ∈ [a, b] . (4.50)

Proof of Lemma 2. By assumption, there exist values a = σ0 < σ1 < · · · < σN =
b, and a constant c1 > 0, such that

σi − σi−1 ≤ ε0 , t(σi)− t(σi−1) ≥ c1 i = 1, . . . , N . (4.51)

For a given σ ∈ [a, b], define

σ∗ .= max
{

s ≤ σ ; V
(
xε(s)

)
≤ δ
}

.

Then, for s ∈ [σ∗, σ], by (4.27) we have

d

ds
V
(
xε(s)

)
= ∇V

(
xε(s)

)
· dxε(s)

ds
≤ −c0

ε

dγ0(s)
ds

+C ·
(

dγ0(s)
ds

+
m∑

i=1

∣∣∣∣dγi(s)
ds

∣∣∣∣
)

.

Here the constant C depends only on an upper bound on the vector fields f and
gi and on the gradient ∇V , valid on a suitable compact neighborhood of K. For
ε > 0 small enough, we can assume c0/2ε > C, hence

d

ds
V
(
xε(s)

)
≤ − c0

2ε

dγ0(s)
ds

+ C ·
m∑

i=1

∣∣∣∣dγi(s)
ds

∣∣∣∣ . (4.52)

To fix the ideas, assume

sh−1 ≤ σ∗ < σh < · · · < σk < σ ≤ sk+1 .

Let Lγ be a Lipschitz constant for the function γ, so that
m∑

i=1

∣∣∣∣dγi(s)
ds

∣∣∣∣ ≤ Lγ . (4.53)
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For every ε > 0 small enough so that
c0

2ε
c1 ≥ C Lγ ε0 ,

we now have

V
(
xε(σh)

)
≤ V

(
xε(σ∗)

)
+ C Lγ (σh − σ∗) ≤ δ + C Lγε0 .

Moreover, by induction on j = h, h + 1, . . . , k − 1 we find

V
(
xε(σj)

)
≤ V

(
xε(σj−1)

)
− c0

2ε (σj − σj−1) + C Lγ , (σj − σj−1)
≤
(
δ + C Lγε0

)
− c0

2εc1 + C Lγ ε0

≤ δ + C Lγε0 ,

and finally

V
(
xε(σ)

)
≤ V

(
xε(σk)

)
+ C Lγ(σ − σk) ≤

(
δ + C Lγε0

)
+ C Lγε0 .

This establishes the Lemma, with CK
.= 2C Lγ . �

14. In this step we construct a sequence of functions wN : [0, S] �→ IRn, converging
to a solution of (4.38). For a given integer N ≥ 1, consider the finite union of open
intervals

JN
.=
⋃

k≤N

]s−k , s+
k [ .

Then s �→ wN (s) is defined as the unique piecewise Lipschitz continuous function
with jumps at the points s+

1 , s+
2 , . . . , s+

N , such that w(0) = π(x̄) and moreover

dw(s)
ds

= f̃
(
w(s)

) dγ0(s)
ds

+
m∑

i=1

g̃i

(
w(s)

) dγi(s)
ds

x /∈ JN , (4.54)

dw(s)
ds

=
m∑

i=1

gi

(
w(s)

) dγi(s)
ds

x ∈ JN , (4.55)

w
(
s+

k ) = π

(
lim

s ↑ s+
k

w(s)

)
k = 1, . . . , N . (4.56)

where π : IRn �→ N is the projection defined at (4.5). The existence of the functions
wN is straightforward. Moreover, by the local Lipschitz continuity of the projection
map π : IRn �→ N and of the vector fields f, gi, it is clear that the maps wN (·) con-
verge to the function x̂�(·) defined as the fixed point of the integral transformation
w �→ T w in (4.38).

Notice that the convergence holds in L1
(
[0, S]

)
, and also pointwise for a.e. s ∈

[0, S]. In the special case where J consists of finitely many open intervals, one
simply has J = JN and w� = wN , where N is the number of intervals.

15. Consider again the solutions x̂ε(·) of (4.34), with initial data x̂ε(0) = x̄. To
complete the proof of the theorem, we need to show that, as ε → 0, the functions
x̂ε(·) converge to x̂�(·). Toward this goal, we shall provide an a priori estimate of
the difference |xε − wN | .
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This is more conveniently achieved working in the z-coordinates. The
map s �→ zε(s) corresponding to x̂ε provides the solution to{

d
dszj = f j(z) · dγ0(s)

ds +
∑m

i=1 gj
i (z)dγi(s)

ds j = 1, . . . , r ,
d
dszj =

(
f j(z) + 1

εΦj(z)
)
· dγ0(s)

ds +
∑m

i=1 gj
i (z)dγi(s)

ds j = r + 1, . . . , n ,

(4.57)
with initial data (4.22). On the other hand, the map s �→ zN (s) corresponding to
wN in the z-coordinates satisfies the equations

{
d
dszN,j = f j(zN ) · dγ0(s)

ds +
∑m

i=1 gj
i (zN )dγi(s)

ds j = 1, . . . , r ,
zN,j = 0 j = r + 1, . . . , n,

s /∈ JN ,

(4.58)

d

ds
zN,j =

m∑
i=1

gj
i (zN )

dγi(s)
ds

j = 1, . . . , n , s ∈ JN , (4.59)

while at the jump points s+
k there holds{

zN,j(s+
k ) = lims ↑ sk

zN,j(s) j = 1, . . . , r ,
zN,j(s+

k ) = 0 j = r + 1, . . . , n .
(4.60)

16. Let ε1 > 0 be given. Choose δ > 0 such that

V (z) ≤ 3δ =⇒
∣∣z − π(z)

∣∣ ≤ ε1 . (4.61)

Let CK ≥ 1 be the constant in Lemma 2 and choose ε0
.= δ C−1

K . Consider again
the countable sequence of intervals [s−k , s+

k ] where the map s �→ t(s) is constant,
as in (4.37). Choose an integer N large enough so that

s+
k − s−k < ε0 for all k > N . (4.62)

We now estimate the distance
∣∣zε(s)− wN (s)

∣∣, for s ∈ [0, S].
For notational convenience we set s+

0
.= 0, s−N+1

.= S. By relabeling the
intervals [s−k , s+

k ] we can assume that

0 = s+
0 < s−1 < s+

1 < · · · < s−N < s+
N ≤ s−N+1 = S .

By Lemma 1, given η0 ∈ ]0, ε1] , for all ε > 0 sufficiently small we have∣∣zε(η0)− π(z̄)
∣∣ ≤ ε1 ,

∣∣zN (η0)− π(z̄)
∣∣ ≤ ε1 , V

(
zε(η0)

)
< δ .
(4.63)

In particular, ∣∣zε(η0)− zN (η0)
∣∣ ≤ 2ε1 . (4.64)

Using Lemma 2 we deduce that, for s ∈ [η0, s−1 ],

V
(
zε(s)

)
≤ δ + 2CKε0 ≤ 3δ . (4.65)
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Therefore, by (4.61), for the components j = 1, . . . , r we have the estimate∣∣∣∣ d

ds
zj

ε(s)−
d

ds
zj

N (s)
∣∣∣∣ ≤ C ′

(
ε1 +

r∑
i=1

∣∣zi
ε(s)− zi

N (s)
∣∣) , (4.66)

where the constant C ′ depends only on the Lipschitz constants of the vector fields
f, gi and of the control γ.

For ε > 0 sufficiently small, similar estimates can be obtained for every k =
1, 2, . . . , N . Indeed, set ηk

.= 2−kη0 . By Lemma 2, on every interval [s+
k +ηk, s−k+1]

we have ∣∣∣zε(s)− π
(
zε(s)

)∣∣∣ ≤ ε1 . (4.67)

Of course, this implies∣∣zj
ε(s)

∣∣ ≤ ε1 j = r + 1, . . . , n . (4.68)

In turn, this implies that (4.66) remains valid for all s ∈ [s+
k + ηk, s−k+1] .

In addition, when s ∈ [s−k , s+
k ], the functions zε and zN satisfy the same

O.D.E. (4.59). Hence∣∣∣∣ d

ds
zj

ε(s)−
d

ds
zj

N (s)
∣∣∣∣ ≤ C ′

n∑
i=1

∣∣zi
ε(s)− zi

N (s)
∣∣ . (4.69)

Moreover, by Lemma 1, by possibly reducing the size of ηk and choosing
ε > 0 sufficiently small we obtain∣∣∣zε(s+

k + ηk)− π
(
z(s+

k )
)∣∣∣ ≤ 2−kε1 ,

∣∣∣zN (s+
k + ηk)− zN (s+

k )
∣∣∣ ≤ 2−kε1 ,

V
(
zε(s+

k + ηk)
)

< δ .

Observing that zN (s+
k ) = π

(
zN (s+

k −)
)
, from the previous inequalities we deduce∣∣zε(s+

k + ηk)− zN (s+
k + ηk)

∣∣ ≤ 21−kε1 +
∣∣zε(s+

k )− zN (s+
k −)

∣∣ . (4.70)

In (4.70) we used the fact that π : IRn �→ N is a perpendicular projection, when
expressed in the z-coordinates. Hence its Lipschitz constant is 1.

17. We now put together all the previous estimates. For notational convenience,
set

α(s) .=
r∑

i=1

∣∣zi
ε(s)− zi

N (s)
∣∣ , β(s) .=

n∑
i=r+1

∣∣zi
ε(s)− zi

N (s)
∣∣ .

From (4.64)–(4.70) it now follows

α(η0) + β(η0) ≤ 2ε1 ,{
α̇(s) ≤ C ′(α + β)
β(s) ≤ ε1

s ∈ [s+
k + ηk , s−k+1] ,{

α̇(s) ≤ C ′(α + β)
β̇(s) ≤ C ′(α + β)

s ∈ [s−k , s+
k ] ,
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{
α(s+

k + ηk) ≤ 21−kε1 + α(s−k )
β(s+

k + ηk) ≤ ε1 .

By induction on k, from the above inequalities we deduce{
α(s) ≤ 6ε1 · e2C′S ,
β(s) ≤ ε1 ,

s ∈ [0, S] \
N⋃

k=0

[s+
k , s+

k + ηk] . (4.71)

Recalling that the sequence zN converges to z� as N →∞, from (4.71) we see
that, as ε → 0, also the sequence zε converges to z�, in L1 and for a.e. s ∈ [0, S].
Returning to the original x-coordinates, we deduce the convergence x̂ε → x̂�, in
L1 and pointwise almost everywhere. This achieves the proof of Theorem 2.

To prove Theorem 1, we simply observe that, if x̄ ∈ N and if the control
function t �→ u(t) is continuous, then x� = x� and the arguments used in the proof
of Theorem 2 apply. Notice that the assumption (A2) was only used to study
jumps in the control u(·). One can omit this hypothesis and prove the same result,
if u is continuous.
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1. Introduction

The so-called Bolza problem in optimal control concerns minimization of the func-
tional

J(x, u) =
∫ T

0

L
(
x(t), u(t)

)
dt + �

(
x(T )

)
(1.1)

over all trajectory/control pairs (x, u) subject to the state equation⎧⎨⎩ x′(t) = f
(
x(t), u(t)

)
for a.e. t ∈ [0, T ]

u(t) ∈ U for a.e. t ∈ [0, T ]
x(0) ∈ C0 .

(1.2)

We propose here some new results on the basic aspects of this problem: existence
of solutions, optimality conditions and regularity of optimal trajectories.

In literature, many papers have been devoted to these classical questions. In
particular existence of solutions was derived by several authors under very mild

Work supported in part by European Community’s Human Potential Programme under contract
HPRN-CT-2002-00281, Evolution Equations. This research was completed in part while the first

and third authors visited the CREA, École Polytechnique, Paris and also while the second author
visited the Dipartimento di Matematica, Università di Roma “Tor Vergata”.
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regularity assumptions on the data, provided the Lagrangian L is convex with
respect to u, and has superlinear growth at ∞, i.e., L(x, u) ≥ Φ(|u|), for some
function Φ : R → R satisfying limr→∞

Φ(r)
r = ∞ . In such a framework, the super-

linearity of L can be used to deduce both existence and Lipschitz regularity results
by a direct method, see for instance Cesari [4], Clarke & Vinter [5], Frankowska
& Marchini [7], Sarychev & Torres [8], and Torres [9]. However, in control the-
ory there are some relevant examples which exhibit functionals with linear growth
(such as the brachistochrone problem or the area functional for minimal surfaces
of revolution), or even with no growth at all. For such functionals no general ex-
istence theory is available, to our knowledge. In fact, several counterexamples to
the existence of solutions are known in the literature.

For problems in the calculus of variations Clarke proposed, in [5], an approach
to the existence of solutions for Bolza problems based on Du Bois-Reymond nec-
essary optimality condition. In his paper, which also applies to state constrained
problems, existence is obtained imposing a separation property on the Hamiltonian
H(x, u, p) := 〈p, u〉 − L(x, u) of the form : for some constant k > 0

sup
|x|,|u|≤k, p∈∂uL(x,u)

H(x, u, p) < lim inf
c→+∞

inf
|x|≤k , |u|≥c , p∈∂uL(x,u)

H(x, u, p) (1.3)

where ∂uL denotes the subdifferential of L with respect to u. For other ways to
relax the superlinear growth condition as well as the convexity of L, see also Cel-
lina [2] and Cellina & Ferriero [3].

We generalize here condition (1.3) to cover Bolza problems of type (1.1)–(1.2)
in absence of state constraints. Our method applies to control problems with slow
or no growth, as well as to superlinear growth of the Lagrangian, ensuring existence
and Lipschitz continuity of optimal trajectories, and the Lipschitz continuity of
the corresponding co-states.

Our main results stated here are provided without proofs, that are quite
lengthly and technical and will appear elsewhere. Instead we give some applications
to various problems of nonlinear optimal control.

2. Setting and notations

Let T > 0 and U ⊂ Rm be closed and convex. The following notations and
assumptions will be in use throughout the paper:

- I = [0, T ];
- W 1,1(I; RN ) denotes the space of absolutely continuous functions from I to

RN and W 1,∞(I; RN ) the space of Lipschitz continuous functions from I to
RN ;

- we define

U := {u : I −→ Rm measurable : u(t) ∈ U, for a.e. t ∈ I} .

- a pair (x, u) where x ∈ W 1,1(I; RN ) and u ∈ U is called a trajectory/control
pair if (x, u) satisfies (1.2);
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- for a, b ∈ R, we set a ∧ b := min{a, b};
- for any u ∈ U , NU (u) denotes the normal cone to U at u.

Consider some functions L : RN × Rm −→ R+, � : RN −→ R+, f : RN × Rm −→
RN and let C0 ⊂ RN be closed, and, for every x ∈ RN , L(x, ·) be convex and
f(x, ·) be differentiable. We define for all x ∈ RN ,

F (x) :=
{(

f(x, u), L(x, u) + v
)

: u ∈ U and v ≥ 0
}

.

In what follows we set inf ∅ = +∞.
Assumptions (H):

i) for some α > 1 and every R > 0, ∃CR > 0 such that, ∀x, y ∈ B(0, R) and
∀u ∈ U ,

i1) |�(x)− �(y)| ≤ CR|x− y|,
i2) |L(x, u)− L(y, u)| ≤ CR|x− y|

[
1 + L(x, u) ∧ L(y, u)

]
,

i3) |f(x, u)−f(y, u)| ≤ CR|x−y|
[
1+ |f(x, u)|∧|f(y, u)|+

(
L(x, u)∧L(y, u)

)1/α];
ii) ∃u ∈ U such that, for some η ∈ Lα(I; R), for a.e. t ∈ I, and for every x ∈ RN ,∣∣f(x, u(t)

)∣∣ ≤ η(t)
(
1 + |x|

)
;

iii) for every R > 0, there exists mR ∈ L1(I; R) such that, for a.e. t ∈ I,

sup
x∈B(0,R)

L
(
x, u(t)

)
≤ mR(t) ;

iv) for every x ∈ RN , F (x) is closed and convex.

Assumptions (H ’): is the same as Assumptions (H) with i3) replaced by

i3 ’) |f(x, u)− f(y, u)| ≤ CR|x− y|
[
1 +

(
L(x, u) ∧ L(y, u)

)1/α
]
.

Remark 2.1. Assumptions (H ’) imply Assumptions (H). So, every result obtained
assuming (H) still holds true under (H ’).

Remark 2.2. From (H) ii), iii) it follows that the infimum for problem (1.1)-(1.2)
is finite.

3. The main results

The theorems contained in this section ensure existence and Lipschitzianity of
solutions for the Bolza problem introduced in Section 1, the Lipschitzianity of
the corresponding co-states and the validity of the Du Bois-Reymond necessary
optimality condition. For (x, u, p) ∈ RN × U × RN , set

P (x, u) =
{
p ∈ RN : f∗

u(x, u)p ∈ ∂uL(x, u) + NU (u)
}

,

where ∂uL(x, u) denotes the subdifferential of convex analysis of L(x, ·) at u, and
f∗

u(x, u) the adjoint of fu(x, u);. Define

H(x, u, p) =
〈
p, f(x, u)

〉
− L(x, u) .
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Theorem 3.1. Assume (H). Suppose, for some k > 0 and some trajectory/control
pair (x1, u1) such that x′

1 ∈ Lα(I; RN ) and +∞ > J(x1, u1) > inf J(x, u) over all
trajectory/control pairs (x, u) satisfying (1.2), the following holds true:

1) for any trajectory/control pair (x, u) satisfying J(x, u) < J(x1, u1),

‖x‖∞ ≤ k and essinft∈I

∣∣f(x(t), u(t)
)∣∣ < k ;

2) sup
|x| ≤ k, |f(x, u)| ≤ k

p ∈ P (x, u)

H(x, u, p) < lim inf
c→+∞

inf
|x| ≤ k, |f(x, u)| ≥ c

p ∈ P (x, u)

H(x, u, p) .

Then,
a) problem (1.1)–(1.2) has an optimal solution (x∗, u∗) such that x∗ is Lip-

schitzian and L(x∗(·), u∗(·)) ∈ L∞(I; RN );
b) the Du Bois-Reymond necessary optimality condition holds true: there exist

c ∈ R and p ∈ W 1,∞(I; RN ) such that, for a.e. t ∈ I,

c =
〈
p(t), f

(
x∗(t), u∗(t)

)〉
− L

(
x∗(t), u∗(t)

)
.

The next theorem has the same conclusions but a less restrictive assump-
tion 2). Set, for ν > 0,

Pν(x, u) = P (x, u) ∩B(0, ν) .

Theorem 3.2. Assume (H ’). Under the hypotheses of Theorem 3.1, with 2) replaced
by
2 ’) there exists ν0 > 0 such that, for every ν ≥ ν0 ,

sup
|x| ≤ k, |f(x, u)| ≤ k

p ∈ Pν(x, u)

H(x, u, p) < lim inf
c→+∞

inf
|x| ≤ k, |f(x, u)| ≥ c

p ∈ Pν(x, u)

H(x, u, p) ,

the same conclusions a) and b) of Theorem 3.1 hold true.

Proofs of the above two theorems are based on penalization and are very
technical. They can be found in Cannarsa, Frankowska and Marchini [1].

Remark 3.3. In Theorem 3.1, replace the assumptions on (x1, u1) and assump-
tion 1) with the following hypotheses, already appeared in Clarke [5] in the context
of the calculus of variations:

(x1, u1) satisfies x′
1 ∈ L∞(I; RN ) and J(x1, u1) < +∞ ;

1’) for any trajectory/control pair (x, u) satisfying J(x, u) ≤ J(x1, u1),

‖x‖∞ ≤ k and essinft∈I

∣∣f(x(t), u(t)
)∣∣ < k .

Then:
a’) problem (1.1)–(1.2) has an optimal solution (x∗, u∗) such that x∗ is Lip-

schitzian;
b’) there exist c ∈ R and p ∈ W 1,1(I; RN ) such that, for a.e. t ∈ I,

c =
〈
p(t), f

(
x∗(t), u∗(t)

)〉
− L

(
x∗(t), u∗(t)

)
.
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Indeed, if (x1, u1) is optimal then a’) holds true taking (x∗, u∗) = (x1, u1). The
validity of b’) follows from the Pontryagin Maximum Principle, see Vinter [10]. If
J(x1, u1) > inf

{
J(x, u) : (x, u) solves (1.2)

}
, then a proof similar to the one of

Theorem 3.1 implies a’) and b’).

4. Examples

We provide next some examples of problems satisfying assumptions of theorems
3.1 and 3.2. So, they admit an optimal solution (x∗, u∗) satisfying the Du Bois-
Reymond necessary optimality condition and such that x∗ is Lipschitzian, and
L(x∗(·), u∗(·)) is essentially bounded. Problems exhibiting functionals with linear
growth, or even with no growth at all, are considered.

In this section U will always be a closed convex cone in Rm. Observe that in
this case:

for every u ∈ U and every n ∈ NU (u) , 〈n, u〉 = 0 . (4.1)

Example 4.1. Superlinear growth with respect to dynamics
Consider the problem of minimizing the functional

J(x, u) =
∫ T

0

L
(
x(t), u(t)

)
dt + �

(
x(T )

)
(4.2)

over all pairs (x, u) satisfying⎧⎨⎩ x′(t) = f
(
x(t)

)
+ Bu(t) for a.e. t ∈ I

u(t) ∈ U for a.e. t ∈ I
x(0) = x0 ,

(4.3)

where I = [0, T ], L, � ≥ 0, L(x, ·) is convex, ∀x ∈ RN , x0 ∈ RN is fixed, and B is
an n×m matrix. Suppose that f is globally Lipschitz with Lipschitz constant Cf ,
and that, ∀R > 0, ∃CR > 0 such that, for every x, y ∈ B(0, R) and every u ∈ U ,

|L(x, u)− L(y, u)| ≤ CR|x− y|
[
1 + L(x, u) ∧ L(y, u)

]
, |�(x)− �(y)| ≤ CR|x− y| .

Furthermore, assume a function Φ : R −→ R

lim
r→∞

Φ(r)
r

= ∞ and L(x, u) ≥ Φ
(
|f(x) + Bu|

)
, ∀(x, u) ∈ RN × Rm . (4.4)

Consider the trajectory/control pair (x, u), with u ≡ 0. If J(x, u) = inf
{
J(x, u) :

(x, u) solves (4.3)
}
, then (x, u) is the optimal solution we are looking for: by the

assumptions on L and f , x is Lipschitzian, L(x(·), u(·)) is essentially bounded, and
the Du Bois-Reymond necessary optimality condition are satisfied, see Vinter [10].

Otherwise, we prove that the assumptions of Theorem 3.2 hold true taking
(x1, u1) = (x, u). Indeed, to verify (H ’) notice that: i1), i2), i3 ’) follow immedi-
ately from the assumptions on L, �, f ; ii) follows from the Lipschitzianity of f ;
to prove iii) notice that the choice of u and the continuity of L(·, u) imply that,
∀R > 0, L(·, 0) is bounded on B(0, R); iv) comes from the fact L(x, ·) is convex
and the dynamic is affine in the control. Using the superlinear growth and the
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Lipschitzianity of f , it is easy to verify assumption 1) of Theorem 3.1. Indeed,
let (x1, u1) = (x, u) and let (x, u) be a trajectory/control pair of (4.3) such that
J(x, u) < J(x, u) and let γ > 0 be such that,

|f(x) + Bu| ≤ Φ
(
|f(x) + Bu|

)
, as |f(x) + Bu| ≥ γ .

Then, from (4.4),∫ T

0

∣∣f(x(t)
)

+ Bu(t)
∣∣dt ≤ Tγ +

∫ T

0

Φ
(∣∣f(x(t)

)
+ Bu(t)

∣∣)dt

≤ Tγ +
∫ T

0

L
(
x(t), u(t)

)
dt + �

(
x(T )

)
< Tγ + J(x, 0) ,

so that, for some k > 0, ‖x‖∞ ≤ k and essinft∈I |f(x(t)) + Bu(t)| < k .
To show 2 ’), notice that if p ∈ P (x, u), then B∗p ∈ ∂uL(x, u)+NU (u). Hence,

if |p| ≤ ν,

Φ
(
|f(x) + Bu|

)
≤ L(x, u) ≤ L(x, 0) + 〈B∗p, u〉 = L(x, 0) + 〈p,Bu〉

= L(x, 0) +
〈
p, f(x) + Bu

〉
−
〈
p, f(x)

〉
≤ L(x, 0) +

〈
p, f(x) + Bu

〉
+ ν sup

|x|≤k

|f(x)| .

It follows that, when c is large enough, the set

Cc =
{
(x, u, p) : |x| ≤ k, |f(x) + Bu| ≥ c, p ∈ P (x, u), |p| ≤ ν

}
(4.5)

is empty. So inf
Cc

H(x, u, p) = +∞ and 2 ’) follows.

Example 4.2. Superlinear growth with respect to control
Consider problem (4.2)-(4.3) introduced in the previous example. Assume that
there exists a function Φ : R −→ R satisfying

lim
r→+∞

Φ(r)
r

= +∞ and L(x, u) ≥ Φ
(
|u|
)
, ∀(x, u) ∈ RN × Rm .

Consider the trajectory/control pair (x, u), where u ≡ 0. If J(x, u) = inf
{
J(x, u) :

(x, u) solves (4.3)
}
, then (x, u) is the optimal solution we are looking for.

Otherwise, we prove that the assumptions of Theorem 3.2 hold true. The
validity of (H ’) is proved arguing as in the previous example. To prove 1) of
Theorem 3.1, set (x1, u1) = (x, u) and consider a trajectory/control pair (x, u)
satisfying (4.3) and J(x, u) < J(x, u), and let γ > 0 be such that,

|u| ≤ Φ(|u|) , as |u| ≥ γ .

Then, from the superlinear growth of the Lagrangian,∫ T

0

|u(t)|dt ≤ Tγ +
∫ T

0

Φ
(
|u(t)|

)
dt

≤ Tγ +
∫ T

0

L
(
x(t), u(t)

)
dt + �

(
x(T )

)
< Tγ + J

(
x, u
)
.
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So, since, for a.e. t ∈ I, |x′(t)| ≤ Cf |x(t)|+ |f(0)|+‖B‖|u(t)| , applying Gronwall’s
Lemma we obtain that, for some k > 0, ‖x‖∞ ≤ k and essinft∈I |f(x(t))+Bu(t)| <
k .

To show 2 ’), notice that if p ∈ P (x, u), then B∗p ∈ ∂uL(x, u)+NU (u). Hence,
if |p| ≤ ν,

Φ
(
|u|
)
≤ L(x, u) ≤ L(x, 0) + 〈B∗p, u〉 ≤ L(x, 0) + ν‖B‖|u| .

Defining Cc as in (4.5), we obtain that, for c large, Cc = ∅, and again 2 ’) holds
true.

Example 4.3. α-growth with respect to control

Consider the problem of minimizing the functional

J(x, u) =
∫ T

0

L
(
x(t), u(t)

)
dt + �

(
x(T )

)
over all measurable u and absolutely continuous x satisfying⎧⎨⎩ x′(t) = f

(
x(t)

)
+ g
(
x(t)

)
u(t) for a.e. t ∈ I

u(t) ∈ U for a.e. t ∈ I
x(0) = x0 ,

(4.6)

where I = [0, T ], L, � ≥ 0, L(x, ·) is convex, ∀x ∈ RN , x0 ∈ RN is fixed, and
f : RN → RN , g : RN → Rm are globally Lipschitz with Lipschitz constants Cf

and Cg respectively. Suppose that, ∀R > 0, ∃CR > 0 such that

|L(x, u)− L(y, u)| ≤ CR|x− y|
[
1 + L(x, u) ∧ L(y, u)

]
, |�(x)− �(y)| ≤ CR|x− y| ,

∀x, y ∈ B(0, R) and ∀u ∈ U . Assume that there exist β > 0 and α > 1 such that

L(x, u) ≥ β|u|α for all (x, u) ∈ RN × Rm .

Arguing as in the previous examples, if the trajectory/control pair (x, u), where
u ≡ 0, satisfies J(x, u) = inf

{
J(x, u) : (x, u) solves (4.6)

}
, then (x, u) is the

optimal solution we are looking for.
Otherwise, the assumptions of Theorem 3.2 hold true. Indeed, to verify (H ’)

notice that: i1) and i2) hold true since L, � are locally Lipschitz and, for every
x, y ∈ RN , we have

|f(x)+g(x)u− f(y)− g(y)u| ≤ |f(x)− f(y)|+
∣∣[g(x)− g(y)

]
u
∣∣

≤ Cf |x− y|+ Cg|x− y||u| ≤ |x− y|
[
Cf +

Cg

β1/α

(
L(x, u) ∧ L(y, u)

)1/α
]

≤ C|x− y|
[
1 +

(
L(x, u) ∧ L(y, u)

)1/α
]

,

where C = max
{
Cf ,

Cg

β1/α

}
. So, i3 ’) follows. To verify ii), iii) and iv) we proceed as

in the first example. Setting (x1, u1) = (x, u), arguing as in the previous examples,
and taking into account the global Lipschitzianity of g, we obtain the validity
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of Assumption 1) of Theorem 3.2. To show 2’), notice that if p ∈ Pν(x, u), then
g(x)∗p ∈ ∂uL(x, u) + NU (u). Hence,

β|u|α ≤ L(x, u) ≤ L(x, 0) + 〈g(x)∗p, u〉 ≤ L(x, 0) + ν‖g(x)‖|u| .

It follows that, when c is large enough, the set Cc defined as in (4.5) with B replaced
by g(x) is empty. So, 2 ’) follows.

Remark 4.4. The problems of the previous examples also satisfy the assumptions
of Theorem 3.1 under the hypothesis that f and g are locally Lipschitz, jointly
with some growth assumption as, for instance,

∃ a > 0 such that, ∀x ∈ RN , |f(x)|+ |g(x)| ≤ a
(
|x|+ 1

)
instead of globally Lipschitz.

Example 4.5. Slow growth

Consider the problem of minimizing the functional

J(x, y, u, v) =
∫ 1

0

√
1 + u(t)2 + v(t)2dt + x(1)2 + y(1)2

over all measurable (u, v) and absolutely continuous (x, y) satisfying⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x′(t) = x(t)u(t) + y(t)v(t) for a.e. t ∈ I

y′(t) = u(t) + v(t) for a.e. t ∈ I

u(t), v(t) ∈ [0,+∞) for a.e. t ∈ I

x(0) = x0 ∈ R , y(0) = y0 ≥ 0 ,

(4.7)

where I = [0, 1]. We first check that the assumptions of Theorem 3.1 are satisfied.
Assumptions (H) hold true. Indeed, to prove i) notice that L is independent on
the trajectory, and, since u, v ≥ 0, for every (x, y),

|∂(x,y)f(x, y, u, v)| =
√

u2 + v2 ≤
√

(xu + yv)2 + (u + v)2 = |f(x, y, u, v)|.

Taking u ≡ v ≡ 0 and arguing as in the previous examples, we deduce the
validity of ii), iii) and iv). We wish to check Assumptions 1) and 2) of Theo-
rem 3.1. Set (u1, v1) ≡ (1, 0), so that, ∀ t ∈ I, (x1(t), y1(t)) = (x0e

t, y0 + t) and
J(x1, y1, u1, v1) =

√
2+x2

0e
2 +(y0 +1)2 > 1+x2

0 +y2
0 = J(x, y, u, v). Let (x, y, u, v)

be a trajectory/control pair such that∫ 1

0

√
1 + u(t)2 + v(t)2dt + x(1)2 + y(1)2 <

√
2 + x2

0e
2 + (y0 + 1)2 = k0 . (4.8)

Since y0 ≥ 0 and u, v ≥ 0, y is non negative and non decreasing, so, by (4.8)

‖y‖∞ ≤ y(1) <
√

k0 .
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Moreover, since, for a.e. t ∈ I, |x′(t)| ≤ |x(t)|u(t) + y(t)v(t) , from Gronwall’s
Lemma, (4.8), and the estimate on ‖y‖∞, we obtain that

‖x‖∞ ≤ e
∫ 1
0 u(t)dt

[
|x0|+

∫ 1

0

y(t)v(t)dt

]
≤ e‖y‖∞

[
|x0|+ ‖y‖∞

∫ 1

0

v(t)dt

]
≤ e‖y‖∞

(
|x0|+ ‖y‖2∞

)
< e

√
k0

(√
k0 + k0

)
= k1 .

So,

‖(x, y)‖∞ <
√

k2
1 + k0 . (4.9)

From (4.9),∫ 1

0

∣∣f(x(t), y(t), u(t), v(t)
)∣∣dt ≤

∫ 1

0

√[(
x(t) + y(t)

)2 + 1
](

u(t) + v(t)
)2

dt

≤ ‖y‖∞
√

2‖(x, y)‖2∞ + 1 <
√

k0

√
2(k2

1 + k0) + 1 .

Taking k = max{
√

k2
1 + k0,

√
k0

√
2(k2

1 + k0) + 1}, 1) holds. To prove 2), observe
first that, setting

f0(x, y) =
[

x y
1 1

]
, (4.10)

we have that, for every (x, y, u, v) ∈ R2 × U , with U = {(u, v) ∈ R2 : u, v ≥ 0},

f(x, y, u, v) = f0(x, y)
[

u
v

]
and ∂(u,v)f(x, y, u, v) = f0(x, y) . (4.11)

So, if p ∈ P (x, y, u, v) then

f∗
0 (x, y)p ∈ ∂(u,v)L(u, v) + NU (u, v) ,

and, since U is a cone, from (4.1) and (4.11) we obtain that

H(x, y, u, v, p) =
〈
p, f(x, y, u, v)

〉
− L(u, v) =

〈
f∗
0 (x, y)p, (u, v)

〉
− L(u, v)

=
〈
∂(u,v)L(u, v), (u, v)

〉
− L(u, v)

=
1√

1 + u2 + v2
|(u, v)|2 −

√
1 + u2 + v2

= − 1√
1 + u2 + v2

.

Since, ∀u, v ≥ 0, u2 + v2 ≤ |f(x, y, u, v)|2 and the function s �→ −1/(1 + s) is
increasing,

sup
|(x, y)| ≤ k, |f(x, y, u, v)| ≤ k

p ∈ P (x, y, u, v)

H(x, y, u, v, p) ≤ sup
|(x, y)| ≤ k

|f(x, y, u, v)| ≤ k

−1√
1 + u2 + v2

≤ −1
1 + k2

.
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Moreover, since |f(x, y, u, v)|2 ≤
[
(x+y)2 +1

]
(u+v)2 ≤ (2|(x, y)|2 +1)2(u2 +v2),

∀ c > 0, such that

inf
|(x, y)| ≤ k, |f(x, y, u, v)| ≥ c

p ∈ P (x, y, u, v)

H(x, y, u, v, p) ≥ inf
|(x, y)| ≤ k

|f(x, y, u, v)| ≥ c

−1√
1 + u2 + v2

≥ −1√
1 + c2/(4k2 + 2)

.

Since −1√
1+c2/(4k2+2)

→ 0, as c → +∞, for c sufficiently large we obtain the desired

inequality. So, also 2) holds.

Example 4.6. No growth

Consider the problem of minimizing the functional

J(x, u) =
∫ 1

0

e−[u(t)+2v(t)]dt + x(1)2 + y(1)2

over all measurable (u, v) and absolutely continuous (x, y) satisfying (4.7). We
prove that the assumptions of Theorem 3.1 are satisfied. Taking u ≡ v ≡ 0 and
arguing as in the previous example we deduce the validity of (H). Set (u1, v1) ≡
(1, 0), so that, ∀ t ∈ I, (x1(t), y1(t)) = (x0e

t, y0 + t) and J(x1, y1, u1, v1) = e−1 +
x2

0e
2 +(y0 +1)2 > 1+x2

0 +y2
0 = J(x, y, u, v). Let (x, y, u, v) be a trajectory/control

pair such that∫ 1

0

e−[u(t)+2v(t)]dt + x(1)2 + y(1)2 < e−1 + x2
0e

2 + (y0 + 1)2 = k0 . (4.12)

Exactly as in Example 4.5 we check that 1) of Theorem 3.1 holds true. We deduce
from (4.10) and (4.11) that, if p ∈ P (x, y, u, v), then f∗

0 (x, y)p ∈ ∂(u,v)L(u, v) +
NU (u, v) , and, since U is a cone, from (4.1) and (4.11) we obtain that

H(x, y, u, v, p) =
〈
p, f(x, y, u, v)

〉
− L(u, v) =

〈
f∗
0 (x, y)p, (u, v)

〉
− L(u, v)

=
〈
∂(u,v)L(u, v), (u, v)

〉
− L(u, v) = −e−(u+2v)(u + 2v)− e−(u+2v)

= −e−(u+2v)(1 + u + 2v) .

Since, ∀u, v ≥ 0, u+2v ≤ 2|f(x, y, u, v)| and the function s �→ −(1+s)
es is increasing,

sup
|(x, y)| ≤ k, |f(x, y, u, v)| ≤ k

p ∈ P (x, y, u, v)

H(x, y, u, v, p) ≤ sup
|(x, y)| ≤ k

|f(x, y, u, v)| ≤ k

− (1 + u + 2v)
e(u+2v)

≤ − (1 + 2k)
e2k

.
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Moreover, since, ∀u, v ≥ 0, |f(x, y, u, v)| ≤ 2(u + 2v)
√

1 + 2|(x, y)|2, we have
∀ c > 0

inf
|(x, y)| ≤ k, |f(x, y, u, v)| ≥ c

p ∈ P (x, y, u, v)

H(x, y, u, v, p) ≥ inf
|(x, y)| ≤ k

|f(x, y, u, v)| ≥ c

− (1 + u + 2v)
e(u+2v)

≥ −
1 + c

2
√

1+2k2

e
c

2
√

1+2k2
.

Using that − 1+c/(2
√

1+2k2)

ec/(2
√

1+2k2)
→ 0, as c → +∞, for c sufficiently large we obtain the

desired inequality. So, also 2) holds true.
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Dedicated to Arrigo Cellina and James Yorke

Abstract. We present results of existence of minimizers for the nonconvex

integral
∫ b

a
L (x, x′) d t , among the AC functions x : [a, b] → Rn with

x (a) = A , x (b) = B. Our lagrangian L (·) is, e.g., lsc with coercive growth,
assuming +∞ values freely. We replace convexity by almost convexity, a hy-
pothesis which in the radial case L (s, ξ) = f (s, |ξ|) is automatically satisfied
provided f (s, · ) has superlinear growth and is convex at zero.
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Keywords. Calculus of variations, nonconvex nonlinear integrals, regularity
properties.

1. Introduction

Consider the problem of minimizing the integral∫ b

a

L
(
x(t), x′(t)

)
d t on Xn

A,B , (1.1)

where Xn
A,B is the class of AC (absolutely continuous) functions x : [a, b] → Rn

satisfying boundary conditions x (a) = A , x (b) = B.
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James Yorke on their 65th birthday, Aveiro, June 2006; and in the meeting “Variational and Dif-
ferential Problems with Constraints”, in honour of Arrigo Cellina on his 65th birthday, Venezia,
September 2006. The research leading to this paper was performed at Cima-ue (Centro de In-

vestigação em Matemática e Aplicações da Universidade de Évora), financially supported by the

project POCTI/Mat/56727/2004 “Cálculo das variações : problemas escalares não-convexos e
não-coercivos” and by the “Financiamento Plurianual do Cima-ue” both of Fundação para a
Ciência e a Tecnologia, Portugal.
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Whenever the lagrangian L : Rn × Rn → [0,+∞] is lsc (lower semicontinu-
ous) and has L (s, · ) convex with superlinear growth at infinity, i.e.,

L (s, ξ) ≥ θ (|ξ|) ∀ (s, ξ) with θ (r) /r → +∞ as r → +∞ , (1.2)

Tonelli’s direct method may be applied to prove existence of minimizers for the
integral (1.1) .

In case L (s, · ) is nonconvex, results of existence of minimizers have been
proved, for instance, by using the following strategy. Consider the bipolar L∗∗ (s, · )
of L (s, · ) , so that epi L∗∗ (s, · ) = co epi L (s, · ) . One starts by proving the
existence of a relaxed minimizer y

c
(·) , i.e., a minimizer of the convexified integral∫ b

a

L∗∗(x(t), x′(t)
)
d t on Xn

A,B . (1.3)

The second step is to transform y
c
(·) into a new improved relaxed minimizer

y (·) for which L∗∗ (y (t) , y′ (t)) = L (y (t) , y′ (t)) a.e. on [a, b] ; so that y(·) also
minimizes the original, nonconvex, integral (1.1) . This strategy has been used
in the vector case n ≥ 1, e.g., by [3]; while in the case n = 1 it has been refined,
as follows : one already starts with an improved y

c
(·) , i.e., satisfying convenient

regularity properties, see [1, 7–12]. (In [13], Lipschitz regularity was also proved,
using quite weak hypotheses. )

The last authors dedicated these efforts to the scalar case because they
succeeded to obtain better results in such special case by using the above strat-
egy in combination with the hypothesis of 0–convexity, L( · , 0) = L∗∗( · , 0) , which
turned out quite useful. Indeed, the option of minimizers to take or leave the
velocity zero turned out to be quite an essential feature of these minimizing
problems.

Another factor leading to the successive improvements in these scalar results
has been a new technique, bimonotonicity, developed there.

But the results (obtained in [2]) which we present in this overview deal
with n > 1 ; and since in this vector case the hypothesis of 0-convexity does not
suffice to guarantee existence of minimizers, we have used instead almost convexity.
This concept was born, for multifunctions, in the paper [4], to prove existence of
solutions to nonconvex differential inclusions and to time-optimal control problems,
using reparametrizations.

The first result we present here assumes superlinearity to ensure existence of a
relaxed minimizer, which is then changed to become a true minimizer; while in the
second result existence of a relaxed minimizer, yc (·) , is used as one hypothesis,
and we need no growth assumption to turn y

c
(·) into a true minimizer. We

also present applications of these results to show existence of true minimizers in
concrete examples, not covered by previous results.

Two techniques have been combined in [2] to prove these results. The first is
the above cited reparametrizations, used by A. Cellina and collaborators during
the last decade : starting in [5], to prove existence of minimizers for integrals with
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convex noncoercive lagrangians ; and continuing in the above stated [4] and other
references (which may be seen in [2]).

The second technique is the above mentioned bimonotonicity: [2] is the first
paper in which it is applied to the reparametrization.

2. Almost convexity

Definition 2.1. For a function L : Rm × Rn → (−∞,+∞] , we call L (s, · )
almost convex provided

∀ξ with L∗∗ (s, ξ) < L (s, ξ) (2.1)

∃λ ∈ [0, 1] ∃Λ ∈ [1,+∞) ∃α ∈ [0, 1] for which (2.2)

L∗∗(s, ξ) = (1− α) L(s, λξ) + α L(s,Λξ) (2.3)

ξ = (1− α) (λξ) + α (Λξ) . (2.4)
For completeness, we also set λ = 1 = Λ = α at those ξ where L∗∗ (s, ξ) =
L (s, ξ) , in particular at ξ = 0 . (The convention 0 · (+∞) = 0 is used.)

Clearly L(s, · ) convex lsc implies L(s, · ) almost convex. Moreover L(s, · )
almost convex implies L∗∗(s, 0) = L(s, 0) . But the opposite implication does not
hold, even for simple 2−dim superlinear polynomials. Indeed, e.g., L(s, ξ) :=
h (ξ) :=

(
ξ2
1 + ξ2

2

) (
ξ2
1 − 1

)2 + ξ2
2 satisfies h∗∗ (0) = h (0) = 0 but :

∃ξ = (1/2 , 1) ∃λ = 0 ∃Λ = 2 ∃α = 1/2 with

ξ = (1− α) (λξ) + α (Λξ) , h∗∗ (λξ) = h (λξ) = 0 , h∗∗ (Λξ) = h (Λξ) = 4

h∗∗ (ξ) = 1 < h (ξ) < (1− α) h (λξ) + α h (Λξ) = 2 (2.5)
( and : λ must be zero, while 2 is the best value of Λ , i.e., the one yielding the
smallest rhs in (2.5)) ; moreover, even though � (·) is superlinear,

∃ξ = (0, 1) : h∗∗ (Λξ) < h (Λξ)∀Λ ≥ 1 . (2.6)

Indeed, h∗∗ (ξ1, ξ2) = ξ2
2 ∀ |ξ1| ≤ 1 ∀ ξ2 .

Typical examples of almost convex functions may be obtained by increasing
arbitrarily (e.g., to become = +∞) the values of any given L (·) , satisfying
L (·) = L∗∗ (·) , as follows. Denote by F̂ (s) the vertical projection into Rn of any
face (relatively open) face F (s) of epi L∗∗ (s, · ) . Then one may change L (s, ξ)
by increasing it, starting from the value L∗∗ (s, ξ) , at those ξ 
= 0 contained in
any open bounded subset of any k−dim F̂ (s) which is contained in a k−dim
linear subspace of Rn , 1 ≤ k ≤ n .

Notice also that for L (s, · ) : Rn → [0,+∞] lsc superlinear we do have

L∗∗(s, 0) = L(s, 0) ⇒ L (s, · ) almost convex (2.7)

in the scalar n = 1 or radial L(s, ξ) = f(s, |ξ|) case. Here superlinearity is really
not needed: it suffices to have boundedness of the nonconvexity faces (i.e., of the
subset of each F̂ (s) where f∗∗ (s, · ) < f (s, · )).
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3. Existence of minimizers

Theorem 3.1. Let L : Rn × Rn → [0,+∞] be a lsc superlinear function, so that
for any A , B there exists a minimizer yc (·) for the convexified integral (1.3) .
Assume L (y

c
(t) , · ) to be almost convex ∀t ∈ [a, b] .

Then the nonconvex integral (1.1) has minimizers.
Moreover, the integrals (1.1) and (1.3) have the same minimum value ; and

there exists a minimizer y (·) which satisfies the following regularity:

(i) y (·) ≡ s′ along some subinterval (a′, b ′) , a′ ≤ b ′;
(ii) y′ (t) 
= 0 a.e. in [a, a′] ∪ [b ′, b] ;
(iii) L (s′, 0) = L∗∗ (s′, 0) = min L∗∗ (y ( [a, b] ) , 0) ;
(iv) L∗∗ (y (t) , y′ (t)) = L (y (t) , y′ (t)) a.e. in [a, b] .

Corollary 3.2. Let f : Rn×[0,+∞) → [0,+∞] be a lsc function satisfying f (s, r) ≥
θ (r) with θ (r) / r → +∞ as r →∞ . Denote by f∗∗ (s, · ) the bipolar of the func-
tion Rn  ξ �→ f (s, |ξ|) and assume f (s, 0) = f∗∗ (s, 0) ∀ s .

Then for any A, B the nonconvex integral∫ b

a

f
(
x (t) , |x′ (t)|

)
d t on Xn

A,B

has minimizers.

Theorem 3.3. Let L : Rn × Rn → [0,+∞] be a Borel measurable function, with
L ( · , 0) lsc ; and L∗∗ (·) also Borel measurable. Fix A , B ∈ Rn and assume
existence of a minimizer y

c
(·) for the convexified integral (1.3) . Assume moreover

L (y
c
(t) , · ) to be lsc almost convex ∀t ∈ [a, b] .
Then there exists a minimizer y (·) for the nonconvex integral (1.1). More-

over, the integrals (1.1) and (1.3) have the same minimum value; and y (·) satisfies
the regularity properties (i)− (iv) of theorem 3.1.

Theorem 3.1 ensures the existence of a minimizer for the nonconvex integral
(1.1) when L : Rn × Rn → [0,+∞] is, e.g.,

L (s, ξ) =

{
|s− s0|2 +

(
|ξ|2 − γ2

)2

for ξ 
= 0

|s− s0|2 for ξ = 0 .

As to Theorem 3.3 , it ensures existence of a minimizer, e.g., in case L : Rn×Rn →
[0,+∞] has the form

L (s, ξ) = g (s) f (ξ)

with f : Rn → [0,+∞] ,

f (ξ) =

⎧⎪⎨⎪⎩
(
1 + |ξ|2

) 1
2

for |ξ| ≥ 1
+∞ for 0 < |ξ| < 1√

2 for ξ = 0 ,
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and g : Rn → [1,+∞) is a lsc function, locally bounded. (Indeed [6, example
2.4.2] proved existence of a relaxed minimizer in this case.)

Finally, to see a simple 2−dim example where convexity at zero does not
imply existence, let h (ξ) =

(
ξ2
1 + ξ2

2

) (
ξ2
1 − 1

)2+ξ2
2 , and L (s, ξ) = s2

1+h (ξ) , s =
(s1, s2) , a = 0, A = (0, 0) , b = 1, B = (0, 1) . Clearly y

c
(t) = (0, t) is a relaxed

minimizer, giving the value 1 to the integral (1.3). However, as one easily checks,
to satisfy the boundary conditions the value of the nonconvex integral (1.1) must
always be > 1 (while the inf is, clearly, = 1 ).
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c© 2007 Birkhäuser Verlag Basel/Switzerland

Strict Convexity, Comparison Results and
Existence of Solutions to Variational Problems

Arrigo Cellina

To my twin James A. Yorke

Abstract. The aim of this paper is to discuss the assumption of strict convex-
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1. Introduction

We consider variational problems of the kind

Minimize
∫

Ω

[
f
(
∇u(x)

)
+ g
(
u(x)

)]
dx on u− u0 ∈ W 1,1

0 (Ω) . (1.1)

Here f is a convex function, possibly extended valued, whose effective domain,
the set of points where f takes finite values, is denoted by Dom(f) and whose
epigraph is denoted epi(f). Since this paper is concerned with the implications
of strict convexity, or of the lack of it, let us state precisely what we mean by a
strictly convex function.

Definition 1.1. We shall call a convex function f strictly convex if for every x ∈
Dom(f), the point (x, f(x)) is an extremal point of epi(f).

We shall call a function u a solution to a variational problem if it yields a
finite minimum to the problem.

The use of strict convexity appears in its most immediate form when we
consider a minimization problem depending only on ∇u: consider the problem of
minimizing ∫

Ω

f
(
∇u(x)

)
dx (1.2)
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with appropriate boundary conditions, and assume to have two solutions v and w,
so that ∫

Ω

f
(
∇v(x)

)
dx =

∫
Ω

f
(
∇w(x)

)
dx = min .

Then the function u = 1
2v+ 1

2w satisfies the same boundary conditions and is such
that ∇u(x) = 1

2∇v(x)+ 1
2∇w(x) a.e. in Ω. By convexity, u is also a solution, since∫

Ω

f
(
∇u(x)

)
dx ≤ 1

2

∫
Ω

f
(
∇v(x)

)
dx +

1
2

∫
Ω

f
(
∇w(x)

)
dx = min .

Then, we must have that, a.e. in Ω, f(∇u(x)) = 1
2f(∇v(x)) + 1

2f(∇w(x)) and
the point (∇(u(x)), f(∇u(x))) is not an extreme point of epi(f), unless ∇u(x) =
∇v(x) = ∇w(x) a.e. in Ω. Hence strict convexity yields uniqueness of the solution.
The remainder of the paper will discuss other implications of strict convexity, or
of the lack of it.

2. Existence of solutions

The main method for proving the existence of solutions is, as it is well known,
the Direct Method. This method demands the assumption of convexity for f , to
prove the weak lower semicontinuity of the integral functional, but no use is made
of strict convexity. The proof is a combination of growth assumptions (superlinear
growth, to have weak compactness), and of convexity, to pass to the limit with
the values of the functional. Here the assumption of strict convexity not only is
of no use, but would actually prevent proving the existence of solutions to those
minimum problems whose Lagrangeans are generated from the convexification of
Lagrangeans that were not, originally, convex, as sometimes it happens in the
applications. To the other extreme of the range of the existence theorems, there is
the result for the existence of solutions to the least area problem, in the parametric
case. Here again a region Ω is given (in general, it suffices to consider Ω ⊂ R2);
on Ω a function φ is defined, the boundary condition, and one wishes to minimize∫

Ω

√
1 + ‖∇u(x)‖2dx on u− φ ∈ W 1,1

0 (Ω) .

The map
√

1 + ‖ξ‖2 does not grow superlinearly and, due to the lack of weak
compactness, the Direct Method cannot be applied. Still, this famous problem,
a special case of Plateau’s Problem, has been thoroughly investigated and a nice
existence theorem has been proved for it. This theorem takes advantage of the
special properties of the function

√
1 + ‖ξ‖2 and, above all, of the fact that it is

strictly convex. The (rather delicate) existence proof can be found, e.g., in [4]. Our
purpose here is simply to point out the parts of this proof that are related to the
strict convexity and to comparison results.

The first step is to derive a priori estimates for the solution. One has
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Proposition 2.1. Let f be strictly convex, let φ be continuous on Ω. Let u be a
solution to the minimization problem (1.2) and let C = supξ∈∂Ω φ(ξ). Then, a.e.
in Ω, one has

u(x) ≤ C .

Proof. In fact, assume that there exists a set E ⊂ Ω and a constant δ > 0, such
that u(x) ≥ C + δ on E. Consider v(x) = C and w(x) = C + (u(x) − C)+: they
both are solutions to (1.2) with boundary data C, and they are different on E.
This is a contradiction to the uniqueness provided by the strict convexity. �

Corollary 2.2. Let u be a solution to problem (1.2), where f is strictly convex and
assume that u is enough regular. Then supu and inf u are assumed at ∂Ω.

The next step in the existence proof is to consider two solutions, u and v (reg-
ular, continuous on Ω), each with its own boundary data. Again as a consequence
of strict convexity, we obtain

Proposition 2.3. Let u and v solutions, such that at ∂Ω, u(x) ≤ v(x). Then,
u(x) ≤ v(x) on Ω .

Corollary 2.4. sup(u− v) and inf(u− v) are attained on ∂Ω.

Proof. Let Cb = supx∈∂Ω u(x) − v(x) so that, at ∂Ω, u(x) ≤ v(x) + Cb. Since
w(x) = v(x) + Cb is also a solution, the previous proposition applies. �

Corollary 2.5. The supremum of the Lipschitz constant of a solution

sup
{ |u(x)− u(y)|

‖x− y‖ : x, y ∈ Ω;x 
= y

}
is attained when one of the points x or y is at the boundary of Ω.

Proof. Fix a vector k and consider u(x + k). It is defined whenever x ∈ Ω − k,
so that the two functions u(x) and uk(x) = u(x + k) have Ωk = Ω ∩ (Ω − k) as
a common domain of definition. Both are solutions for the minimization problem
on Ωk, each with its own boundary data at ∂Ωk. So, sup(u− uk) and inf(u− uk)
are attained on ∂(Ω− k). One of the two points is on ∂Ω. �

Having established this fundamental fact, then the existence proof proceeds
by showing that one can build a “barrier” for the solution. Our purpose here was
to point out that:

Remark 2.6. The previous steps, needed to obtain the property of a solution stated
in the proposition above, all depend only on f being strictly convex, and not on
other properties of f .

However, consider the following example



126 A. Cellina

Example 2.7. Let Ω be the interval [−1, 1]; let

f(ξ) =
{

0 |ξ| ≤ 1
(|ξ| − 1)2 |ξ| > 1

and consider the problem

minimize
∫

[−1,1]

f
(
u′(x)

)
dx ; u ∈ W 1,1

0

(
[−1, 1]

)
.

The function v(x) ≡ 0 and w(x) = −|x| + 1 are solutions, w ≤ v at ∂Ω but it is
not true that w ≤ v on Ω.

Moreover, it is not true that supu and inf u are assumed at ∂Ω. In addition,
again considering the two solutions v and w, it is not true that the sup(w − v) is
attained at the boundary.

Hence, without the assumption of strict convexity for f , the whole approach
to this existence ought to be carefully checked.

Remark 2.8. Sometimes, one finds the suggestion: in case f is not strictly convex,
simply add ε‖ξ‖2 to it. This will make the new f strictly convex; you can use the
results for strict convexity and pass these results to the limit.

Let us add ε‖ξ‖2 to the Lagrangean of the previous Example: now we wish
to minimize ∫

Ω

fε

(
∇u(x)

)
dx (2.1)

where fε(ξ) = ε‖ξ‖2 when ‖ξ‖ ≤ 1, = +∞ otherwise. When the boundary condi-
tion is such that u0 ≤ 0 at ∂Ω, it is true that every solution v to (2.1) is such that
v ≤ 0 a.e. in Ω, but it is not true that every solution v to the limit problem is such
that v ≤ 0 a.e. in Ω. At most, one can say that, for the limit problem, there exists
a solution v satisfying v ≤ 0 a.e. in Ω. However, for the purpose of obtaining a
priori estimates, this statement is not strong enough. In fact, consider the least
area problem of minimizing ∫

Ω

√
1 + ‖∇u(x)‖2dx . (2.2)

By adding ε‖∇u(x)‖2 to the Lagrangean, we obtain a strictly convex coercive
functional, so that solutions exist no matter what the boundary data and Ω are
(sufficiently regular). However, it is not true that for the limiting problem (the
least area problem), one has existence of solutions no matter what the boundary
data and Ω are.

3. Comparison results without strict convexity

If one carefully examines the line of thought followed in the existence proof in
the previous paragraph, one finds that strict convexity has been used to ensure a
comparison result between solutions; in some cases, while one of the solutions was
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unknown, the other was simply a constant. It might be possible to have existence
theorems based on the construction of barriers without the assumption of strict
convexity; one should carefully reconsider the comparison results. For some pur-
poses, it would be enough to obtain results when one of the two belongs to a special
class of solutions, for instance, the affine functions, and one might aim at results
for this more restricted class of problems. In [1] a comparison result was proved.
This result concerns a special class of solutions to the minimum problem 1.2).

The class of solutions to be considered is described below. It is a general-
ization, of the class of affine maps. Before introducing it, let us revisit the affine
maps. Consider

〈a, x− x0〉+ r :

we have

〈a, x−x0〉+r = 〈x−x0, a〉+r = sup
z

{
〈x−x0, z〉−I{a}(x)

}
+r =

(
I{a}

)∗ (x−x0)+r .

When a function f is not strictly convex, its graph contains, so to say, some
“flat” parts; in turn, this is reflected on the polar of f , whose graph contains
angles, i.e., the subdifferential of the polar is not single-valued whenever f is not
strictly convex. This is essential in the definition of the class of solutions we want
to consider.

Definition 3.1. For z ∈ Dom(f∗) , x0 ∈ RN and r ∈ R, set

h+
z,x0,r(x) =

(
If∗(z)

)∗ (x− x0) + r and h−
z,x0,r(x) = −

(
If∗(z)

)∗ (x− x0) + r .

Next Theorem shows that the maps just introduced are solutions to the
minimum problem; we recall that by saying that a function v is a solution, we
mean that it is a solution among all those functions that have the same boundary
data as v. In it, we assume the following growth assumption: Dom(f∗) is open.
This assumption is very general; in particular we have

Proposition 3.2. Let f be an extended valued, convex, lower semicontinuous func-
tion with superlinear growth; then Dom(f∗) = RN .

However, a Lagrangean as f(t) = |t| −
√
|t|, whose polar is f∗(p) = 1

4
1

1−|p|
for p ∈ (−1, 1), satisfies the condition Dom(f∗) open, without being of superlinear
growth.

The only case of Lagrangean (among those usually encounterd in Variational
Problems!), that does not satisfy the assumption that Dom(f∗) is open, is the
least area Lagrangean f(t) =

√
1 + t2, whose polar is f∗(p) = −

√
1− p2, so that

Dom(f∗) = B(0, 1).

Theorem 3.3. Let Dom(f∗) be open. For z ∈ Dom(f∗) , x0 ∈ RN and r ∈ R, the
maps h+

z,x0,r(x) and h−
z,x0,r(x) are solutions to the minimum problem 1.2), among

those u in
S+

z,x0,r =
{

u ∈ W 1,1 (Ω) : u− h+
z,x0,r ∈ W 1,1

0 (Ω)
}
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and
S−

z,x0,r =
{

u ∈ W 1,1 (Ω) : u− h−
z,x0,r ∈ W 1,1

0 (Ω)
}

respectively.

Notice that, in the case where f is strictly convex, ∂f∗(z) is single-valued and
the maps h+

z and h−
z are affine maps. Hence the above class of functions can be

seen as the natural generalization of the affine maps when f is not strictly convex.
Let us consider the following examples.

Example 3.4.

f(ξ) =
{

0 ‖ξ‖ ≤ 1
1
2

(
‖ξ‖ − 1

)2 ‖ξ‖ > 1
whose polar is

f∗(p) =
1
2
‖p‖2 + ‖p‖

−2 −1 0 1 2
0

0.5

1

1.5

2
f(x)

−2 −1 0 1 2
0

0.5

1

1.5

2
f*(p)

we have

∂f∗(p) =
{

B(0, 1) p = 0
p + p

‖p‖ p 
= 0 (3.1)

and we obtain that
(
I∂f∗(z)

)∗ (x) is the family of maps(
I∂f∗(z)

)∗ (x) =

{
‖x‖ z = 0〈

z + z
‖z‖ , x

〉
z 
= 0

Example 3.5. for the Lagrangean (see [5])

f(ξ) =
{ √

2‖ξ‖ ‖ξ‖ ≤
√

2
1 + 1

2‖ξ‖2 ‖ξ‖ ≥
√

2
(3.2)

whose polar is

f∗(p) =
{

0 ‖p‖ ≤
√

2
1
2‖p‖2 − 1 ‖p‖ ≥

√
2

(3.3)
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−1 0 1
−1.5

−1

−0.5

0

0.5

1

1.5
parameter z=.1

−1 0 1
−1.5

−1

−0.5

0

0.5

1

1.5
parameter z=0

−1 0 1
−1.5

−1

−0.5

0

0.5

1

1.5
parameter z=−.1

we have

∂f∗(p) =

⎧⎨⎩
0 ‖p‖ ≤

√
2

{αp} 0 ≤ α ≤ 1, ‖p‖ =
√

2
1
2‖p‖2 − 1 ‖p‖ ≥

√
2

(3.4)

−3 −2 −1 0 1 2 3
0

1

2

3

4

5

6

7

8

9
f(x)

−3 −2 −1 0 1 2 3
0

1

2

3

4

5

6

7

8

9
f*(p)

and we obtain that
(
I∂f∗(z)

)∗ (x) is the family of maps

(
I∂f∗(z)

)∗ (x) =

⎧⎪⎨⎪⎩
0 ‖z‖ ≤

√
2√

2
〈

z
‖z‖ , x

〉
χ{x:〈z,x〉≥0} ‖z‖ =

√
2

〈z, x〉 ‖z‖ >
√

2

Besides being solutions, the maps introduced above enjoy some kind of “max-
imality” condition, that yields comparison results, as in the theorem that follows.
In it, the assumption of convexity of the domain Ω appears: this assumption seems
to be needed for technical reasons only.

Theorem 3.6. Let Ω be convex, let f be a (possibly extended valued) lower semi-
continuous, convex function such that Dom(f∗) is open. Let w be a solution to the
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−2 0 2
−4

−2

0

2

4
z=−2

−2 0 2
−4

−2

0

2

4
z=−1.4142

−2 0 2
−4

−2

0

2

4
z=0

−2 0 2
−4

−2

0

2

4
z=1.4142

−2 0 2
−4

−2

0

2

4
z=2

problem of minimizing the functional

J (u) =
∫

Ω

f
(
∇u(x)

)
dx

on {u : u− u0 ∈ W 1,1
0 (Ω)}.

Assume that, for z ∈ Dom(f∗), x0 ∈ (Ω)c and r ∈ R, we have h+
z,x0,r ≥ w

on ∂Ω. Then, h+
z,x0,r ≥ w on Ω.

Remark 3.7. Notice that any affine function �(x) = 〈a, x〉 + b can be written as
�(x) = 〈a, x− x0〉+ r with x0 /∈ Ω and r = b + 〈a, x0〉.

Notice also that Example 1 shows that the analogous theorem, where we had
an affine function � (in particular, �(x) ≡ 0) instead of the convex function h+

z,x0,r,
would be false.

Finally notice that the functions u(x) ≡ 0 and h+
0,0,−1(x) = −1 + |x| are

solutions to the problem of Example 1; still, h+
0,0,−1 ≥ u on ∂Ω, but it is not true

that h+
0,0,−1 ≥ u on Ω. Here, the point x0 = 0 ∈ Ω, opposite to our assumptions.

4. Another class of minimization problems

Another class of minimization problems, connected to the class previously consid-
ered, are the problems of the kind

Minimize
∫

Ω

[
f
(
∇u(x)

)
+ αu(x)

]
dx on u− u0 ∈ W 1,1

0 (Ω) (4.1)

where α is a given parameter. We emphasize this point, since some similar problems
occur where the parameter is a Lagrange multiplier (expressing, for instance, a
problem under volume constraints), and this multiplier is to be determined by the
solution to the problem itself. A case where this arises is the problem of capillary
surfaces without gravity, as in [3]: in this case f(ξ) =

√
1 + |ξ|2.

In the previous section we have introduced a class of solutions to prob-
lem (1.2) that is explicit, i.e., such that it can be computed directly from the
Lagrangean; in this section we will show that the same can be done for prob-
lem (4.1). At the end of it we shall examine the behaviour of these solutions as
the parameter α tends to zero, obtaining a result that, to this author, was rather
surprising. In [2] the following result is proved.
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Theorem 4.1. Let Ω be an open bounded set, enough regular so that the Divergence
Theorem holds, and let f : RN → R ∪ {+∞} be an extended valued, convex, lower
semicontinuous function. For x0 and z in RN and c ∈ R, consider the function

ωα(x) =
N

α
f∗
(

z +
x− x0

N
α

)
+ c .

If ωα is defined on Ω and belongs to W 1,1(Ω), then it is the only minimum of the
functional

J (u) =
∫

Ω

[
f
(
∇u(x)

)
+ αu(x)

]
dx ,

in the class of functions

S =
{

u ∈ W 1,1 (Ω) , u− ωα ∈ W 1,1
0 (Ω)

}
.

For instance, for N = 1, a solution to the problem of minimizing∫
Ω

[
f
(
u′(x)

)
+ u(x)

]
dx

where

f(ξ) =

⎧⎨⎩ 0 if ‖ξ‖ ≤ 1
‖ξ‖ − 1 if 1 ≤ ‖ξ‖ ≤ 2
+∞ elsewhere

is the map ω1 defined by

ω1 = f∗(x) =
{
|x| if |x| ≤ 1
2|x| − 1 if 1 ≤ |x| ≤ 2

So the previous result yields at once an explicit formula for a solution to a varia-

−3 −2 −1 0 1 2 3
−4

−3

−2

−1

0

1

2

3

4
f

−3 −2 −1 0 1 2 3
−4

−3

−2

−1

0

1

2

3

4
f*

tional problem and an uniqueness result, under very few assumptions on f , mainly
that it is a convex, lower semicontinuous function. There is some uniqueness even
though the map f , as in the example above, can be far from being strictly convex.



132 A. Cellina

Moreover, assume that the domain of f∗ is open. Then, being a convex func-
tion Lipschitzian in the interior of its domain, there exists some open ball B(x0, r)
strictly contained in the domain of f∗, where f∗ is lipschitzian; hence, taking
Ω = {x : ‖Nz+(x−x0)‖ < r}, we have that ωα belongs to W 1,∞(Ω). This remark
proves the following Corollary.

Corollary 4.2. Let Dom(f∗) contain an open set. Then there exists a region Ω and
suitable boundary conditions, such that the problem (4.1) admits a solution.

The condition that the effective domain of f contains an open set is very weak,
and is satisfied by any reasonable problem; for instance, when f(ξ) =

√
1 + |ξ|2,

as in the capillarity problem, f∗(p) = −
√

1− p2, so that Dom(f∗) = B(0, 1). In
this case, whenever Ω ⊂ B(0, 1), problem (4.1) admits some solution. This might
suggest that in general, problem (4.1) admits solutions when Ω is sufficiently small
(and, may be, the mean curvature of ∂Ω is positive). The author does not know
of any such result.

A class of problems clearly excluded from the application of Theorem (4.1)
is when f(x) = 〈a, x〉+ b: in this case, the domain of the polar to f reduces to one
point.

5. Passing to the limit

The formula for a solution presented in Theorem 4.1 is not defined for α = 0, and
does not hold for this case. Still, as the parameter α tends to 0, a rather surprising
connection, among the different classes of solutions we have presented, arises. It is
enough to write the solution ωα in the form

N

α
f∗
(

z +
x− x0

N
α

)
− N

α
f∗(z)

to realize that, in fact, the solution ωα is a differential quotient. It not surprising,
then, that the following result holds, as proved in [2].

Theorem 5.1. Let f be an extended valued, convex, lower semicontinuous function
with superlinear growth. Then:

a) when f∗ is differentiable at z, as α tends to 0, the function ω(α,z,β) converges
to the affine map 〈∇f∗(z), x− x0〉+ β, a solution to problem 1.2).

b) in general, as α tends to 0+, the function ω(α,z,β) converges to h+
z,x0,β, the

solution to problem 1.2, presented in Theorem 1 of [1]; as α tends to 0−,
ω(α,z,β) converges to h−

z,x0,β.
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timization problem given by a discrete delay inclusion with end point con-
straints and we present several approaches concerning first and second-order
necessary optimality conditions for this problem.

Mathematics Subject Classification (2000). Primary 93C30; Secondary 49J30.

Keywords. Tangent cone, discrete delay inclusion, maximum principle.

1. Introduction

Consider the problem
minimize g

(
x(N)

)
(1.1)

over the solutions of the discrete inclusion

x(t + 1) ∈ Ft

(
x(t), x(t− k)

)
; t = 0, 1, . . . , N − 1 , x(l) = x(l) , l = −k, . . . , 0 ,

(1.2)
with end point constraints of the form

x(N) ∈ XN , (1.3)

where Ft(., .) : Rn × Rn → P(Rn), t = 0, . . . , N − 1, x(l) ∈ Rn, l = −k, . . . , 0,
XN ⊂ Rn and g : Rn → R are given.

The aim of this paper is to present a short survey of several new results con-
cerning first and second-order necessary optimality conditions for problem (1.1)–
(1.3).

At the beginning we obtain necessary optimality conditions for a solution
x = (x(−k), . . . , x(0), . . . , x(N)) to the problem (1.1)–(1.3) in terms of a varia-
tional inclusion associated to the problem (1.2) and in terms of the cone of interior
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directions (Dubovitskij-Miljutin tangent cone) to the set XN at x(N). Afterwards
this result is improved by replacing the cone of interior directions with the concept
of derived cone introduced by Hestenes ( [5]) and using a remarkable “intersection
property” of derived cones obtained by Mirica ( [8]). Finally, we present an ap-
proach concerning second-order necessary optimality conditions for the problem
(1.1)–(1.3).

Optimal control problems for systems described by discrete inclusions have
been studied by many authors ( [1,6,9–11,13] etc.). In the framework of multivalued
problems sufficient conditions for local controllability along a reference trajectory
of a discrete delay inclusion are obtained in [7]. At the same time, necessary opti-
mality conditions for an optimization problem without end point constraints and
given by a discrete inclusion (i.e., without delay) may be found in [12]. The idea
in [12] is to use a special (Warga’s) open mapping theorem to obtain a sufficient
condition for local controllability of the discrete inclusion around a given trajectory
and as a consequence, via a separation result, to obtain the maximum principle.

In contrast with the above mentioned approach, the general idea present
in our approach seems to be conceptually very simple, relying only 2-3 clear-cut
steps and using a minimum of auxiliary results from finite dimensional analysis.
Moreover it can be adapted in order to obtain second-order necessary conditions
for the optimization problem.

The paper is organized as follows: in Section 2 we present the notations and
preliminary results to be used in the sequel and in Section 3 we state our results.

2. Preliminaries

Denote by SF the solution set of inclusion (1.2), i.e.,

SF :=
{

x(.) =
(
x(−k), . . . , x(N)

)
; x(.) is a trajectory of (1.2)

}
.

and by RN
F := {x(N); x ∈ SF } the reachable set of inclusion (1.2).

Let x = (x(−k), . . . , x(N)) ∈ SF be a trajectory of (1.2).
Since the reachable set RN

F is, generally, neither a differentiable manifold,
nor a convex set, its infinitesimal properties may be characterized only by tangent
cones in a generalized sense, extending the classical concepts of tangent cones in
Differential Geometry and Convex Analysis, respectively.

From the multitude of the intrinsic tangent cones in the literature, the con-
tingent, the quasitangent and Clarke’s tangent cones, defined, respectively, by

KxX =
{
v ∈ Rn; ∃sm → 0+, xm ∈ X : xm−x

sm
→ v

}
QxX =

{
v ∈ Rn; ∃c(.) : [0, s0) → X, c(0) = x, c′(0) = v

}
CxX =

{
v ∈ Rn; ∀(xm, sm) → (x, 0+), xm ∈ X, ∃ ym ∈ X : ym−xm

sm
→ v

}
seem to be among the most oftenly used in the study of different problems involving
nonsmooth sets and mappings.
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The second-order quasitangent set to X at x relative to v ∈ QxX is defined
by

Q2
(x,v)X = {w ∈ Rn; ∀sm → 0+, ∃wm → w : x + smv + s2

mwm ∈ X}

We recall that, in contrast with KxX,QxX, the cone CxX is convex and one
has CxX ⊂ QxX ⊂ KxX.

Another important tangent cone is the cone of interior directions (Dubovitskij-
Miljutin tangent cone) defined by

IxX :=
{
v ∈ Rn; ∃ s0, r > 0 : x + sB(v, r) ⊂ X ∀ s ∈ [0, s0)

}
,

B(v, r) :=
{
w ∈ Rn; ||w − v|| < r

}
, B(v, r) := clB(v, r) .

From the properties of the quasitangent cones we recall only the following

QxX1 ∩ IxX2 ⊂ Qx(X1 ∩X2) . (2.1)

The concept of derived set was introduced for the first time by Hestenes ( [5]).

Definition 2.1. A subset M ⊂ Rn is said to be a derived set to X ⊂ Rn at x ∈ X
if for any finite subset {v1, . . . , vk} ⊂ M , there exist s0 > 0 and a continuous
mapping a(.) : [0, s0]k → X such that a(0) = x and a(.) is (conically) differentiable
at s = 0 with the derivative col[v1, . . . , vk] in the sense that

lim
Rk

+�θ→0

||a(θ)− a(0)−∑k
i=1 θivi||

||θ|| = 0 .

We shall write in this case that the derivative of a(.) at s = 0 is given by

Da(0)θ =
k∑

i=1

θjvj , ∀θ = (θ1, . . . , θk) ∈ Rk
+ := [0,∞)k .

A subset C ⊂ Rn is said to be a derived cone of X at x if it is a derived set
and also a convex cone.

For the basic properties of derived sets and cones we refer to Hestenes ( [5]);
we recall that if M is a derived set then M ∪ {0} as well as the convex cone
generated by M , defined by

cco(M) =

{
k∑

i=1

λjvj ; λj ≥ 0, k ∈ N, vj ∈ M, j = 1, . . . , k

}
is also a derived set, hence a derived cone.

The fact that the derived cone is a proper generalization of the classical con-
cepts in Differential Geometry and Convex Analysis is illustrated by the following
results ( [5]): if X ⊂ Rn is a differentiable manifold and TxX is the tangent space
in the sense of Differential Geometry to X at x

TxX =
{
v ∈ Rn; ∃ c : (−s, s) → X, of class C1, c(0) = x, c′(0) = v

}
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then TxX is a derived cone; also, if X ⊂ Rn is a convex subset then the tangent
cone in the sense of Convex Analysis defined by

TCxX = cl
{
t(y − x); t ≥ 0, y ∈ X

}
is also a derived cone. By cl A we denote the closure of the set A ⊂ Rn.

Since any convex subcone of a derived cone is also a derived cone, such an
object may not be uniquely associated to a point x ∈ X; moreover, simple examples
show that even a maximal with respect to set-inclusion derived cone may not be
uniquely defined: if the set X ⊂ R2 is defined by

X = C1

⋃
C2 , C1 =

{
(x, x);x ≥ 0

}
, C2 =

{
(x,−x), x ≤ 0

}
then C1 and C2 are both maximal derived cones of X at the point (0, 0) ∈ X.

We recall that two cones C1, C2 ⊂ Rn are said to be separable if there exists
q ∈ Rn\{0} such that:

〈q, v〉 ≤ 0 ≤ 〈q, w〉 ∀v ∈ C1 , w ∈ C2 .

We denote by C+ the positive dual cone of C ⊂ Rn

C+ =
{
q ∈ Rn; 〈q, v〉 ≥ 0, ∀ v ∈ C

}
The negative dual cone of C ⊂ Rn is C− = −C+.

The following “intersection property” of derived cones, obtained by Mirică
( [8]), is a key tool in the proof of necessary optimality conditions.

Lemma 2.2. Let X1, X2 ⊂ Rn be given sets, x ∈ X1∩X2, and let C1, C2 be derived
cones to X1, resp. to X2 at x. If C1 and C2 are not separable, then

Cl(C1 ∩ C2) =
(
Cl(C1)

)
∩
(
Cl(C2)

)
⊂ Qx(X1 ∩X2) .

For a mapping g(.) : X ⊂ Rn → R which is not differentiable, the classical
(Fréchet) derivative is replaced by some generalized directional derivatives. We
recall, in the case when g(.) is locally-Lipschitz at x ∈ int(X), Clarke’s generalized
directional derivative, defined by:

DCg(x; v) = lim sup
(y,θ)→(x,0+)

g(y + θv)− g(y)
θ

, v ∈ Rn .

The first and second order uniform lower Dini derivative are defined as follows

D↑g(x; v) = lim inf
(v′,θ)→(v,0+)

g(x + θv′)− g(x)
θ

,

D2
↑g(x, v;w) = lim inf

(w′,θ)→(w,0+)

g(x + θv + θ2w′)− g(x)− θD↑g(x; v)
θ2

.

When g(.) is of class C2 one has

D↑g(x, v) = g′(x)T v , D2
↑g(x, v;w) = g′(x)T z +

1
2
vT g′′(x)v .
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The results in the sequel will be expressed, in the case where g(.) is locally-
Lipschitz at x, in terms of the Clarke generalized gradient, defined by:

∂Cg(x) =
{
q ∈ Rn ; 〈q, v〉 ≤ DCg(x; v) ∀ v ∈ Rn

}
.

By P(Rn) we denote the family of all subsets of Rn.
Corresponding to each type of tangent cone, say τxX one may introduce a

set-valued directional derivative of a multifunction G(.) : X ⊂ Rn → P(Rn) (in
particular of a single-valued mapping) at a point (x, y) ∈ Graph(G) as follows

τyG(x; v) =
{
w ∈ Rn; (v, w) ∈ τ(x,y)Graph(G)

}
, v ∈ τxX .

Similarly one may define second-order directional derivatives of the set-valued
map G(.). For example the second-order quasitangent derivative of G at (x, u)
relative to (y, v) ∈ Q(x,u)(graph(G(.)) is the set-valued map Q2

(u,v)G(x, y, .) defined
by

graphQ2
(u,v)G(x, y; .) = Q2

((x,u),(y,v))

(
graphG(.)

)
.

We recall that a set-valued map, A(.) : Rn → P(Rm) is said to be a con-
vex (respectively, closed convex) process if Graph(A(.)) ⊂ Rn × Rm is a convex
(respectively, closed convex) cone.

3. Results

In what follows, we shall assume the following hypothesis. Hypothesis.

i) The values of Ft(., .) are compact convex, ∀t ∈ {0, . . . , N − 1}.
ii) There exists l(t) > 0 such that Ft(., .) is Lipschitz with the Lipschitz constant

l(t), ∀t ∈ {0, . . . , N − 1}.
iii) There exists At : Rn ×Rn → P(Rn), t = 0, 1, . . . , N − 1 a family of closed

convex processes such that

At(u, v) ⊂ Qx(t+1)Ft((x(t), x(t− k)); (u, v)) ∀(u, v) ∈ Rn ×Rn ,

∀t ∈ {0, 1, . . . , N − 1} .
To the problem (1.2) we associate the linearized problem

w(t+1) ∈ At(w(t), w(t−k)), t = 0, 1, . . . , N−1, w(l) = 0, l = −k, . . . , 0, (3.1)

Denote by SA the solution set of inclusion (3.1) and by RN
A the reachable set

of inclusion (3.1).
We recall that if A : Rn → P(Rm) is a set-valued map then the adjoint of A

is the multifunction A∗ : Rm → P(Rn) defined by

A∗(p) =
{
q ∈ Rm ; 〈q, v〉 ≤ 〈p, v′〉 ∀(v, v′) ∈ graphA(.)

}
.

The next result, due to Minchenko and Sirotko ( [7]) characterizes the positive
dual of the reachable set RN

A of problem (3.1).

Lemma 3.1. Assume that Hypothesis is satisfied. Then, one has (RN
A )+ =
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{
η ∈ Rn; ∃ q(t), p(t) t = 0, . . . , N such that η = p(N),

(
p(t), q(t)

)
∈ A∗

t

(
p(t + 1)

)
+
(
q(t + k), 0

)
, t = N − 1, . . . , 0 and q(t) = 0 for t ≥ N

}
.

Using the property in (2.1), the fact that RN
A ⊂ Qx(N)R

N
F and Lemma 3.1

we obtain a Maximum Principle for problem (1.1)–(1.3).

Theorem 3.2. Let XN ⊂ Rn be a closed set, let x ∈ SF be an optimal solution for
problem (1.1)–(1.3) such that Hypothesis is satisfied and let g(.) : Rn → R be a
locally Lipschitz function.

Then for any convex cone CN ⊂ Ix(N)XN there exist λ ∈ {0, 1} and (p(0),
p(1), . . . , p(N)) ∈ R(N+1)n, (q(0), q(1), . . . , q(N)) ∈ R(N+1)n, such that

(
p(t)−q(t+k), q(t)

)
∈ A∗

t

(
p(t+1)

)
, t = N−1, . . . , 0, q(t) = 0 for t ≥ N, (3.2)

p(N) ∈ λ∂Cg(x(N))− C+
N , (3.3)〈

− p(t + 1), x(t + 1)
〉

= max {< −p(t + 1), v >; v ∈ Ft(x(t), x(t− k))} , (3.4)

t = 0, . . . , N − 1,

λ + ||p(0)||+ . . . + ||p(N)|| > 0. (3.5)

For the details of the proof see [4].
In Theorem 3.2 an important hypothesis is that the terminal set XN is as-

sumed to have a nonempty cone of interior directions. Such type of assumptions
may be overcome using the concept of derived cone.

Using the fact that the reachable set RN
A is a derived cone to RN

F at x(N)
( [2]), Lemma 2.2 and Lemma 3.1 we have the next version of the Maximum
Principle for problem (1.1)–(1.3).

Theorem 3.3. Let XN ⊂ Rn be a closed set, let x ∈ SF be an optimal solution for
problem (1.1)–(1.3) such that Hypothesis is satisfied and let g(.) : Rn → R be a
locally Lipschitz function.

Then for any derived cone CN of XN at x(N) there exist λ ∈ {0, 1} and
(p(0), p(1), . . . , p(N)) ∈ R(N+1)n, (q(0), q(1), . . . , q(N)) ∈ R(N+1)n, such that
(3.2)–(3.5) hold true.

The proof can be found in [2].
Denote by RN

Q the reachable set of the discrete delay inclusion

w(t + 1) ∈ Qx(t+1)Ft

((
x(t), x(t− k)

)
;
(
w(t), w(t− k)

))
t = 0, 1, . . . , N − 1 ,

w(l) = 0, l = −k, . . . , 0 .
(3.6)
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Let y = (y(−k), . . . , y(N)) satisfy (3.6) and let R2
Q denote the reachable set

of the discrete delay inclusion

v(t + 1) ∈ Q2
(x(t+1),y(t+1))Ft

(
x(t), x(t− k)

)
,
(
y(t), y(t− k)

)
;
(
v(t), v(t− k)

)
t = 0, 1, . . . , N − 1 , w(l) = 0, l = −k, . . . , 0 .

In the next result we obtain second-order necessary optimality conditions for
problem (1.1)–(1.3).

Theorem 3.4. Assume that Hypothesis is satisfied, let g(.) : Rn → R be a lo-
cally Lipschitz function, let x = (x(−k), . . . , x(N)) ∈ SF be an optimal solution
for problem (1.1)–(1.3) and assume that the following constraint qualification is
satisfied{

η ∈ Rn; ∃ q(t), p(t) t = 0, . . . , N such that η = p(N),

(
p(t), q(t)

)
∈
(

Cx(t+1)Ft

((
x(t), x(t− k)

)
, (., .)

))∗(
p(t + 1)

)
+
(
q(t + k), 0

)
,

t = N − 1, . . . , 0 and q(t) = 0 for t ≥ N

}
∩ (Cx(N)XN )+ = {0} . (3.7)

Then we have the first-order necessary condition

D↑g
(
x(N); y(N)

)
≥ 0 ∀yN ∈ RN

Q ∩Qx(N)XN .

Furthermore, if equality holds for some y(N), then we have the second-order nec-
essary condition

D2
↑g
(
x(N), y(N);w(N)

)
≥ 0 ∀wN ∈ R2

Q ∩Q2
(x(N),y(N))XN .

The proof, that can be found in [3], is based on a general (abstract) optimality
condition formulated by Zheng ( [14]) and use also several first and second-order
approximations of the reachable set RN

F at x(N) ( [3]).
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Necessary Conditions in Optimal Control
and in the Calculus of Variations

Francis Clarke

Dedicated to Arrigo Cellina and James Yorke

Abstract. The goal of this article is to find, for the two most standard para-
digms in dynamic optimization, the simplest proofs that can be based on
the techniques invented and refined over the last thirty years in connection
with the nonsmooth analysis approach. Specifically, we present a proof of
Theorem 2.1 below, which asserts all the first-order necessary conditions for
the basic problem in the calculus of variations, and a proof of Theorem 3.1,
which is the Pontryagin maximum principle in a classical context.

1. Introduction

The theory of necessary conditions in the calculus of variations is a classical sub-
ject whose birth can be traced back to the famous monograph published by Euler
in 1744. Within the more general framework of dynamic optimization (which in-
cludes optimal control), the subject has remained active ever since. One modern
approach (among others) to the issues involved has been based on the methods
of nonsmooth analysis, a branch of the subject that began in 1973 with the au-
thor’s thesis [2]. A number of people have contributed in the past decades to the
substantial progress that has been made along these lines; we refer to the recent
monograph [7] for details, comments, and references.

It is natural that the dominant theme in this work has been an ongoing effort
to make the results as general, powerful, and unifying as possible. It is our view that
the results of [7] are a culmination of these efforts in many ways.1 Furthermore,
it turns out that the nonsmooth analysis approach has given rise to the current
state of the art in the subject.

1This is not to say, however, that we are announcing the end of history in this regard.
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The goal of this article, however, lies in a different direction. We attempt here
to find, for the two most standard paradigms in dynamic optimization, the simplest
proofs that can be based on the techniques invented and refined over the last thirty
years in connection with the nonsmooth analysis approach. Specifically, we present
a proof of Theorem 2.1 below, which asserts all the first-order necessary conditions
for the basic problem in the calculus of variations, and a proof of Theorem 3.1,
which is the Pontryagin maximum principle in a classical context.

The devices used below (such as decoupling, penalization, use of an approxi-
mate minimization principle) are now familiar in the subject; they were introduced
in the given references for much the same purposes as here. It is the elementary,
self-contained, and economical nature of the proofs which is new. Of course, a
concept such as “self-contained” is relative (and subjective), so let us now identify
the pre-requisites in detail.

Background

The proofs of the theorems below mostly call upon standard tools of measure and
integration. Frequent use is made of measurable set-valued mappings and their
selections, a theory which is perhaps not as well known as it should be. Our needs
are elementary, and the short overview given in [6, pp. 149-151] is adequate. We
also require a sequential compactness result that is a consequence of the Dunford-
Pettis criterion for weak compactness in L1, together with Ascoli’s theorem. We
state it now for convenience (a proof is given in [5, p. 119]).

An absolutely continuous function x : [a, b] → Rn (where [a, b] is a fixed
interval in R) is called an arc. Let a sequences of arcs xi be given which satisfy
the inclusion

x′
i(t) ∈ Γ

(
t, xi(t) + yi(t)

)
+ ri(t)B , t ∈ Ωi a.e. ,

where the set-valued mapping Γ(t, x) from [a, b]×Rn to the closed convex subsets
of Rn is measurable in t and has closed graph relative to x. The functions yi and
ri are assumed to go to 0 in L1, and the measure of the sets Ωi converges to b− a.
It is assumed that the sequence xi(a) is bounded, and that for some summable
function k we have Γ(t, x) ⊂ k(t)B and, for each i, |x′

i(t)| ≤ k(t) a.e. Then there is
an arc x̄ satisfying x̄′(t) ∈ Γ(t, x̄(t)) a.e. which is the uniform limit of a subsequence
xni

having the additional property that x′
ni

converges weakly in L1 to x̄′.
Also used in the proofs is the variational principle of Ekeland (see for exam-

ple [5]), which at this point can be viewed as a familiar property of complete metric
spaces. Finally, a few simple facts from nonsmooth calculus will be invoked. How-
ever, it is a striking feature of the proofs given here that (in contrast to other work)
they require very little beyond the actual definitions of the objects in question; we
give these now (see [6] for details).

Given a lower semicontinuous function f : X → R ∪ {+∞} and a point x at
which f is finite, we say that ζ is a proximal subgradient of f at x if there exists
σ ≥ 0 such that

f(x′)− f(x) + σ ‖x′ − x‖2 ≥ 〈ζ, x′ − x〉
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for all x′ in a neighborhood of x. The set of such ζ, which may be empty, is denoted
∂P f(x) and referred to as the proximal subdifferential. A closure operation then
defines the limiting subdifferential :

∂Lf(x) :=
{

lim ζi : ζi ∈ ∂P f(xi), xi → x, f(xi) → f(x)
}
.

It can be shown that the same limiting subdifferential is obtained if this closure
operation is applied to the subgradients usually employed in the theory of viscosity
solutions.

The indicator of a set S is the function denoted IS which takes the value 0
on S and +∞ elsewhere. If S is a closed subset of Rn, and if x is a point in S,
then the limiting normal cone NL

S (x) to S at x can be defined as ∂LIS(x). This
normal cone reduces to the familiar normal vectors when S is convex, or when S
is a manifold or a manifold with boundary.

2. The Lipschitz problem of Bolza

We study in this section a version of the basic problem in the calculus of variations.
The problem (P) consists of minimizing the (Bolza) functional

J(x) := �0
(
x(a)

)
+ �1

(
x(b)

)
+
∫ b

a

L
(
t, x(t), x′(t)

)
dt (2.1)

over all arcs x : [a, b] → Rn satisfying the constraints

x(a) ∈ C0, x(b) ∈ C1, x′(t) ∈ V (t) a.e. (2.2)

where [a, b] is a given fixed interval in R, C0, C1 are closed subsets of Rn, �0, �1 :
Rn → R are locally Lipschitz functions, and V is a measurable mapping from [a, b]
to the closed convex subsets of Rn.

An arc x is said to be admissible for (P) if x satisfies the constraints (2.2),
and the integral in (2.1) is well-defined and finite. We are given an admissible arc
x∗ which is a local minimum in the sense that, for some ε∗ > 0, for any admissible
arc x satisfying ‖x− x∗‖∞ ≤ ε∗, we have J(x∗) ≤ J(x).

The Lagrangian L(t, x, v) is a mapping from [a, b]×Rn×Rn to R; we assume
that it is measurable with respect to t and Lipschitz with respect to (x, v) near x∗
in the following sense: for a summable function k : [a, b] → R, we have, for almost
all t, for all x, y ∈ B(x∗(t), ε∗) and v, w ∈ V (t),

|L(t, x, v)− L(t, y, w)| ≤ k(t)
{
|x− y|+ |v − w|

}
. (2.3)

The theorem below requires the following interiority hypothesis which distin-
guishes the problem from one in optimal control: There is a positive δ such that
B(x′

∗(t), δ) ⊂ V (t) a.e.

Theorem 2.1. There exists an arc p which satisfies the Euler inclusion

p′(t) ∈ co
{

ω :
(
ω, p(t)

)
∈ ∂LL

(
t, x∗(t), x′

∗(t)
)}

a.e. t ∈ [a, b] (2.4)
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together with the Weierstrass condition〈
p(t), v

〉
−L
(
t, x∗(t), v

)
≤
〈
p(t), x′

∗(t)
〉
− L

(
t, x∗(t), x′

∗(t)
)
∀ v ∈ V (t) , a.e. t ∈ [a, b]

(2.5)

and the transversality condition

p(a) ∈ ∂L�0
(
x∗(a)

)
+ NL

C0

(
x∗(a)

)
, −p(b) ∈ ∂L�1

(
x∗(b)

)
+ NL

C1

(
x∗(b)

)
. (2.6)

Remark 2.2. The limiting subdifferential ∂LL in the Euler inclusion is taken with
respect to the (x, v) variables for each fixed t. It reduces to a singleton when L is
of class C1 in (x, v) (or just strictly differentiable); in that case, (2.4) becomes

p′(t) = ∇xL
(
t, x∗(t), x′

∗(t)
)
, p(t) = ∇vL

(
t, x∗(t), x′

∗(t)
)
,

the familiar integral (or duBois-Reymond) form of the Euler equation. This sub-
sumes the classical first Erdmann condition: that is, the essential continuity of the
function t �→ ∇vL(t, x∗(t), x′

∗(t)), a property which serves as the gateway to higher
order regularity.

Proof. We begin by identifying certain additional hypotheses that can be made
without any loss of generality, by simple reformulations.

Note first that the theorem’s hypotheses and conclusions are unaffected if we
redefine L(t, x, v) to be L(t, πt(x), π′

t(v)), where πt(x) denotes the projection of x
onto the set B(x∗(t), ε∗) and π′

t(v) is the projection of v onto V (t). Since πt and π′
t

are globally Lipschitz, this convention allows us to suppose that the Lipschitz
condition (2.3) holds globally. By similar arguments, we may suppose that �0
and �1 are bounded below and globally Lipschitz, and that C0 is compact. We
suppose as well that k(t) ≥ 1. Finally, by reformulating we may take x∗ ≡ 0 and
[a, b] = [0, 1].

We proceed now to prove the theorem under two additional hypotheses whose
removal will constitute the last step in the proof.
Temporary hypotheses: (TH1) C1 = Rn (so that there is no explicit constraint on
x(b)).
(TH2) There exists R > 0 such that V (t) ⊂ B(x′

∗(t), R) a.e.
A. We proceed to define via penalization a sequence of decoupled problems con-
verging in an appropriate sense to (P). We introduce, for a given sequence of
positive numbers ni tending to +∞,

�1i (y) := min
β∈Rn

{
�1(β) + ni|y − β|2

}
, (2.7)

a type of expression known as a quadratic inf-convolution, and which figures in the
Moreau-Yosida approximation to �1. Since �1 is globally Lipschitz and bounded
below, there is a constant c such that

�1i ≤ � ≤ �1i + c/
√

ni .
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We set

Li(t, x, v) := min
u∈Rn

{
L(t, u, v) + nik(t)|u− x|2

}
Ji(x) := �0

(
x(0)

)
+ �1i

(
x(1)

)
+
∫ 1

0

Li

(
t, x(t), x′(t)

)
dt

and we define Ii to be the infimum of Ji(x) over all arcs x satisfying

x(0) ∈ C0, x′(t) ∈ V (t) a.e. , |x(0)| ≤ ε∗/2 ,

∫ 1

0

|x′(t)| dt ≤ ε∗/2 . (2.8)

Note that these constraints imply ‖x‖∞ ≤ ε∗. Because of (TH2) we have (for some
constant c0)

c0 ≤ Ii ≤ Ji(0) ≤ �0(0) + �1(0) +
∫ 1

0

L(t, 0, 0) dt = J(0) .

Lemma 2.3. limi→+∞ Ii = J(0).

To see this, let xi satisfy (2.8) together with Ji(xi) ≤ Ii + n−1
i , and let ui be

a measurable function such that ui(t) is (almost everywhere) a point at which the
minimum defining Li(t, xi(t), x′

i(t)) is achieved:

Li

(
t, xi(t), x′

i(t)
)

= L
(
t, ui(t), x′

i(t)
)

+ nik(t)|ui(t)− xi(t)|2 a.e.

(This is the first of several times that the existence of a measurable selection is left
as an exercise.) This equality together with (2.3) leads to |ui(t)−xi(t)| ≤ n−1

i a.e.
We now observe

Ii + n−1
i ≥ Ji(xi)

= �0
(
xi(0)

)
+ �1i

(
xi(1)

)
+
∫ 1

0

{
L(t, ui, x

′
i) + nik(t)|ui − xi|2

}
dt

≥ �0
(
xi(0)

)
+ �1

(
xi(1)

)
− c/

√
ni +

∫ 1

0

{
L(t, xi, x

′
i)− k(t)|ui − xi|

}
dt

≥ J(0)− c/
√

ni − ‖k‖1/ni ,

and the assertion of the lemma follows.
We may view the problem defining Ii as one that is defined relative to the

couples (x(0), x′) in the complete metric space Rn × L1 lying in the closed set S
defined by (2.8). The lemma implies that the arc x∗ = 0 is ε2i -optimal for the
problem, where εi is a positive sequence tending to 0. We apply Ekeland’s theorem
(see [5]) to deduce the existence of an arc xi ∈ S satisfying

|xi(0)|+
∫ 1

0

|x′
i(t)| dt ≤ εi , (2.9)
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and which minimizes over S the functional J ′
i defined by

J ′
i

(
x(0), x′) := �0

(
x(0)

)
+ εi|x(0)− xi(0)|+ �1i

(
x(1)

)
+
∫ 1

0

min
u

{
L
(
t, u, x′(t)

)
+ nik(t)|u− x(t)|2 + εi|x′(t)− x′

i(t)|
}

dt .

We may pass to a subsequence (without relabeling) to assure x′
i(t) → 0 a.e.

B. We now fix i and reformulate the optimality of xi for J ′
i in a more useful

manner, one that will allow us to identify an arc pi that is “close” to satisfying the
necessary conditions. Let ui be a measurable function such that almost everywhere
the minimum

min
u

{
L
(
t, u, x′

i(t)
)

+ nik(t)|u− xi(t)|2
}

is achieved at ui(t); it follows as in the proof of the lemma that |ui(t) − xi(t)| ≤
n−1

i a.e. Now let βi be a point achieving the minimum in (2.7) when y = xi(1).
We proceed to define an arc pi via

p′i(t) = 2nik(t)
(
xi(t)− ui(t)

)
, pi(1) = −2ni

(
xi(1)− βi

)
.

Then we have (by choice of βi)

−pi(1) ∈ ∂P �1(βi) . (2.10)

Using the observation

�1i (y) ≤ �1(βi) + ni|y − βi|2 ∀ y ,

(with equality for y = xi(1)) together with the identity

nik|u− x|2 = nik|ui − xi|2 − 〈p′i, u− ui〉+ 〈p′i, x− xi〉+ nik|(x− xi)− (u− ui)|2 ,

and integration by parts, we see that the cost functional Φ(u, α, v) defined on
L∞ × Rn × L1 by

�0(α) + εi|α− xi(0)| −
〈
pi(0), α〉+ ni |x(1)− βi|2 +

〈
pi(1), x(1)

〉
+
∫ 1

0

{
L
(
t, u(t), v(t)

)
−
〈
pi(t), v(t)

〉
−
〈
p′i(t), u(t)

〉
+ εi|v(t)− x′

i(t)|
}

dt

+ 2ni

∫ 1

0

k(t)
{
|u(t)− ui(t)|2 + |x(t)− xi(t)|2

}
dt

satisfies (letting x(t) stand for α +
∫ t

0
v(s) ds, and for a certain constant ci):

Φ(u, α, v) ≥ J ′
i

(
x(0), x′)+ ci ,

with equality when (u, α, v) =
(
ui, xi(0), x′

i

)
. It follows that Φ(u, α, v) is minimized

relative to the constraints

α ∈ C0 , |α| ≤ ε∗/2 , v(t) ∈ V (t) a.e. ,
∫ 1

0

|v(t)|dt ≤ ε∗/2 (2.11)

at (ui, xi(0), x′
i).
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It is easy to see (by substituting for x and p) that the last two boundary
terms in the expression for Φ may be rewritten in the form ni

{
|x(1) − xi(1)|2 +

|βi|2 − |xi(1)|2
}
. It follows then that the functional Ψ(u, α, v) defined by

�0(α) + εi|α− xi(0)| −
〈
pi(0), α

〉
+ ni|x(1)− xi(1)|2

+
∫ 1

0

{
L
(
t, u(t), v(t)

)
−
〈
pi(t), v(t)

〉
−
〈
p′i(t), u(t)

〉
+ εi|v(t)− x′

i(t)|
}

dt

+ 2ni

∫ 1

0

k(t)
{
|u(t)− ui(t)|2 + |x(t)− xi(t)|2

}
dt

is minimized relative to the constraints (2.11) at (ui, xi(0), x′
i).

C. The next step consists of a variational analysis (for i still fixed) of the minimum
of Ψ just mentioned. Let us first fix u = ui and v = x′

i. Then the function
α �→ Ψ(ui, α, x′

i) attains a local minimum (for i sufficiently large, since xi(0) → 0)
relative to α ∈ C0 at xi(0). The corresponding necessary condition is

pi(0) ∈ ∂L

{
�0 + IC0

}(
xi(0)

)
+ εiB . (2.12)

This, together with (2.10), is the precursor of the transversality condition (2.6).
We now exploit the minimum in v of Ψ(ui, xi(0), v) to derive a forerunner of

the Weierstrass condition. The constraint on v in (2.11) is slack for i sufficiently
large, and a simple argument by contradiction shows that we must then have, for
almost every t,〈

i
(t), v

〉
− L(t, ui(t), v)− εi|v − x′

i(t)| ≤〈
pi(t), x′

i(t)
〉
− L

(
t, ui(t), x′

i(t)
)
∀ v ∈ V (t) . (2.13)

Let us give this argument. If (2.13) does not hold, then there exists r > 0 and a
subset S of [a, b] of positive measure m such that, for some measurable function
w defined on S and taking values in V (t), we have

L
(
t, ui(t), w(t)

)
+ εi|w(t)− x′

i(t)| −
〈
pi(t), w(t)

〉
≤

L
(
t, ui(t), x′

i(t)
)
−
〈
pi(t), x′

i(t)
〉
− r, t ∈ S a.e.

Of course, m can be taken arbitrarily small. If we let v be the function equal to
w on S and equal to x′

i elsewhere, and if x(t) signifies xi(0) +
∫ t

0
v(s) ds, then we

have ‖x− xi‖∞ ≤ Km for a constant K independent of m (the hypothesis (TH2)
is used for this). It follows that

Ψ
(
ui, xi(0), v

)
−Ψ

(
ui, xi(0), x′

i

)
≤ −rm + K2ni

(
1 + 2‖k‖1

)
m2 < 0

for m sufficiently small. Further, v satisfies the constraint in (2.11) if m is small
enough. This contradicts the optimality of (ui, xi(0), x′

i) and concludes the argu-
ment.

Making use of such evident estimates as

|x(t)− xi(t)|2 ≤ 2|x(0)− xi(0)|2 + 2
∫ 1

0

|x′(s)− x′
i(s)|2ds



150 F. Clarke

and rearranging, we deduce that the cost functional Ψ+(u, α, v) defined by

�0(α) + εi|α− xi(0)| −
〈
pi(0), α

〉
+ 6ni|α− xi(0)|2

+
∫ 1

0

{
L
(
t, u(t), v(t)

)
−
〈
pi(t), v(t)

〉
−
〈
p′i(t), u(t)

〉
+ εi|v(t)− x′

i(t)|
}

dt

+ 2ni

∫ 1

0

k(t) |u(t)− ui(t)|2 dt + 6ni

∫ 1

0

k(t) |v(t)− x′
i(t)|

2
dt

also attains a minimum relative to the constraints (2.11) at (ui, xi(0), x′
i).

Setting α = xi(0), v = x′
i in Ψ+, the attainment of the minimum relative

to u ∈ L∞ implies by measurable selection theory that for t a.e., it is the case
that ui(t) minimizes freely the integrand in Ψ+. This fact yields

p′i(t) ∈ ∂P

{
L
(
t, ·, x′

i(t)
)}(

ui(t)
)

a.e. ,

which in turn gives
|p′i(t)| ≤ k(t) a.e. (2.14)

When the constraint on v in (2.11) is slack, it follows that for almost every t, the
minimum with respect to (u, v) ∈ Rn × V (t) of the integrand in Ψ+ is attained at
(ui(t), x′

i(t)); this implies an intermediate version of the Euler inclusion:(
p′i(t), pi(t)

)
∈ ∂LL

(
t, ui(t), x′

i(t)
)

+ {0} × εiB , t ∈ Ωi a.e. (2.15)

where Ωi := {t ∈ [0, 1] : x′
i(t) ∈ intV (t)}. Note that the measure of Ωi tends to 1

as i →∞, in light of the interiority hypothesis.
D. The next step is to let i tend to infinity. The conditions (2.14) and (2.10) allow
us to deduce (for a subsequence, without relabeling) that pi converges uniformly
to an arc p and p′i converges weakly to p′. Passing to the limit in (2.10) and (2.12)
(note (2.9), and that βi → x∗(1)), we see that p satisfies the transversality con-
dition (2.6) (for C1 = Rn). The Euler inclusion (2.4) follows from (2.15) by the
sequential compactness result stated in the Introduction. From (2.13) we conclude
that almost everywhere we have〈

p(t), v
〉
− L(t, 0, v) ≤

〈
p(t), 0

〉
− L(t, 0, 0) ∀ v ∈ V (t) ,

which is the desired Weierstrass condition. The theorem is therefore proven, in the
presence of the Temporary Hypotheses (TH1)(TH2).
E. The final step in the proof is the removal of the Temporary Hypotheses. It is
clear at this point (given our expertise at passing to the limit in the necessary
conditions along subsequences) that it suffices to deduce, for any η > 0 sufficiently
small, the necessary conditions for x∗ in which the Weierstrass condition holds for
the following subset of V (t):

Vη(t) :=
{

v ∈ V (t) ∩B
(
x′
∗(t), 1/η

)
: v + ηB ⊂ V (t)

}
(note the role of the interiority hypothesis in this reduction.) In this setting, the
case of an arbitrary C1 is reduced to the one in which C1 = Rn by an exact
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penalization device, as follows. A simple argument by contradiction (as in [3])
shows that for some K > 0 sufficiently large, x∗ solves the problem of minimizing

JK(x) := �0
(
x(0)

)
+ �1

(
x(1)

)
+ KdC1

(
x(1)

)
+
∫ 1

0

L
(
t, x(t), x′(t)

)
dt

over the arcs x satisfying

x(0) ∈ C0, ‖x− x∗‖∞ ≤ ε∗/2, x′(t) ∈ Vη(t) a.e.

The argument goes as follows. If the assertion is false, then there exists for each
positive integer j an arc xj admissible for this problem with Jj(xj) < Jj(x∗) =
J(x∗). Since Jj(xj) is bounded below, it follows that dC1(xj(1)) → 0. Let σj

be a closest point in C1 to xj(1). Then for j sufficiently large, the arc yj(t) :=
xj(t)+t(σj−xj(1)) satisfies (2.2) and we have, for a certain constant K0 depending
only upon k(·),

J(yj) ≤ J(xj) + K0dC1

(
xj(1)

)
≤ Jj(xj) < J(x∗) ,

contradicting the optimality of x∗.
This new penalized problem satisfies (TH1) and (TH2), so we may apply

the theorem already proven to deduce the existence of an arc p satisfying the
Euler inclusion and the Weierstrass condition (for Vη, as agreed). It remains to see
that transversality holds. But we have (invoking two simple facts from nonsmooth
calculus)

−p(1) ∈ ∂L(�1 + KdC1)
(
x∗(1)

)
⊂ ∂L�1

(
x∗(1)

)
+ K∂LdC1

(
x∗(1)

)
⊂ ∂L�1

(
x∗(1)

)
+ NL

C1

(
x∗(1)

)
,

and the theorem is proved. �
Remark 2.4. Until this final step, no Lipschitz behavior of L with respect to v
is used in the proof. It can in fact be dispensed with, but then the necessary
conditions may hold only in abnormal form. This is but one of several ways in
which the theorem can be extended (at considerable technical expense, however).
As regards necessary conditions for one-dimensional problems in the calculus of
variations with finite-valued Lagrangians, the state of the art is currently given
by [7, Theorem 4.4.1].

It is also possible to consider the problem (P) with extended-valued La-
grangians, as in Theorem 4.1.1 of [7]. From this result, the classical multiplier rule
for mixed constraints such as ψ(t, x(t), x′(t)) = 0 a.e. (for example) follows as a spe-
cial case. In addition, the nature of the local minimum is more general; it is linked
to the hypotheses and conclusions in a stratified manner. The Lipschitz hypothe-
sis is replaced in such a context by a much weaker pseudo-Lipschitz one. Finally,
one can develop structural criteria on the Lagrangian (the generalized Tonelli-
Morrey conditions) that have the important property of automatically yielding
the required pseudo-Lipschitz behavior near the given arc (whatever it may be);
see [7, Theorem 4.3.2].
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The advantage of Theorem 2.1 in comparison to these more general results
stems solely from the directness and relative simplicity of the proof given above.
As we have said, the hypotheses can be considerably weakened. Nonetheless, as
we shall now see, Theorem 2.1 can play a very useful role in obtaining necessary
conditions for optimal control problems. The fact that nonsmooth Lagrangians are
admitted is crucial in this regard.

3. The maximum principle

We consider now the standard control system

x′(t) = f
(
t, x(t), u(t)

)
, t ∈ [a, b] a.e. (3.1)

where u is a measurable function on [a, b] whose values are constrained as follows:

u(t) ∈ U(t) a.e. ,

where U is a measurable mapping from [a, b] to the subsets of Rm. Such a function
u is called a control, and the corresponding function x(t) is termed a trajectory. Our
interest centers around a given control-trajectory pair (u∗, x∗) satisfying x∗(a) ∈
C0, where C0 is a given set in Rn.

For ε∗ > 0 given, let us define the (local) attainable set from C0, denoted
A[C0], as the set of all points x(b), where x(t) satisfies (3.1) for some control u(t),
as well as x(a) ∈ C0 and ‖x − x∗‖∞ ≤ ε∗. Now let a function Φ : Rn → RN be
given. Then x∗ is called a local Φ-boundary trajectory if Φ(x∗(b)) ∈ bdry Φ(A[C0]).

Our purpose is to give necessary conditions for such a trajectory and its
associated control. The hypotheses on the data are resolutely simple: f and Φ are
continuously differentiable and C0 compact; as for U , we assume that U(t) is a
closed subset of a compact set U0 for each t.2

Theorem 3.1. Let x∗ be a local Φ-boundary trajectory corresponding to the control
u∗. Then there exists an arc p satisfying the adjoint equation

−p′(t) = Dxf
(
t, x∗(t), u∗(t)

)T
p(t) a.e. (3.2)

as well as the maximum condition

max
u∈U(t)

〈
p(t), f

(
t, x∗(t), u

)〉
=
〈
p(t), f

(
t, x∗(t), u∗(t)

)〉
a.e. (3.3)

and the transversality condition: for some unit vector ν ∈ RN ,

p(a) ∈ NL
C0

(
x∗(a)

)
, p(b) = DΦ

(
x∗(b)

)T
ν . (3.4)

2Thus we do not pursue the greatest generality as regards the regularity of the data. However,
there are structural hypotheses not made here that would significantly reduce the complexity of
the problem. Notable among these are: linearity of f in x, one state endpoint being free, and
the convexity of the sets f(t, x, U(t)) (this last condition is connected to the relaxation of the
problem).
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Proof. A. We may take [a, b] = [0, 1] and assume (without loss of generality) that
f and Φ are globally Lipschitz. We proceed under the following
Temporary Hypothesis: There exists η > 0 with the following property: for almost
each t, for every u ∈ U(t) different from u∗(t), one has∣∣f(t, x∗(t), u)− f

(
t, x∗(t), u∗(t)

)∣∣ ≥ η . (3.5)

By the definition of boundary, for any ε ∈ (0, 1), there is a point γ /∈ Φ(A[C0])
such that |Φ(x∗(1))−γ| < ε2. Thus x∗ is ε2-optimal for the problem of minimizing
|Φ(x(1))− γ| over all trajectories x satisfying x(0) ∈ C0 and ‖x− x∗‖∞ ≤ ε∗. We
take the distance between two such trajectories x1, x2 to be

|x1(0)− x2(0)|+
∫ 1

0

|x′
1(t)− x′

2(t)| dt .

It follows from Ekeland’s theorem that some trajectory x̄ satisfying

|x̄(0)− x∗(0)|+
∫ 1

0

|x̄′(t)− x′
∗(t)| dt ≤ ε (3.6)

minimizes the functional J0(x) defined by∣∣Φ(x(1)
)
− γ|+ ε|x(0)− x̄(0)|+ ε

∫ 1

0

|x′(t)− x̄′(t)
∣∣ dt (3.7)

over all the trajectories x in question. Observe that |Φ(x̄(1)) − γ| 
= 0 (since
γ /∈ Φ(A[C0])) and that for ε sufficiently small we have ‖x̄− x∗‖∞ < ε∗/2.
B. The next step is to reinterpret the problem above in such a way that The-
orem 2.1 can be applied to it. We employ an exact penalization technique that
hinges on the following approximation fact.

Lemma 3.2. There is a constant K with the following property: if z is any arc on
[0, 1] emanating from C0, then there is a trajectory y with y(0) = z(0) such that∫ 1

0

|y′(t)− z′(t)| dt ≤ K

∫ 1

0

min
u∈U(t)

∣∣z′(t)− f
(
t, z(t), u

)∣∣ dt . (3.8)

Proof: Let u have values in U(t) a.e. and satisfy∣∣z′(t)− f
(
t, z(t), u(t)

)∣∣ = min
u∈U(t)

∣∣z′(t)− f
(
t, z(t), u

)∣∣ a.e. ,

and let y be the trajectory generated by the control u, with initial condition
y(0) = z(0). Then, letting Kf denote a Lipschitz constant for f , we have almost
everywhere

|y′(t)− z′(t)| =
∣∣f(t, y(t), u(t)

)
− z′(t)

∣∣
≤
∣∣f(t, z(t), u(t)

)
− z′(t)

∣∣+ Kf |y(t)− z(t)|
= min

u∈U(t)

∣∣z′(t)− f
(
t, z(t), u

)∣∣+ Kf |y(t)− z(t)| ,

and the estimate (3.8) follows from Gronwall’s Lemma.
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Let us set
L0(t, x, v) := min

u∈U(t)
|v − f(t, x, u)| .

Let KΦ be a Lipschitz constant for Φ and set K0 := K(KΦ + 2). We claim that
the arc x̄ minimizes the functional

J(x) := J0(x) + K0

∫ 1

0

L0

(
t, x(t), x′(t)

)
dt

over the arcs x satisfying ‖x− x̄‖∞ ≤ ε∗/2 and x(0) ∈ C0. If this were false, there
would be an admissible arc z such that J(z) < J(x̄). Apply the lemma to obtain
a trajectory y as indicated. Then

J0(y) ≤ J0(z) + (KΦ + 2)
∫ 1

0

|y′(t)− z′(t)| dt

≤ J0(z) + (KΦ + 2)K
∫ 1

0

min
u∈U(t)

∣∣z′(t)− f
(
t, z(t), u

)∣∣ dt

= J(z) < J(x̄) = J0(x̄) ,

contradicting the optimality of x̄ relative to (3.7).
C. We now apply the necessary conditions of Theorem 2.1 relative to the mini-
mization of J by x̄. We deduce the existence of an arc p̄ satisfying

p̄(0) ∈ NL
C0

(
x̄(0)

)
+ εB, −p̄(1) = DΦ

(
x̄(1)

)T
ν , (3.9)

where ν is the unit vector (Φ(x̄(1))− γ) / |Φ(x̄(1))− γ| , together with the Euler
equation (2.4) and the Weierstrass condition (2.5). The latter evidently implies
(take v of the form f(t, x̄(t), u) for u ∈ U(t)) that we have almost everywhere〈

p̄(t), f
(
t, x̄(t), u

)〉
− ε|f(t, x̄(t), u)− x̄′(t)| ≤

〈
p̄(t), x̄′(t)

〉
, u ∈ U(t) . (3.10)

We now examine the Euler inclusion. To begin with, it yields the estimate

|p̄′(t)| ≤ k(t) , t ∈ [a, b] a.e. (3.11)

Next, let us define

Ω :=
{
t : Kf |x̄(t)− x∗(t)|+ |x̄′(t)− x′

∗(t)| < η
}

. (3.12)

Consider a value of t ∈ Ω for which x̄′(t) = f(t, x̄(t), ū(t)), and let (x, v) and
L0(t, x, v) satisfy ∣∣(x, v)−

(
x̄(t), x̄′(t)

)∣∣+ L0(t, x, v) < δ

for some δ > 0 (note that L0(t, x̄(t), x̄′(t)) = 0). If u ∈ U(t) provides the minimum
in the definition of L0(t, x, v), then it follows that for δ sufficiently small we have
|f(t, x∗(t), u)−f(t, x∗(t), u∗(t))| < η, so that (by the Temporary Hypothesis (3.5)),
u = u∗(t). Locally therefore, L0(t, x, v) is given by |v − f(t, x, u∗(t))|.

A simple exercise is in order: let (q, p) ∈ ∂P h(x, v), where h(x, v) = |v−g(x)|;
then q = −Dg(x)T p. Invoking this, the Euler equation is seen to imply

p̄′(t) + Dxf
(
t, x̄(t), u∗(t)

)T
p̄(t) ∈ εB , t ∈ Ω a.e. (3.13)
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It is now time for ε to experience its usual fate and go to 0 (at least along a
sequence εi). The arc x̄ depends of course on this parameter: x̄ = x̄εi

, as do the
arc p̄, the unit vector ν, and the set Ω defined by (3.12). In light of (3.11), (3.9)
and (3.6), for an appropriate subsequence we have p̄εi

converging to an arc p, x̄εi

converging uniformly to x∗, x̄′
εi

(t) converging almost everywhere to x′
∗(t), and νεi

converging to a unit vector ν. The measure of Ωεi
goes therefore to 1, and it follows

from (3.13), (3.10) and (3.9) that the limiting arc p satisfies all the requirements
of Theorem 3.1.
D. There remains the Temporary Hypothesis to deal with. We define

Uη(t) :=
{
u∗(t)

}
∪
{

u ∈ U(t) :
∣∣f(t, x∗(t), u

)
− f
(
t, x∗(t), u∗(t)

)∣∣ ≥ η
}

.

When we replace U by Uη, x∗ is still a local Φ-boundary trajectory for the new
system, and all the hypotheses of the theorem continue to hold, as well as the Tem-
porary Hypothesis (3.5). We therefore deduce the existence of an arc pη satisfying
all the required conditions, except that the maximum condition holds only for the
control values in Uη. An appeal to a subsequence of ηi converging to 0 gives the
required arc p, in a now familiar fashion. �

Remark 3.3. It is well-known that the necessary conditions for a boundary tra-
jectory subsume those that correspond to optimality. To be specific, consider now
the minimization of a cost functional

�1
(
x(b)

)
+
∫ b

a

L
(
t, x(t), u(t)

)
dt

over the same trajectory-control pairs (x, u) as above satisfying x(a) ∈ C0, x(b) ∈
C1, where we take L smooth, �1 Lipschitz, C0, C1 closed. Then if x∗ is a local
solution corresponding to the control u∗ there is an arc p satisfying the following
versions of the three necessary conditions: the adjoint equation

−p′(t) = Dxf
(
t, x∗(t), u∗(t)

)T
p(t)− λLx

(
t, x∗(t), u∗(t)

)
a.e. ,

the maximum condition

max
u∈U(t)

{〈
p(t), f

(
t, x∗(t), u

)〉
− λL

(
t, x∗(t), u

)}
=
〈
p(t), f

(
t, x∗(t), u∗(t)

)〉
− λL

(
t, x∗(t), u∗(t)

)
a.e.

and the transversality condition

p(a) ∈ NC0

(
x∗(a)

)
, −p(b) ∈ λ∂L�1

(
x∗(b)

)
+ NC1

(
x∗(b)

)
.

Here, λ is a scalar equal to 0 or 1 (the case λ = 1 being called “normal”) and it
is also asserted that (λ, p(t)) is nonvanishing. These necessary conditions follow
from Theorem 3.1 by simple reformulation; see for example [5, pp. 212].
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Once again, Theorem 3.1 is a long way from being the best that can be ob-
tained. In [7, Theorem 5.1.1], under greatly reduced regularity hypotheses, neces-
sary conditions are given in the setting of differential inclusions (see [1]) and gener-
alized control systems. It is also possible to treat a new hybrid problem [7, Theorem
5.3.1] that goes well beyond the standard formulation of optimal control, allowing
for example the consideration of mixed state-control constraints ψ(t, x(t), u(t)) ≤ 0
(see also [8]). To obtain these more general results requires considerably greater
investment, however.
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Francis Clarke
Institut universitaire de France et Institut Camille Jordan
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Abstract. The paper is aimed at providing some results on the almost peri-
odicity of solutions to some general functional or functional differential equa-
tions. The term “general” is meant in the sense that the equations involve
operators of general form, acting on the space of almost periodic functions.
First order and second order equations are dealt with.
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1.

First, we shall consider the functional differential equation of the form

ẋ(t) = (Lx)(t) + (Fx)(t) , t ∈ R (1)

where x : R → Cn is the unknown map, while L is a linear continuous operator
on the space AP (R, Cn). The operator F : AP (R, Cn) → AP (R, Cn) is assumed
continuous, and will be subject to some restrictions. In (1), the operator F plays
the role of the nonlinearity.

The problem of almost periodicity of bounded solutions to (1), i.e., x ∈
BC(R, Cn), which stands for the space (Banach) of continuous and bounded maps
from R into Cn, with the supremum norm, has been considered under various
hypotheses. In our recent paper [4], we have provided a rather general result,
which can be stated as follows:

Theorem 1.1. Consider the system (1), under the following hypotheses:
1) L : AP (R, Cn) → AP (R, Cn) is a linear continuous operator.
2) The linear equation

ẋ(t) = (Lx)(t) + f(t) , t ∈ R (2)

has a unique solution in AP (R, Cn), for each f ∈ AP (R, Cn).
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3) F : AP (R, Cn) → AP (R, Cn) is an operator, generally nonlinear, such that

|Fx− Fy|AP ≤ λ|x− y|AP , (3)

with λ > 0 a constant, for each x, y ∈ AP (R, Cn).
Then (1) has a unique almost periodic solution x ∈ AP (R, Cn), provided λ is

small enough.

The proof of Theorem 1.1 is given in detail in [4], where the main auxiliary
tool is the fact that the map f → x, with x the unique solution in AP (R, Cn)
of (2), is a continuous map from AP (R, Cn) into itself.

It is also proved in [4], that the Lipschitz condition (3) can be substituted
by another growth condition on F . But in this case, even with the assumption of
compactness of F on AP (R, Cn), uniqueness is lost, in general.

Remark 1.2. The condition (2) of Theorem 1.1 is verified, for instance, in the
following situations:

a) When (Lx)(t) = Ax(t), with A a constant square matrix of order n, whose
characteristic numbers have nonzero real part.

b) When (Lx)(t) = A(t)x(t), with A(t) periodic, and such that its characteristic
exponents (see, for instance, [3, 6]) have nonzero real parts. Other cases are
also considered.

c) When (Lx)(t) = A(t)x(t), with A(t) almost periodic and of triangular form
(i.e., aij ≡ 0 for i < j), such that the mean values of aii(t), 1 ≤ i ≤ n, have
the real part different from zero. This case is due, basically, to A. Calderon
and J. L. Massera [7].

2.

In this second part we shall deal with systems involving monotone operators.
Normally, we shall consider systems of the form

ẋ(t) = (fx)(t), t ∈ R (4)

or
ẍ(t) = (fx)(t), t ∈ R (5)

where f is a monotone operator on the space BC(R, Rn). The case when Rn is
substituted by Cn is not much different.

Actually, one can consider as underlying space the space BC(R, H), with H
a Hilbert space.

The following qualitative lemma turns out to be a very useful auxiliary result,
in investigating the almost periodicity of solutions to equations with monotone
operators.

Lemma 2.1. [5] Consider the differential inequalities:

u̇(t) ≥ ω
(
u(t)

)
, t ∈ R (6)
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ü(t) ≥ ω
(
u(t)

)
, t ∈ R (7)

and assume ω : R+ → R is continuous, while u ∈ BC(R, R).
(1) If u : R → R is differentiable, satisfies (6), u ∈ BC(R, R) and ω is such that

ω(u) > 0 for u > α , (8)

then
u(t) ≤ α, t ∈ R . (9)

(2) If u : R → R is twice differentiable, satisfies (7), with u ∈ BC(R, R), while ω
is satisfying (8), then u satisfies (9).

We can now state and prove the following results, related to (4) and (5):

Theorem 2.2. Let us consider (4) and (5), under the following assumptions:
1) f : BC(R, Rn) → BC(R, Rn) is a monotone operator, i.e., there exists m > 0,

such that〈
(fx)(t)− (fy)(t), x(t)− y(t)

〉
≥ m|x(t)− y(t)|2 , t ∈ R (10)

for any x, y ∈ BC(R, Rn)
2) There exists z : R → Rn, z ∈ BC(R, Rn), such that fz ∈ AP (R, Rn).

If x ∈ BC(R, Rn) is a solution of (4) or (5), then necessarily x ∈ AP (R, Rn).
When x satisfies (4), ẋ ∈ AP (R, Rn), and when x satisfies (5), ẋ, ẍ ∈ AP (R, Rn).

Before providing the proof of Theorem 2.2, we shall make the following re-
mark.

Condition (2) requires that f takes at least one element of BC(R, Rn) into
AP (R, Rn). If we keep in mind that AP ⊂ BC, and assume, for instance, that
f leaves invariant the subspace AP of BC, then condition (2) is superfluous. As
it is stated, condition (2) requires the least necessary for obtaining the almost
periodicity. Obviously, without loss of generality we can assume that z(t) = θ=the
null element of Rn (and of BC(R, Rn)).

Proof of Theorem 2.2. We shall distinguish two different situations, in accordance
with the choice of (4) or (5) for proof.

Since the case of (4) is the simplest, we shall dwell only with the proof of
Theorem 2.2, in case the second order (5) is considered.

We shall rewrite (5) in the following equivalent form:

ẍ(t) = (gx)(t) + h(t) , t ∈ R (11)

where
(gx)(t) = (fx)(t)− (fθ)(t) , t ∈ R

h(t) = (fθ)(t) , t ∈ R
(12)

Let x ∈ BC(R, Rn) be a solution of (11), and take an arbitrary τ ∈ R, which
will remain fixed in the proof. Then (12) implies for each t ∈ R

ẍ(t + τ)− ẍ(t) = (gx)(t + τ)− (gx)(t) + h(t + τ)− h(t) .
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Multiplying scalarly (in Rn) both sides by x(t + τ) − x(t), and taking (10)
into account, one obtains the inequality〈
ẍ(t+τ)−ẍ(t)x(t+τ)−x(t)

〉
≥ m|x(t+τ)−x(t)|2−|h(t+τ)−h(t)||x(t+τ)−x(t)| .

But 〈ü, u〉 = d
dt 〈u̇, u〉 − |u̇|2 = 1

2
d2

dt2 |u|2 − |u̇|2.
Therefore, applying this formula with u(t) = x(t+τ)−x(t), one obtains from

above the second order inequality

1
2

d2

dt2
|x(t + τ)− x(t)|2 ≥ m|x(t + τ)− x(t)|2 − |h(t + τ)− h(t)||x(t + τ)− x(t)| ,

which means, for v(t) = |x(t + τ)− x(t)|2, t ∈ R,

1
2

d2v

dt2
≥ mv −

√
v|h(t + τ)− h(t)| . (13)

Now, we shall choose τ ∈ R in such a way that it is an almost period of h(t),
corresponding to mε, with ε > 0 arbitrary. Then (13) becomes

1
2

d2v

dt2
≥ mv −m

√
vε , t ∈ R , (14)

which is an inequality of the form (7) in the above Lemma. Since the right hand
side of (14) satisfies

mv −m
√

vε > 0 for v > ε2 , (15)

there results by applying the lemma

v(t) = |x(t + τ)− x(t)|2 ≤ ε2 , t ∈ R , (16)

which implies |x(t+τ)−x(t)| ≤ ε for t ∈ R, proving the almost periodicity of x(t).
The case of (4) can be treated in the same way, relying on the first part of

the lemma.
This ends the proof of Theorem 2.2. �

Remark 2.3. Existence of solutions in BC(R, Rn) can be obtained under some
supplementary condition. One such example is presented in our book [5]. Let’s
point out that the literature is very rich in regard to monotone operators and
related topics [8].

Remark 2.4. It would be interesting to see whether the monotonicity condi-
tion (10), which is in Rn, could be replaced by a monotonicity condition in a func-
tion space. For instance, taking into account the fact that AP (R, Rn) ⊂ B2(R, Rn)
(see [5]), and B2 can be regarded as a Hilbert space, to impose the condition in
B2(R, Rn).
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3.

In this section we shall investigate differential systems of the form

ẋ(t) = f
(
x(t)

)
+ g
(
t, x(t)

)
, t ∈ R (17)

or
ẍ(t) = f

(
x(t)

)
+ g
(
t, x(t)

)
, t ∈ R . (18)

It is possible to consider the more general case when f stands for an operator
acting on a certain function space, say BC(R, Rn). The difference appearing in
the discussion is only cosmetic.

We shall assume that, in case we consider (17), the following conditions are
satisfied:

1) f : Rn → Rn is continuous and monotone, which means that for any x, y ∈
Rn, one has: 〈

f(x)− f(y), x− y
〉
≥ λ(|x− y|2) , (19)

with λ(r), r ∈ R+ continuous, λ(0) = 0 and λ(r) increasing for r > 0.
2) λ(r) satisfies the conditions: ∫

0+

dr

λ(r)
= ∞ (20)

and

ν(r) =
λ(r)√

r
, r > 0 , ν(0) = 0 (21)

is increasing for r > 0 (hence, invertible).
3) g : R×Rn → R is continuous, Stepanov almost periodic in t, uniformly with

respect to x ∈ Rn

4) g is convex in respect to the second argument, for each t ∈ R, i.e.,〈
g(t, x)− g(t, y), x− y

〉
≥ 0 , x, y ∈ Rn . (22)

Before we state Theorem 3.1, let us point out the fact that condition (2)
on λ(r) is satisfied for λ(r) = mr,m > 0, which covers the classical case of mono-
tonicity. Also, λ(r) = mrα satisfies condition (2), for α ≥ 1,m > 0.

It is obvious that (17) and (18) constitute perturbed variants of (4) and (5),
respectively, and (22) shows that we admit only convex perturbations.

We can now state the following results regarding (17) and (18).

Theorem 3.1. Let us consider (17) and (18), under assumptions 1)–4). Then any
solution x ∈ BC(R, Rn), of either (17) or (18), is also in AP (R, Rn).

Proof. Consider the system (17), and let x ∈ BC(R, Rn) be a solution of (17). The
function xτ (t) = x(t + τ), t ∈ R, for a fixed τ ∈ R, is a solution of the equation

ẋ(t + τ) = f
(
x(t + τ)

)
+ g
(
t + τ, x(t + τ)

)
, t ∈ R . (23)

From (23) and (17) we obtain, by subtraction, the equation

ẋ(t + τ)− ẋ(t) = f
(
x(t + τ)

)
− f
(
x(t)

)
+ g
(
t + τ, x(t + τ)

)
− g
(
t, x(t)

)
. (24)
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We add and then subtract g(t, x(t + τ)) from the right hand side of (24) and
then multiply scalarly both sides by x(t + τ) − x(t). One obtains the following
equation:

1
2

d

dt
|x(t + τ)− x(t)|2 =

〈
f
(
x(t + τ)

)
− f
(
x(t)

)
, x(t + τ)− x(t)

〉
+
〈
g
(
t + τ, x(t + τ)

)
− g
(
t, x(t + τ)

)
, x(t + τ)− x(t)

〉
+
〈
g
(
t, x(t + τ)

)
− g
(
t, x(t)

)
, x(t + τ)− x(t)

〉
.

Taking into account our assumptions 1) and 2), we obtain from the above
equation the inequality
1
2

d

dt
|x(t+τ)−x(t)|2 ≥ λ

(∣∣x(t+τ)−x(t)
∣∣2)−|g(t+τ, ξ)−g(t, ξ)||x(t+τ)−x(t)| , t ∈ R

(25)
where ξ = x(t + τ) ∈ Rn. We notice that in (25) we have neglected the term〈

g
(
t, x(t + τ)

)
− g
(
t, x(t)

)
, x(t + τ)− x(t)

〉
,

on behalf of condition (22) for g.
Denoting u(t) = |x(t + τ)− x(t)|2, t ∈ R, the inequality (25) leads to

1
2
u̇(t) ≥ λ

(
u(t)

)
− |g(t + τ, ξ)− g(t, ξ)|

√
u(t) , (26)

which must be verified for any t ∈ R and only for ξ = x(t + τ).
The inequality (26) represents a qualitative inequality of the form

u̇(t) ≥ λ
(
u(t)

)
− f(t)μ

(
u(t)

)
, t ∈ R , (27)

with f(t) = |g(t + τ, ξ) − g(t, ξ)| ∈ S(R, R) ⊂ M(R, R), which is treated in detail
in our book [5], as well as in our paper [2].

Such an inequality implies

sup
t∈R

u(t) ≤ ν−1

(
K sup

ξ∈R

|g(t + τ, ξ)− g(t, ξ)|S

)
(28)

in which ν(r) is given by (21), while K > 0 is a constant determined by our
conditions.

Due to our hypothesis 2), one can make

|g(t + τ, ξ)− g(t, ξ)|S < ε , t ∈ R , (29)

if ξ is arbitrary in Rn (Stepanov almost periodicity in t, uniformly with respect
to ξ ∈ Rn), provided one chooses τ ∈ R to be an ε−almost period of g, regarded
as an element of Stepanov’s space of almost periodic functions.

Hence, we can write, on behalf of (28), the inequality

|x(t + τ)− x(t)|2 ≤ ν−1

(
K sup

ξ∈Rn

|g(t + τ, ξ)− g(t, ξ)|S
)

, (30)
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and relying on what we’ve discussed above, there results that x ∈ AP (R, Rn).
The second case appearing in Theorem 3.1, for second order equations of the

form (18), can be treated in a completely similar manner, leading to the same
result.

This ends the proof of Theorem 3.1 �
Remark 3.2. The assumption on the convexity of g(t, x) does not appear to be
essential for the validity of almost periodicity in the perturbed system. It is likely
due to our method of proof, and it remains as an open problem the possibility of
eliminating this assumption, or replacing it.

In concluding the paper, we want to call attention on the qualitative inequal-
ities discussed in [2, 5], by means of which it is certainly possible to obtain new
results on the almost periodicity of solutions of functional or functional-differential
equations.
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Age-dependent Population Dynamics with the
Delayed Argument

Antoni Leon Dawidowicz and Anna Poskrobko

Dedicated to Arrigo Cellina and James Yorke

Abstract. The model of age-dependent population dynamics was for the first
time described by von Foerster (1959) This model is based on the first-order
partial differential equation with the standard initial condition and the non-
local boundary condition in integral form. Gurtin and MacCamy in their
paper (1974) analyzed the more general model, where the progress of the pop-
ulation depends on its number. They established the existence of the unique
solution of this model for all time. In our presentation the results of Gurtin
and MacCamy will be generalized on the case, when the dependence on num-
ber of population is delayed.

1. Introduction

The model proposed by Gurtin and MacCamy [4] was based on the assumption
that the progress of the population depends on its number. However, it is common
knowledge that other factors can have an influence on the reproduction. Natural
generalization of a population dynamics is taking into consideration, for example
two sex, a period of gestation or a period of response of a system to a stimulus
(see Busoni and Palczewski [1]). Two last examples suggest to consider descrip-
tions with a delayed parameter. Apparently, the delay is rather natural assumption
in every biological models. We should draw attention to fact that one of the most
important equations with the delayed parameter was proposed by Polish scien-
tists (Ważewska-Czyżewska and Lasota [9]) in the description of the growth of
a population of red blood cells. The delay appears also in the papers concern-
ing mathematical modeling in epidemiology and immunology, in particulary see
Marchuk [8], Foryś [3], Leszczyński and Zwierkowski [6]. The analysis of the equa-
tions with the delayed parameter can be found also in �Loskot [7], Haribash [5]
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and Forystek [2]. The inspiration of this paper was the results of Gurtin and Mac-
Camy [4]. We consider similar model of age-dependent population dynamics but
with the delayed parameter. Our intention is researching local and global existence
of a unique solution.

2. General description of model

Denote by z(t) =
∫∞
0

u(a, t)da the total population at time t. Here u(a, t) is the
population of age a at time t. This description is more exact as the unit of time is
shorter. Consider the group of individuals who are of age a at time t. The age of
these individuals at the moment t + h equals a + h. The rate

Du(a, t) = lim
h→0

u(a + h, t + h)− u(a, t)
h

(2.1)

denotes the intensity of changing of the population of this group in time. The sum
this rate and the number d(a, t) of individuals (per unit age and time) of age a
who die at time t equals zero

Du(a, t) + d(a, t) = 0 .

The quotient

λ(a) =
d(a, t)
u(a, t)

denotes a probability that an individual, who is of age a at time t will die to time
t + 1. Let call the rate λ the death-modulus. The birth process is described by the
“renewal equation”

u(0, t) =
∫ ∞

0

β(a)u(a, t)da .

The quantity β(a) is called the birth-modulus, and it is the average number of
offsprings produced (per unit time) by an individual of age a. Here the birth and
death moduli are independent of the population z. We rectify this and introduce
the dependence of β and λ on zt, i.e., the population considered according to time.
Summarizing, we shall build the model of age-dependent population dynamics
with delayed parameter. Our theory is based on the following system of equations:

Du(a, t) = −λ(a, zt)u(a, t) , (2.2)

u(0, t) =
∫ ∞

0

β(a, zt)u(a, t)da , (2.3)

z(t) =
∫ ∞

0

u(a, t)da , (2.4)

where
zt : [−r, 0] → R+ , r � 0 , R+ = [0,∞) (2.5)

and
zt = z(t + s) (2.6)
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with initial condition
u(a, 0) = ϕ(a) . (2.7)

When u is differentiable everywhere there is

Du =
∂u

∂a
+

∂u

∂t
.

In our model, in different manner as in Gurtin-MacCamy theory, the dependence
of λ and β on z is functional one. We assume that both, the reproduction as the
death depend on the population in any preceding period of time.

3. Local existence

From now on we make the following assumptions:
(H1) ϕ ∈ L1(R+) is piecewise continuous;
(H2) λ, β ∈ C (R+ × C([−r, 0])); the Fréchet derivatives Dλ of λ(a, ψ) and Dβ of

β(a, ψ) with respect to ψ exist for all a � 0 and ψ � 0;
(H3) The functions λ(·, ψ), β(·, ψ) belong to C (C([−r, 0]);L∞(R+));
(H4) The Fréchet derivatives Dψ0λ and Dψ0β in the point ψ0 as a function of ψ0

belong to C (C([−r, 0]);L (C([−r, 0]);L∞(R+))), where L(X,Y ) denotes the
Banach space of all bounded linear operators from X to Y ;

(H5) ϕ � 0, λ � 0, β � 0.

Theorem 3.1. Let u be a solution of the age-dependent population problem up to
time T > 0. Then the population zt and the birth-rate B satisfy on [0, T ] the
operator equations

zt(s) =
∫ t+s

0

B(a)e−
∫ t+s

a
λ(τ−a,zτ )dτda +

∫ ∞

0

ϕ(a)e−
∫ t+s
0 λ(a,zτ )dτda (3.1)

and

B(t) =
∫ t

0

β(t− a, zt)B(a)e−
∫ t

a
λ(τ−a,zτ )dτda (3.2)

+
∫ ∞

0

β(a + t, zt)ϕ(a)e−
∫ t
0 λ(a+τ,zτ )dτda .

Conversely, if zt and B are non-negative continuous functions satisfying (3.1)
and (3.2) on [0, T ], and if u is defined on R+ × [0, T ] by the formula

u(a, t) =
{

ϕ(a− t)e−
∫ t
0 λ(a−t+τ,zτ )dτ for a � t

B(t− a)e−
∫ a
0 λ(α,zt−a+α)dα for t > a

, (3.3)

then u is a solution of the age-dependent population problem up to time T .

Proof. Let u be a solution up to time T . It means that u is a non-negative function
on R+ × [0, T ] with the following properties: Du exists on R+ × [0, T ], u(·, t) ∈
L1(R+) and u fulfils the system of equations (2.2)–(2.7).
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Let (a0, t0) ∈ R+ × [0, T ], and let

u(h) = u(a0 + h, t0 + h) , λ(h) = λ(a0 + h, zt0+h)

then (2.1) and (2.2) imply
du

dh
+ λ(h)u = 0 .

This equation has the unique solution

u(a0 + h, t0 + h) = u(a0, t0)e−
∫ h
0 λ(η)dη . (3.4)

In particular, if we take (a0, t0) = (a− t, 0) and h = t in (3.4) we get

u(a, t) = ϕ(a− t)e−
∫ t
0 λ(a−t+τ,zτ )dτ for a � t .

On the other hand, writing (a0, t0) = (0, t− a) and h = a in (3.4) we recover

u(a, t) = B(t− a)e−
∫ a
0 λ(α,zt−a+α)dα for t > a ,

where
B(t) = u(0, t) .

Substituting the above two conditions into (2.3), (2.4) and (2.6) yields integral
equations for age dependent population zt and birth-rate B

zt(s) =
∫ ∞

0

u(a, t + s)da =
∫ t+s

0

B(t + s− a)e−
∫ a
0 λ(α,zt+s−a+α)dαda

+
∫ ∞

t+s

ϕ(a− t− s)e−
∫ t+s
0 λ(a−t−s+τ,zτ )dτda

=
∫ t+s

0

B(a)e−
∫ t+s−a
0 λ(α,za+α)dαda +

∫ ∞

0

ϕ(a)e−
∫ t+s
0 λ(a,zτ )dτda

=
∫ t+s

0

B(a)e−
∫ t+s

a
λ(τ−a,zτ )dτda +

∫ ∞

0

ϕ(a)e−
∫ t+s
0 λ(a,zτ )dτda ,

B(t) =
∫ t

0

β(t− a, zt)B(a)e−
∫ t

a
λ(τ−a,zτ )dτda

+
∫ ∞

0

β(a + t, zt)ϕ(a)e−
∫ t
0 λ(a+τ,zτ )dτda .

To prove the second part of the theorem we assume that zt � 0 and B � 0 are
continuous functions on the interval [0, T ] fulfilling conditions (3.1) and (3.2). Let u
be defined on R+ × [0, T ] by the formula (3.3). Since ϕ and β are non-negative
so is function u. A trivial verification shows that (2.7) is hold, and u(0, t) = B(t)
for t > 0, and u ∈ L1(R+) because λ, β and zt are continuous and ϕ ∈ L1(R).
It follows from (3.1), (3.2) and (3.3) that (2.3), (2.4) and (2.6) are satisfied. To
complete the proof let notice that (2.1) and (3.3) imply existing Du on R+× [0, T ]
and that equality (2.2) is hold. �
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Let C+[a, b] denote the space of non-negative continuous functions on [a, b].
To solve the population problem up to time T , (T > 0) it is sufficient to find
functions z ∈ C+[−r, T ] and B ∈ C+[0, T ] satisfying the operator equations (3.1)
and (3.2). We should begin with equation (3.2) which is a linear Volterra equation
of B for fixed z ∈ C+[−r, T ]. It has a unique solution on [0, T ] which one we denote
by

B(t) = BT (z)(t) .

It permits us to define an operator ZT on C+[−r, T ].

ZT (z)(s) =
∫ t+s

0

BT (z)(a)e−
∫ t+s

a
λ(τ−a,zτ )dτda (3.5)

+
∫ ∞

0

ϕ(a)e−
∫ t+s
0 λ(a,zτ )dτda .

Defining the operator ZT we used the right-hand side of equation (3.1) with B
replaced by BT (z). Hypotheses (H1)− (H5) imply that

BT : C+[−r, T ] → C+[0, T ]

ZT : C+[−r, T ] → C+[−r, T ] .

Lemma 3.2. There exists T > 0 such that the operator ZT : C+[−r, T ] → C+[−r, T ]
defined by (3.5) has a unique fixed point.

Proof. Let us consider the Banach space C[−r, T ] with supremum norm ‖ ·‖T . Let

Φ =
∫ ∞

0

ϕ(a)da

and
ΣT =

{
f : f ∈ C+[−r, T ], ‖f − Φ‖T � m

}
for fixed m > 0. The set ΣT is closed. It is sufficient to show that ZT : ΣT → ΣT

and is contracting, then the proof of Lemma will be an easy consequence of the
Banach fixed-point theorem. Let

Ω =
{
(a, z) : a � 0, z � 0, |z − Φ| � m

}
.

Assumptions (H2)-(H4) imply that the quantities

λ0 = sup
(a,z)∈Ω

λ(a, z) λ1 = max
ψ0∈C([−r,0])

‖Dψ0λ‖

β0 = sup
(a,z)∈Ω

β(a, z) β1 = max
ψ0∈C([−r,0])

‖Dψ0β‖
(3.6)

are finite. Here the norm ‖.‖ is considered in the Banach space L(C([−r, 0]);
L∞(R+)). For z ∈ ΣT we have from (3.2)

BT (z)(t) � β0

∫ t

0

BT (z)(a)da + β0Φ

and by Gronwall’s inequality

BT (z)(t) � β0Φeβ0t . (3.7)
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Next, we shall estimate |ZT (z)(s)−Φ|. We use (3.5), (3.6) and (3.7). For 0 � t � T ,
−r � s � 0 and z ∈ ΣT

|ZT (z)(s)− Φ| � β0Φ
∫ t+s

0

eβ0ada +
∫ ∞

0

∣∣∣e− ∫ t+s
0 λ(a,zτ )dτ − 1

∣∣∣ϕ(a)da

� Φ
(
eβ0T − 1

)
+ Φ sup

a�0
−r�t�T

∣∣∣e− ∫ t+s
0 λ(a,zτ )dτ − 1

∣∣∣ .
Since

|ek − 1| � |k|e|k| (3.8)

we have
|ZT (z)(s)− Φ| � Φ

(
eβ0T − 1

)
+ Φλ0Teλ0T .

For sufficiently small T we have ZT (z) ∈ ΣT . Next we show that for small T , the
map ZT is contracting. Let choose z, ẑ ∈ ΣT . By (3.5) we get

‖ZT (z) − ZT (ẑ)‖T

� sup
t∈[0,T ]

s∈[−r,0]

∫ t+s

0

∣∣∣e− ∫ t+s
a

λ(τ−a,zτ )dτ (3.9)

− e−
∫ t+s

a
λ(τ−a,ẑτ )dτ

∣∣∣BT (z)(a)da

+ sup
t∈[0,T ]

s∈[−r,0]

∫ t+s

0

e−
∫ t+s

a
λ(τ−a,ẑτ )dτ |BT (z)(a)− BT (ẑ)(a)| da (3.10)

+ sup
t∈[0,T ]

s∈[−r,0]

∫ ∞

0

∣∣∣e− ∫ t+s
0 λ(a,zτ )dτ − e−

∫ t+s
0 λ(a,ẑτ )dτ

∣∣∣ϕ(a)da (3.11)

We will estimate each of the above elements. We begin with (3.9) using the rela-
tion (3.6) and (3.8) we get∣∣∣e− ∫ t+s

a
λ(τ−a,zτ )dτ − e−

∫ t+s
a

λ(τ−a,ẑτ )dτ
∣∣∣ � ∣∣∣1− e−

∫ t+s
a

[λ(τ−a,zτ )−λ(τ−a,ẑτ )]dτ
∣∣∣

� e−
∫ t+s

a
|λ(τ−a,zτ )−λ(τ−a,ẑτ )|dτ

∫ t+s

a

|λ(τ − a, zτ )− λ(τ − a, ẑτ )| dτ

� λ1Te2λ0T ‖z − ẑ‖T .

In similar way we can estimate∣∣∣e− ∫ t+s
0 λ(a,zτ )dτ − e−

∫ t+s
0 λ(a,ẑτ )dτ

∣∣∣ � λ1Te2λ0T ‖z − ẑ‖T .

Summarizing, for (3.9) and (3.11) we get

sup
t∈[0,T ]

s∈[−r,0]

∫ t+s

0

∣∣∣e− ∫ t+s
a

λ(τ−a,zτ )dτ − e−
∫ t+s

a
λ(τ−a,ẑτ )dτ

∣∣∣BT (z)(a)da

� λ1TΦe2λ0T
(
eβ0T − 1

)
‖z − ẑ‖T
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and

sup
t∈[0,T ]

s∈[−r,0]

∫ ∞

0

∣∣∣e− ∫ t+s
0 λ(a,zτ )dτ − e−

∫ t+s
0 λ(a,ẑτ )dτ

∣∣∣ϕ(a)da

� λ1TΦe2λ0T ‖z − ẑ‖T .

Therefore, for T sufficiently small (3.9) and (3.11) are each less then C‖z − ẑ‖T

with the constant C ∈
[
0, 1

3

)
(independent of z and ẑ). Thus to complete proof we

should show that (3.10) fulfils the identical inequality with a constant from the
interval

[
0, 1

3

)
. From (3.2) and the definition of BT we have

BT (z)(t) − BT (ẑ)(t)

=
∫ t

0

β(t− a, z)e−
∫ t

a
λ(τ−a,zτ )dτ (BT (z)(a)− BT (ẑ)(a)) da(3.12)

+
∫ t

0

BT (ẑ)(a)
(
β(t− a, z)e−

∫ t
a

λ(τ−a,zτ )dτ (3.13)

− β(t− a, ẑ)e−
∫ t

a
λ(τ−a,ẑτ )dτ

)
da

+
∫ ∞

0

ϕ(a)
(
β(a + t, z)e−

∫ t
0 λ(a+τ,zτ )dτ (3.14)

− β(a + t, ẑ)e−
∫ t
0 λ(a+τ,ẑτ )dτ

)
da .

Let denote (3.13) and (3.14) by f(t), then

BT (z)(t)− BT (ẑ)(t) � β0

∫ t

0

(BT (z)(a)− BT (ẑ)(a)) da + |f(t)| (3.15)

and hence, by Gronwall’s inequality

BT (z)(t)− BT (ẑ)(t) � |f(t)|+ β0

∫ t

0

|f(a)|eβ0(t−a)da . (3.16)

Proceeding as before, we can verify that

‖f‖T � C0‖z − ẑ‖T ,

where C0 is a constant depending only on β0, β1, λ0, λ1 and T . In view of the
definitions of (3.10), (3.15) and (3.16) we have the conclusion that for sufficiently
small T the quantity (3.10) is less than C‖z − ẑ‖T when C ∈

[
0, 1

3

)
. This shows

the contraction of ZT and completes the proof. �

According to the above Lemma we can draw a conclusion about the existence
and uniqueness of the solution of the population problem. So we can formulate the
following theorem:

Theorem 3.3. There exists T > 0 such that the population problem has a unique
solution up to time T .
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4. Global existence

Let assume that the average number of offsprings (per unit time) β(a, zt) is uni-
formly bounded for all a and zt, that is

β = sup
a�0
zt�0

β(a, zt) < ∞ . (4.1)

Under the hypothesis (H5)
λ = inf

a�0
zt�0

λ(a, zt) (4.2)

is finite and non-negative. When β < ∞ we can call the bounding growth rate

δ = β − λ .

Theorem 4.1. If condition (4.1) holds and if u is a solution of the population
problem up to time T , then for 0 � t � T

zt(s) � Φeδ(t+s) , (4.3)

B(t) � βΦeδt (4.4)
and

u(a, t) � βΦeδte−λa (a < t) , u(a, t) � ‖ϕ‖te
−λt (a � t) , (4.5)

where Φ is the initial total population Φ =
∫∞
0

ϕ(a)da, Φ = z0(0) and ‖ϕ‖t =
sup[0,t] ϕ.

Proof. Using (4.1) we can write

e−
∫ t

a
λ(τ−a,zτ )dτ � e−λ(t−a)

e−
∫ t
0 λ(a+τ,zτ )dτ � e−λt .

According to (3.2) and (4.1) we have

B(t) � β

∫ t

0

B(a)e−λ(t−a)da + βΦe−λt .

The desired conclusion (4.4) is an easy consequence of Gronwall’s inequality. If
we substitute the result (4.4) into (3.1), we get immediately (4.3). Finally, condi-
tions (3.3), (4.3) and (4.4) lead to (4.5). �
Theorem 4.2. Assume that (4.1) holds. Then the age-dependent population problem
has a unique solution for all time.

Proof. Let U be the set of all functions ut, t > 0, solutions of the age-dependent
population problem up to time t. The set U is not empty by Theorem 3.3. We
define the relation in U

ut1 � ut2 when [0, t1] ⊂ [0, t2] .

This is the relation of partial order. Let W be totally ordered set in U . Let u ∈ W
and u = uT where [0, T ] =

⋃
i�1[0, ti]. u is the solution of the age-dependent

population problem and it is the majorant of the totally ordered set W. So from



Age-dependent Population Dynamics with the Delayed Argument 173

the Kuratowski–Zorn lemma it follows that there exists the maximal element in
the set U . It is the solution of the population problem for T = ∞.

To prove uniqueness assume that u1 and u2 are the solutions for all time.
Then (zt,1, B1) and (zt,2, B2) are solutions of (3.1) and (3.2) for all time. From
Theorem 3.3 we have local existence. So there exists T > 0 that (zt,1, B1) =
(zt,2, B2) on [0, T ]. From the continuity of functions zt and B we have T = ∞, and
finally uniqueness u1 = u2. �

Theorem 4.3. Assume that

(A1) ϕ ∈ C1(R+) with ϕ̇ ∈ L1(R+);
(A2) λ, β ∈ C1 (R+ × C([−r, 0]));
(A3) the mappings carrying (t, zt) into the functions a �→ βa(a + t, zt) and a �→

Dβ(a + t, zt) belong to C (R+ × C([−r, 0]);L∞(R+));
(A4) u is a solution of the population problem up to time T ;
(A5) ż0(0) = B(0)−

∫∞
0

λ(a, z0)ϕ(a)da

then u ∈ C1(R+ × [0, T ]) if and only if ϕ satisfies conditions

ϕ(0) =
∫ ∞

0

β(a, z0)ϕ(a)da (4.6)

and

ϕ̇(0) = [−λ(0, z0)− β(0, z0)] ϕ(0) (4.7)

−
∫ ∞

0

[
βa(a, z0) + Dβ(a, z0)ż0 − β(a, z0)λ(a, z0)

]
ϕ(a)da .

Proof. The function u is continuous when ϕ ∈ C1(R+) and ϕ(0) = B(0+)
so when u is continuous across the characteristic t = a. By (3.2) B(0+) =∫∞
0

β(a, z0)ϕ(a)da, so it equals the right-hand side of (4.6). We should show
that (4.7) is a necessary and sufficient condition that u is of class C1 on R+×[0, T ].
From hypothesis (H1)–(H5) and conditions (3.1) and (3.2) we know that zt, B(t) ∈
C(R+). It follows from (3.3) that u is of class C1 when its derivative is continuous
across the characteristic t = a, so when

Ḃ(0) = −ϕ̇(0)− ϕ(0)λ(0, z0) . (4.8)

We can calculate the quantity Ḃ(0) using (3.2)

Ḃ(0) = β(0, z0)B(0) +
∫ ∞

0

[
βa(a, z0) + Dβ(a, z0)ż0 − β(a, z0)λ(a, z0)

]
ϕ(a)da .

Using the formula (4.8) we obtain (4.7). �

Acknowledgment

The second author acknowledges the support from Bia�lystok Technical University
(Grant No. S/WI/1/07).



174 A. Dawidowicz and A. Poskrobko

References

[1] G. Busoni and A. Palczewski, Dynamics of a two sex population with gestation period.
Appl. Math., 27 (2000), no. 1, 21–34.

[2] E. Forystek, On the system of nonlinear von Foerster equations. Univ. Iagel. Acta
Math., 38 (2000), 199–204.
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Chaos in the Störmer Problem
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Abstract. We survey the few exact results on the Störmer problem describing
the dynamics of charged particles in the Earth magnetosphere. The analysis
of this system leads to the the conclusion that charged particles are trapped
in the Earth magnetosphere or escape to infinity, and the trapping region is
bounded by a torus-like surface, the Van Allen inner radiation belt. In the
trapping region, the motion of the charged particles can be periodic, quasi-
period or chaotic. The three main effects observed in the Earth magneto-
sphere, radiation belts, radiation aurorae and South Atlantic anomaly, are
described in the framework described here. We discuss some new mathemat-
ical problems suggested by the analysis of the Störmer problem.

Mathematics Subject Classification (2000). Primary 34D23; Secondary 45D45.

Keywords. Störmer problem; chaos; Van Allen inner radiation belt; quasi-
periodic motion.

1. Introduction

Stellar and planetary magnetic environments or magnetospheres are generated
by the motion of charged particles inside the core of stars and planets. In the
magnetosphere of the Earth, incoming charged particles have intricate trajectories
and are in the origin of observable radiation phenomena as is the case of radiation
aurorae [16], the Van Allen inner radiation belts [19], and the South Atlantic
anomaly [18].

The magnetic field of the Earth has a strong dipolar component, [14], and it
is believed that, for low altitudes (≤ 3000 km), the radiation phenomena occurring
in the Earth magnetosphere can be understood by studying the motion of nonrel-
ativistic charged particles in a pure dipole field. If the dipolar component of the
Earth magnetic field is considered aligned with the rotation axis of the Earth, the
equations of motion of a charged particle in the dipolar field of the Earth reduce
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to a non-linear autonomous Hamiltonian dynamical system. This is the Störmer
problem, [16].

The analysis of the Störmer problem presents big challenges from the theo-
retical, applied and computational points of view.

From the computational point of view, the determination of the trajectories of
high energy charged particles in the Earth magnetosphere for long periods of time
is inaccurate and time consuming, being difficult to extract information about the
several aspects of the radiation phenomena observed in the Earth magnetosphere.
For example, in order to explain some of the dynamic aspects associated with
aurorae and magnetic mirrors, adiabatic ad-hoc arguments have been introduced
into the theory, and the motion of charged particles in the magnetosphere has been
assumed similar to the cyclotron type motion in constant magnetic fields, [5,11,19].

The long lived and transient radiation belts observed in the Earth magne-
tosphere have adverse effects on the electronics of spacecrafts, and affect commu-
nications, [5, 15]. Therefore, a qualitative and quantitative understanding of the
Störmer problem has important applications.

The first theoretical studies about the properties of the trajectories of charged
particle in a dipolar field where done by DeVogelaere [6], and Dragt [7]. In the
work of these authors, the existence of a trapping region for charged particles in
the dipole field of the Earth was implicitly established.

Based on the qualitative theory of conservative maps of the plane, Dragt and
Finn [8] carried a comparative study between the phase space topology of the or-
bits of a generic area-preserving map of the plane and the numerically computed
Poincaré sections of the Störmer problem. They have presented numerical evidence
about the existence of homoclinic points in the Poincaré sections. According to
these authors, this shows that the Störmer problem is insoluble, implying that
the adiabatic magnetic moment series diverges, a basic theoretical argument used
by Van Allen to explain some features of the radiation phenomena in planetary
magnetospheres. The KAM approach to the Störmer problem has been developed
by Braun in a sequence of papers, [1–3]. Within this approach, it has been shown
that trapped particles can have quasi-periodic motion, and can penetrate arbitrar-
ily close to the dipole axis.

Due to its intrinsic difficulty, the analysis of the Störmer problem has been
done using a mixture of analytical and numerical techniques. Here, we are in-
terested in surveying the exact results on the Störmer problem, separating the
results that are numeric from the exact ones. All the exact results are summarized
in Propositions 3.1 and 4.1. We have made extensive simulations of trajectories of
charged particles in the Earth magnetosphere, and we have obtained the shape of
the trapping regions for charged particles – Van Allen inner radiation belts. This
contrast with the usual approach used in radiation environment studies, where
radiation belt boundaries are correlated with the dipole field lines, [5].

This paper is organized as follows. In the next section, we derive the equa-
tions of motion for the Störmer problem and we obtain its conservation laws. In
Section 3, we study the motion of charged particles in the equatorial plane of
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the Earth. In Section 4, we analyse the general case for the motion on the three-
dimensional configuration space. In the final Section 5, we summarize the main
results from the theoretical and applied points of views, and we discuss some of
the mathematical problems suggested by the analysis done previously.

2. Equations of motion and conservation laws

The equation of motion of a nonrelativistic charged particle of mass m and charge q

in a magnetic field �B has the Lorentz form,

m�̈r = q
(
�̇r × �B

)
. (2.1)

We use the international system of units and B is measured in Tesla. At the surface
of the Earth, B is in the range (0.5×10−4−1.0×10−4) Tesla = (0.5−1.0) Gauss.

Magnetic fields are produced by moving charges and currents. A magnetic
dipole field can be produced by a current loop on a planar surface, and the result-
ing field is proportional to the current intensity times the area delimited by the
current loop, ( [9], pp. 7–14). For a current loop in the horizontal xy-plane, flow-
ing counterclockwise with current intensity I, the dipole momentum is �μz = μ�ez,
where μ = I × area of the loop, and �ez is the unit vector of the z axis. This cur-
rent loop produces a dipole field with a dipole momentum pointing in the positive
direction of the z-axis. This dipole field derives from the vector potential,

�A =
1

4πε0c2

1
r2

�μz × �er =
1

4πε0c2

1
r3

�μz × �r = Mz
1
r3

(−y�ex + x�ey) (2.2)

where r =
√

x2 + y2 + z2, Mz is the (scalar) dipole momentum, for short, and the
vector potential is independent of the z coordinate. As �B = rot �A, by (2.2), the
Lorentz equation (2.1) describing the motion of a charge particle in a dipole field
is, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẍ = 3α
z

r5
(ẏz − ży)− αẏ

1
r3

ÿ = −3α
z

r5
(ẋz − żx) + αẋ

1
r3

z̈ = 3α
z

r5
(ẋy − ẏx)

(2.3)

where α = qMz/m. For the Earth dipolar field, the dipole momentum is Mz =
7.9× 1025 G cm3 = 7.9× 1015 T m3 ( [14], 1975 IGRF value), and, for electrons
and protons, we have,

α =

{
−1.45× 1027 m3/s (electrons)

7.88× 1023 m3/s (protons) .
(2.4)

We now rescale the system of equations (2.3). With X = x/r0, Y = y/r0,
and Z = z/r0, where r0 = 6378136 m is the radius of the Earth, we rewrite the
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system of equations (2.3) in the form,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ẍ = 3α1

Z

R5
(Ẏ Z − ŻY )− α1Ẏ

1
R3

Ÿ = −3α1
Z

R5
(ẊZ − ŻX) + α1Ẋ

1
R3

Z̈ = 3α1
Z

R5
(ẊY − Ẏ X)

(2.5)

where R =
√

X2 + Y 2 + Z2,

α1 =
α

r3
0

=

{
−5.588× 106 s−1 (electrons)

3.037× 103 s−1 (protons) .
(2.6)

In this rescaled coordinate system, if R(t) = 1, the charged particle hits the surface
of the Earth.

The Lorentz equations (2.5) can be derived from a Lagrangian. By standard
Lagrangian mechanics techniques, and by (2.2), we have,

L =
1
2
m(ẋ2 + ẏ2 + ż2) + q�̇r. �A =

1
2
m(ẋ2 + ẏ2 + ż2)− mα

r3
(ẋy − ẏx)

=
1
2
m(Ẋ2 + Ẏ 2 + Ż2)− mα1

R3
(ẊY − Ẏ X) .

(2.7)

The conjugate momenta to the coordinates X, Y , and Z are,

pX =
∂L

∂Ẋ
= mẊ −mα1

Y

R3

pY =
∂L

∂Ẏ
= mẎ + mα1

X

R3

pZ =
∂L

∂Ż
= mŻ

(2.8)

and the Hamiltonian is,

H = �p. �̇R− L =
1
2
m(Ẋ2 + Ẏ 2 + Ż2)

=
1

2m
(pX

2 + pY
2 + pZ

2)− α1pY
X

R3
+ α1pX

Y

R3
+

mα2
1

2
X2 + Y 2

R6
.

(2.9)

Hence, the system of equations (2.5) has the conservation law,

H =
1
2
m(Ẋ2 + Ẏ 2 + Ż2) . (2.10)

We show now that the system of equations (2.5) has a second constant of
motion.

To determine the second constant of motion, we introduce cylindrical coor-
dinates. With, X = ρ cos φ, and Y = ρ sin φ, the Lagrangian (2.7) becomes,

L′ =
1
2
m(ρ̇2 + ρ2φ̇2 + Ż2) +

mα1

R3
ρ2φ̇ (2.11)
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where R =
√

ρ2 + Z2. In this coordinate system, the conjugate momenta become,

pρ =
∂L

∂ρ̇
= mρ̇

pφ =
∂L

∂φ̇
= mρ2φ̇ + mα1ρ

2 1
R3

pZ =
∂L

∂Ż
= mŻ

(2.12)

and the new Hamiltonian is now,

H =
1
2
m(Ẋ2 + Ẏ 2 + Ż2) =

1
2m

(
pρ

2 + pZ
2 +

(
pφ

ρ
−mα1

ρ

R3

)2
)

. (2.13)

As the Hamiltonian (2.13) is independent of φ, we have ṗφ = −∂H/∂φ = 0, and
by (2.12), the second conservation law is,

pφ =
∂L

∂φ̇
= mρ2φ̇ + mα1ρ

2 1
R3

= c2 = constant . (2.14)

As pφ = c2 is the second equation of motion, we can write the Hamiltonian (2.13)
in the form,

H =
1

2m

(
pρ

2 + pZ
2 +

(
c2

ρ
−mα1

ρ

R3

)2
)

. (2.15)

Then, the equations of motion of a nonrelativistic charged particle in a dipole field
reduce to, ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρ̇ = ∂H
∂pρ

= 1
mpρ

ṗρ = −∂H
∂ρ = 1

mρ3 c2
2 + 3mα2

1
ρ3

R8 −mα2
1

ρ
R6 − 3α1c2

ρ
R5

Ż = ∂H
∂pZ

= 1
mpZ

ṗZ = −∂H
∂Z = 3mα2

1
ρ2Z
R8 − 3α1c2

Z
R5

or, ⎧⎨⎩ ρ̈ = 1
m2ρ3 c2

2 + 3α2
1

ρ3

R8 − α2
1

ρ
R6 − 3α1c2

m
ρ

R5

Z̈ = x13α2
1

ρ2Z
R8 − 3α1c2

m
Z
R5

(2.16)

together with the conservation laws,⎧⎪⎪⎨⎪⎪⎩
1

2m2

(
pρ

2 + pZ
2 +

(
c2

ρ
−mα1

ρ

R3

)2
)

= c1

mρ2φ̇ + mα1ρ
2 1
R3

= c2

(2.17)
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where R =
√

ρ2 + Z2. Note that, we have rescaled the Hamiltonian of the Störmer
problem to,

Heff =
1
2

(
ρ̇2 + Ż2

)
+

1
2m2

(
c2

ρ
−mα1

ρ

R3

)2

= T + Veff (ρ, Z) (2.18)

where T is a scaled kinetic energy.
Hence, the motion of charged particle in a dipole field is described by a two-

degree of freedom Hamiltonian system. The effective Hamiltonian is parameterized
by the second conservation law in (2.17), which determines the time dependence
of the angular cylindrical coordinate.

Before analysing the general topology of the orbits of the phase space flow
of equations (2.16), we first consider the case where the motion restricted to the
plane Z = 0.

3. Motion in the equatorial plane of the dipole field

Here, we consider the case where charged particles are constrained to the equatorial
plane of the Earth, the plane Z = 0, for every t ≥ 0. In this case, by (2.16), the
equations of motion reduce to,

ρ̈ =
c2
20

m2

1
ρ3
− 3

α1c20

m

1
ρ4

+ 2α2
1

1
ρ5

= −dV̄eff

dρ
(3.1)

where c20 is the value of the constant c2 evaluated at Z = 0, and, by (2.18), the
potential function Veff (ρ) is,

V̄eff (ρ) =
c2
20

2m2

1
ρ2
− α1c20

m

1
ρ3

+
α2

1

2
1
ρ4

. (3.2)

Introducing pZ = 0 and Z = 0 into (2.17), the two conservation laws reduce to,

1
2m2

(
pρ

2 +
(

c20

ρ
−mα1

1
ρ2

)2
)

= c10

mρ2φ̇ + mα1
1
ρ

= c20

(3.3)

where, ⎧⎪⎪⎨⎪⎪⎩
c10 =

1
2
ρ̇(0)2 +

1
2m2

(
c20

ρ(0)
−mα1

1
ρ2(0)

)2

c20 = mρ(0)2φ̇(0) + mα1
1

ρ(0)

(3.4)

and c10 is the value of the effective total energy evaluated at Z = 0.
Integrating the second conservation law in (3.3) by quadratures, we obtain,

for the angular coordinate φ(t),

φ(t) = φ(0) +
∫ t

0

(
c20

mρ(s)2
− α1

ρ(s)3

)
dt . (3.5)
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Figure 1. Effective potential associated with the motion of a
charged particle (protons, α1 > 0) in the equatorial plane of the
Earth (Z = 0). a) If c20 > 0 and ρ ≥ 0, the effective potential has
a maximum for ρ = ρ2, a minimum for ρ = ρ1, V̄eff (ρ1) = 0, and
V̄eff (ρ2) = c4

20/(32m4α2
1). At ρ = ρ0 = (

√
2 − 1)ρ2, V̄eff (ρ0) =

V̄eff (ρ2). b) If c20 ≤ 0 and ρ ≥ 0, V̄eff (ρ) is a monotonically
decreasing function of the argument, and the effective energy sur-
faces have no compact components.

So, if the solution ρ(t) of (3.1) is known, the temporal dependency of angular
coordinate is obtained from (3.5).

In these conditions, the motion of the charged particle in the equatorial plane
of the Earth is completely determined by (3.1), derived from the effective Hamil-
tonian,

H̄eff (ρ, ρ̇) = T̄ + V̄eff =
1
2
ρ̇2 +

c2
20

2m2

1
ρ2
− α1c20

m

1
ρ3

+
α2

1

2
1
ρ4

(3.6)

where T̄ is a scaled kinetic energy. If c20 > 0 and for ρ > 0, the potential function
V̄eff (ρ) has one local minimum and one local maximum at,

ρ1 =
mα1

c20
and ρ2 = 2

mα1

c20
(3.7)

respectively, Figure 1a. By direct calculation, we have, V̄eff (ρ2) = c4
20/(32m4α2

1),
and V̄eff (ρ1) = 0. Therefore, for 0 ≤ H̄eff (ρ, ρ̇) ≤ V̄eff (ρ2), the constant effective
energy surface contains a compact component.

If c20 ≤ 0 and for positive values of ρ, the potential function V̄eff (ρ) is a
monotonically decreasing function of the argument, Figure 1b. Then, we have:

Proposition 3.1. In the equatorial plane of a dipole field, a nonrelativistic (positively)
charged particle precesses around the dipole axis, along a circle with radius ρ1, pro-
vided:

(i) H̄eff (ρ(0), ρ̇(0)) < V̄eff (ρ2), c20 > 0, ρ(0) 
= ρ1 and ρ(0) < ρ2, where H̄eff

is defined in (3.6), the constants ρ1 and ρ2 are given in (3.7), and the con-
stant c20 is defined in (3.4). For initial conditions near the circumference of
radius ρ = ρ1, the Larmor or precession period is, TL = 2πm3α2

1/c3
20. The
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phase advance per Larmor period is,

Δφ = 2π
ρ2
1

ρ(0)2

(
1− ρ1

ρ(0)

)
− 4π2 ρ3

1

ρ(0)3
m

c20
ρ1ρ̇(0)

(
1− 3

2
ρ1

ρ(0)

)
+ · · ·

and the period of rotation around the Earth is Tr = 2πTL/Δφ.
(ii) If H̄eff (ρ(0), ρ̇(0)) = V̄eff (ρ2), c20 > 0, and ρ(0) < ρ2, or, ρ(0) > ρ2 and

ρ̇(0) < 0, then, ρ(t) → ρ2, as t →∞.
(iii) If ρ(0) = ρ2[resp., ρ(0) = ρ1], ρ̇(0) = 0, φ̇(0) 
= 0, and c20 > 0, then the

charged particle has a circular trajectory with radius ρ = ρ2[resp., ρ = ρ1],
and the period of rotation around the Earth is Tr = 2π/φ̇(0). If φ̇(0) = 0, the
charged particle is at rest.

(iv) If H̄eff (ρ(0), ρ̇(0)) > V̄eff (ρ2) and c20 > 0, or, c20 ≤ 0, then, ρ(t) → ∞, as
t →∞, and we have escape trajectories.

Proof. To prove the proposition, we must ensure first that the solution of the
differential equation (3.1) exists, and is defined for every t ≥ 0. In the cases (i)–(iii),
the existence of solutions for every t ≥ 0 follows because the initial conditions on
phase space are on the compact components of the level sets of the Hamiltonian
function (3.6), ( [4], pp. 187; [13], pp. 8).

A simple phase space analysis shows that the vector field associated with (3.1)
has a centre type fixed point with phase space (cylindrical) coordinates (ρ1, ρ̇ = 0).
This centre type fixed point is inside the homoclinic loop of a saddle point with
coordinates (ρ2, ρ̇ = 0). The conditions in (i) correspond to initial conditions inside
the homoclinic loop, and away from the centre fixed point, ρ(0) 
= ρ1. To calculate
the Larmor frequency and the phase advance per Larmor period, we linearize (3.1)
around ρ1, and we obtain,

ẍ +
c6
20

m6α4
1

x = 0

where x = ρ− ρ1, and c6
20/(m6α4

1) = ω2
L. The Larmor period is TL = 2π/ωL. Note

that, by a direct calculation, ω2
L =

d2V̄eff

dρ2
(ρ = ρ1).

By (3.5), the phase advance per Larmor period is,

Δφ =
∫ TL

0

(
c20

mρ(s)2
− α1

ρ(s)3

)
dt .

From the above linearized differential equation, in the vicinity of the circumfer-
ence of radius ρ = ρ1, ρ(t) = ρ1 + (ρ − ρ1) cos(ωLt) + ρ̇(0) sin(ωLt)/ωL and after
substitution into the expression for Δφ, we obtain the result. The rotation period
around the Earth is obtained from the conditions, nΔφ = 2π and Tr = nTL.

The conditions in (ii) correspond to initial conditions on the stable branches
of the homoclinic orbit of the saddle point with coordinates (ρ2, ρ̇ = 0).

For case (iii), as (ρ2, ρ̇ = 0) is a fixed point of the differential equation (3.1),
if φ̇(0) 
= 0, the charged particle has a circular trajectory around the origin of
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coordinates. To calculate the period of the trajectory, by (3.5), we have,

2π =
(

c20

mρ2
2

− α1

ρ3
2

)
Tr .

Introducing the value of the constant c20 into the above expression, by (3.4), we
obtain Tr = 2π/φ̇(0). For ρ(0) = ρ1, the proof is similar.

In case (iv), the effective potential function monotonically decreases as ρ
increases from ρ = 0, and we are in the conditions of escape trajectories. The pro-
longation of solutions for every t ≥ 0, follows from the condition that fi(ρ)/||ρ|| →
constant as ρ →∞ ( [13], pp. 9). �

By Proposition 3.1, the trajectory of a charged particle on the equatorial
plane of an axially symmetric magnetosphere can be unbounded, can be trapped
in an annular region around the Earth, or can collide with the surface of the Earth.
As ρ0, ρ1 and ρ2 depend on c20, there are charged particles with different energies
trapped in the annular region [ρ0, ρ2]. This annular region is the equatorial cross
section of the Van Allen inner radiation belt, [19].

As ρ0, ρ1 and ρ2 depend on the initial conditions ρ(0) and φ̇(0) through c20,
for the same belt parameter, there are particles that escape from the trapping
region, escaping to infinity or hitting the surface of the Earth. This is due to the
fact that the belt parameters are independent of ρ̇(0). By Proposition 3.1-(iv), and
by the conservation of energy, a charged particle escapes from the inner Van Allen
radiation belt if,

|ρ̇(0)| >
√

2
∣∣V̄eff (ρ2)− V̄eff

(
ρ(0)

)∣∣ (3.8)

By the same argument, if |ρ̇(0)| ≥ |c20/m − α1|, a particle with initial velocity
ρ̇(0) < 0 at infinity, and velocity vector within the equatorial plane of the Earth,
after an infinite time, hits the surface of the Earth.

In Figure 2, we show the limits of the equatorial cross section of a Van Allen
inner radiation belt, the trajectories of trapped protons, and an escape trajectory.
In the three cases shown, the Van Allen parameters are the same. The trajectories
shown in Figure 2 have been calculated by the numerical integration of (3.1), (see
the Appendix). The angular variable φ has been obtained from the discretization
of (3.5),

φn+1 = φn + Δt

(
c20

mρ2
n

− α1

ρ3
n

)
(3.9)

where Δt is the discretization time step, φn = φ(nΔt), ρn = ρ(nΔt), and n =
0, 1, . . . .

As the radiation belt parameters ρ0, ρ1 and ρ2 depend on the angular velocity
φ̇(0), we can have several Van Allen radiation belts at different altitudes, and
trapped particles with different energies.
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Ρ0

Ρ1

Ρ2Earth

Figure 2. Equatorial cross section of the Van Allen inner ra-
diation belt, for protons in the equatorial plane of the Earth.
We show the trajectories of three protons with initial conditions
(cylindrical coordinates): a) ρ(0) = 3.0, ρ̇(0) = 10.0, φ(0) = 0.0,
and φ̇(0) = 10.0; b) ρ(0) = 3.0, ρ̇(0) = 80.0, φ(0) = 3π/2,
and φ̇(0) = 10.0; c) ρ(0) = 3.0, ρ̇(0) = 100.0, φ(0) = π, and
φ̇(0) = 10.0. The first and the second trajectories, a) and b),
correspond to the precession of protons around the Earth. The
third case is an escape trajectory. By (3.8), the escape condition
is |ρ̇(0)| ≥ 95.42. For the three trajectories shown, the radiation
belt parameters are ρ0 = 2.282, ρ1 = 2.755, ρ2 = 5.510, and
c20 = 1.844×10−24. The total effective energies are: a) c10 = 500;
b) c10 = 3650, and, c) c10 = 5450. The trajectories have been
calculate with the Störmer–Verlet numerical method (Appendix)
with the time step Δt = 0.0001, and the angular coordinate has
been calculated by (3.9). For protons with precessing trajectories
near the circumference of radius ρ1, by Proposition 3.1, the Lar-
mor period is TL = 0.043 s. The first two particle trajectories have
been calculated from t = 0 up to t = 2 s.
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4. Motion in the three-dimensional space

The equations of motion of a charged particle in a dipole field – (2.16), are derived
from the effective potential function,

Veff (ρ, Z) =
1

2m2

(
c2

ρ
−mα1

ρ

R3

)2

(4.1)

where R =
√

ρ2 + Z2. In Figure 3a), we show the graph of the potential function
Veff (ρ, Z), and its level lines, for c2 > 0.

As we have seen in the previous section, on the equatorial plane Z = 0, the
exterior boundary of the trapping region is the circumference of radius ρ2, which
corresponds to the unique local maximum of the potential function V̄eff (ρ). The
equation Veff (ρ, Z) = V̄eff (ρ2) defines a bounded region in the (ρ, Z) plane whose
closure is a compact set of maximal area1, Figure 3b). The compact components
of the level sets of the effective Hamiltonian function (2.18) are obtained as the
topological product of a compact plane set with the compact sets in the interior of
the region defined by the equation Veff (ρ, Z) = V̄eff (ρ2). Therefore, any charged
particle with an effective energy on a compact component of the effective Hamil-
tonian is trapped in a torus-like region around the Earth. This trapping region is
the Van Allen inner radiation belt of the Earth.

In the rescaled coordinate system introduced in Section 2, the level lines
Veff (ρ, Z) = V̄eff (ρ2) hit the surface of the Earth for

√
ρ2 + Z2 = 1. So, we

define the contact points of a specific radiation belt as the points at the surface
of the Earth where Veff (ρ, Z) = 0. If c2 > 0, this potential function takes its
minimum value (Veff = 0) along the line c2/ρ = mα1

ρ

R3
, Figure 3b), and, for

R = 1, we have,

ρc =
√

c2

mα1
=

1√
ρ1

(4.2)

which corresponds to the latitudes,

θc = arccos ρc = arccos
√

c2

mα1
. (4.3)

We now summarize the main features of the dynamics associated with the
two degrees of freedom Hamiltonian (2.18).

Proposition 4.1. We consider the motion of a nonrelativistic (positively) charged
particle in a dipole field. If one of the coordinates Z(0) or Ż(0) of the initial condi-
tion is different from zero, and (ρ(0), Z(0)) 
= (0, 0), then the charged particle has
bounded motion, being trapped in a torus-like region around the Earth, provided:

1The compact set is obtained by adding the point (0, 0) to the open set defined by Veff (ρ, Z) =

V̄eff (ρ2). In the following, compact level sets are always obtained by adding this exceptional

point to the open and bounded level sets of the effective potential function Veff (ρ, Z).
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Figure 3. a) Graph of the effective potential function (4.1), with
c2 > 0, for the three dimensional Störmer problem for protons.
b) Effective potential energy level line (heavy lines), Veff (ρ, Z) =
V̄eff (ρ2). For particles characterized by the constant of motion
c2 > 0, the Van Allen inner radiation belt is the toric-like surface
obtained by rotating the level lines shown in b) around the axis
of the dipole field of the Earth. The annular region shown in
Figure 2, delimited by the circumferences of radius ρ0 and ρ2, is
the Z = 0 cross section of the Van Allen inner radiation belt. The
dotted line is the local minimum of the effective potential energy
function Veff (ρ, Z).

(i) Heff (ρ(0), ρ̇(0), Z(0), Ż(0)) ≤ V̄eff (ρ2), c2 > 0, and ρ(0) < ρ2, where ρ2

is defined in (3.7), the Hamiltonian function Heff is defined in (2.18), and
the constant of motion c2 is defined in (2.17). In the particular case where,

Ż(0) = 0, ρ̇(0) = 0, and c2/ρ(0) = mα1ρ(0)/
√

ρ(0)2 + Z(0)2
3
, the charged

particle remains, for every t ≥ 0, in the plane Z = Z(0), and Z(0) ∈
[−2mα1/(3

√
3c2), 2mα1/(3

√
3c2)]. If φ̇(0) 
= 0, it rotates around the dipole

axis. If φ̇(0) = 0, the particle is at rest in the plane Z = Z(0).
(ii) If one of the coordinates Z(0) or Ż(0) of the initial condition is different

from zero, and one of the above conditions is not verified, then ρ(t) →∞, as
t →∞, and we have an escape trajectory.

Proof. If Z(0) = Ż(0) = 0, the motion is restricted to the plane perpendicu-
lar to the dipole axis, and we obtain the case of Proposition 3.1 of the previous
section. If (ρ(0), Z(0)) = (0, 0), the equation of motion (2.16) is not defined. In
case (i), the initial condition is in a compact component of the effective Hamil-
tonian, and the motion is bounded for every t ≥ 0. If, Ż(0) = 0, ρ̇(0) = 0,

and c2/ρ(0) = mα1ρ(0)/
√

ρ(0)2 + Z(0)2
3
, where c2 is defined in (2.17), and

Z(0) ∈ [−2mα1/(3
√

3c2), 2mα1/(3
√

3c2)], the differential equation (2.16) has one
or two fixed points in the plane Z = Z(0).
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In case (ii), the level sets of the Hamiltonian function are not bounded, and
the prolongation of solutions as t →∞ follows as in case (iv) of Proposition 3.1. �

In Figure 4, we show the trajectories of several particles trapped in a Van
Allen inner radiation belt characterized by the constant c2 > 0. The trajectories
have been calculate with the Störmer–Verlet numerical method (Appendix) with
integration time step Δt = 0.00002, and total integration time t = 2 s. From (2.17),
it follows that the angular coordinate φ(t) is given by,

φ(t) = φ(0) +
∫ t

0

(
c2

mρ(s)2
− α1

(
√

ρ(s)2 + Z(t)2)3

)
dt

and by discretization, we obtain,

φn+1 = φn + Δt

⎛⎜⎝ c2

mρ2
n

− α1(√
ρ2

n + Z2
n

)3

⎞⎟⎠ (4.4)

where Δt is the discretization time step, φn = φ(nΔt), ρn = ρ(nΔt), Zn = Z(nΔt),
and n = 0, 1, . . . . In the trajectories of Figure 4, the angular coordinate φ(t) has
been calculated with (4.4).

In the plots on the right-hand side of Figure 4, we show the projection of
the boundary of the level set of the effective Hamiltonian on the (ρ, Z) plane.
The trajectories of trapped charged particles are in the interior of these boundary
curves. Particles with low effective energy have trajectories concentrated in the
vicinity of the equatorial plane of the Earth, Figure 4a. Increasing the effective
energy of the particles, their trajectories approach the polar regions of the Earth
and eventually hit the surface of the Earth. By (4.3), and for the parameter values
of Figure 4, the contact points of the Van Allen inner radiation belt with the
Earth are located at the latitudes θc = ±53.76o. These simulations suggest that
the constant effective energy surface is not filled density by a unique trajectory.

To characterize more precisely the dynamics of the charged particles trapped
in the dipole field of the Earth, we can eventually use KAM techniques, [12], or
construct a Poincaré map for the equations of motion (2.16).

To pursue a KAM approach, [12], the first step is to find an integrable Hamil-
tonian system leaving invariant a two-dimensional torus in the four-dimensional
phase space of the differential equations (2.16). For that, we develop in Taylor se-
ries around the points (ρ = ρ1, Z = 0) and (ρ = ρ2, Z = 0) the second members of
the differential equations in (2.16). By Proposition 3.1, at these points the motion
is integrable and periodic in the equatorial plane of the Earth. In the first case,
the differential equations (2.16) become,⎧⎨⎩ ρ̈ = − c6

2

m6α4
1

(ρ− ρ1)

Z̈ = 0
(4.5)
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Figure 4. Trajectories of three protons in the Van Allen inner
radiation belt, with initial conditions: a) ρ(0) = 3.0, ρ̇(0) = 10.0,
φ(0) = 0.0, φ̇(0) = 10.0, Z(0) = 0.5, and Ż(0) = 0.0; b) ρ(0) =
3.0, ρ̇(0) = 30.0, φ(0) = 0.0, φ̇(0) = 10.0, Z(0) = 0.5, and Ż(0) =
0.0; c) ρ(0) = 3.0, ρ̇(0) = 80.0, φ(0) = 0.0, φ̇(0) = 10.0, Z(0) =
0.5, and Ż(0) = 0.0. The radiation belt parameters are ρ0 = 2.370,
ρ1 = 2.861, ρ2 = 5.722, and c2 = 1.776×10−24. The total effective
energies are: a) c1 = 500; b) c1 = 900, and c) c1 = 3650.
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and, in the second case, we obtain,⎧⎪⎪⎨⎪⎪⎩
ρ̈ =

c6
2

32m6α4
1

(ρ− ρ2)

Z̈ = − 3c6
2

64m6α4
1

Z .

(4.6)

As the solutions of the linear equations (4.5) and (4.6) are unbounded, we loose the
property of boundness already contained in Proposition 4.1- (i) and also the possi-
bility of having a family of invariant two-dimensional torus in the four-dimensional
phase space of the unperturbed systems (4.5) and (4.6).

The other way of characterizing the dynamics of the charged particles in the
Van Allen inner belt is to find a Poincaré map for the equations of motion (2.16).

We consider that at most one of the coordinates Z(0) and Ż(0) of the ini-
tial condition of the differential equation (2.16) is different from zero, and the
particle has bounded motion (c2 > 0). To avoid degenerate situations, we also
consider that, (ρ(0), Z(0)) 
= (0, 0) and the effective energy function is positive,
c1 > 0. Under these conditions, by Proposition 4.1-(i), the initial condition is on
a compact component of the level sets of the Hamiltonian function (2.18). So, the
solution of the differential equation (2.16) exists, and is defined for all t ≥ 0 ( [4],
pp. 187; [13], pp. 8).

The compact components of the level sets of the Hamiltonian function Heff

are obtained as the topological product of a compact plane set with the com-
pact level set of the potential function Veff (ρ, Z). These level sets are compact,
provided c2 > 0. The compact level sets of the Hamiltonian function are three-
dimensional compact manifolds embedded in the four dimensional phase space,
and their intersection with the three-dimensional hyperplane Z = 0 is a two-
dimensional compact manifold Σc2 . This two-dimensional manifold is a compact
set in the four dimensional phase space of the differential equation (2.16) and,
by (2.18), has local coordinates ρ and ρ̇.

In the conditions of Proposition 4.1-(i), any orbit initiated in an initial condi-
tion on the effective energy level sets can cross the hyperplane Z = 0, intersecting
transversally the two-dimensional compact manifold Σc2 . Therefore, the compact
two-dimensional manifold Σc2 is a good candidate for a Poincaré section of the
differential equation (2.16). This construction is used to justify the existence of
two-dimensional conservative Poincaré maps for two-degrees of freedom Hamilton-
ian systems, ( [12], pp. 17–20). However, there are two main difficulties in proving
that Σc2 is the domain of a Poincaré map. The first case, it is difficult to prove
that any trajectory that crosses transversally the section Σc2 will return to it after
a finite time. The second difficult questions concerns the unicity of the trajectories
crossing the plane Z = 0.

From Proposition 4.1- (i), it follows that there are orbits of trapped parti-
cles that never cross Σc2 . However, due to the invariance of the differential equa-
tion (2.16) for transformations of t into −t, any initial condition on the plane
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Figure 5. Poincaré maps for the constant of motion c2 = 1.776×
10−24. The Poincaré map have been calculated with the initial
conditions: a) ρ(0) = 3.0, φ(0) = 0.0, φ̇(0) = 5.47089, Z(0) = 0.0,
and Ż(0) = 0.5; b) ρ(0) = 3.0, φ(0) = 0.0, φ̇(0) = 10.0,
Z(0) = 0.5, and Ż(0) = 0.5. In both figures, the initial conditions
ρ̇(0) have been changed in the interval [0, 85]. The dots have co-
ordinates (ρ1, 0) and (ρ2, 0), with ρ1 < ρ2. Both Poincaré sections
have been generated with different families of initial conditions.
This suggests that there are different particle trajectories with the
same effective energy that cross the two-dimensional section Σc2

at the same point.

Z = 0 with Ż 
= 0, has a prolongation for positive and negative values of t, cross-
ing transversally the plane Z = 0 at most once. With this property, we can test
numerically the structure of the orbits that cross the set Σc2 . In Figure 5, we
show the computed orbits on the Poincaré section Σc2 , for two families of initial
conditions and the same value of the constant of motion c2.

In Figure 5a, we have chosen initial conditions on the plane Z(0) = 0, with
Ż(0) 
= 0. For all the analysed initial conditions, the orbits crossed several times
the surface of section Σc2 . Due to the structure of orbits, the motion appears to be
quasi-periodic. However, if the initial conditions are away from the plane Z(0) = 0
and for the same value of c2, the topology of the orbits on the section Σc2 changes
drastically, Figure 5b. Comparing Figure 5a with 5b, the structure of the orbits
are incompatible, in the sense that different orbits cross Σc2 at the same point.
This shows that Σc2 can not be the domain of a Poincaré map for the differential
equations(2.16). On the other hand, the structure of orbits in Figure 5b suggests
the existence of transversal homoclinic intersections and therefore chaotic motion
inside the trapping region of the Störmer problem.
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5. Conclusions

The Hamiltonian dynamical system describing the motion of a charged particle
in a dipole field (Störmer problem) has been reduced to a two-degrees of freedom
system. This reduced system has two constants of motion. It has been shown that
the trajectories of charged particles can be periodic and quasi-periodic, and that,
for a suitable choice of the initial conditions in between a minimal and maximal
height from the equatorial plane, the planes perpendicular to the dipole axis are
invariant for the motion of charged particles.

From a more global point of view, the trajectories of the charged particles in
the Earth dipole field can be trapped in a torus-like region surrounding the Earth,
or can be scattered and escape to infinity. The torus-like trapping region around
the Earth can be interpreted as the Van Allen inner radiation belt, as measured
by particle detectors in spacecrafts. The physical effects associated with radiation
phenomena intrinsic to accelerated charged particles (Bremsstrahlung) account for
the phenomena of radiation aurorae. The numerically computed trajectories of
trapped charged particles suggests the existence of chaotic motion inside the Van
Allen inner belts around the dipole axis of the Earth. The properties of the Störmer
dynamical systems are summarized in Propositions 3.1 and 4.1.

From the applied physics point of view, the Störmer problem deviates from
the real situation in essentially three ways. In the first case, the magnetic field
of the Earth has a strong quadrupolar component that was not considered. The
second drastic simplification has to do with the fact that the dipole axis is not
coincident with the rotation axis of the Earth. The rotation of the Earth introduces
a time periodic forcing into the equations of motion. In the third simplification, we
have considered implicitly that charged particles do not radiate (Bremsstrahlung)
when subject to accelerating forces. However, the three main effects observed in
the Earth magnetosphere, radiation belts, radiation aurorae and South Atlantic
anomaly, are described by the simplified model.

The existence of periodic, quasi-periodic and chaotic trajectories in the Stör-
mer problem together with the Bremsstrahlung effect, shows that radiation belts
make a shield protection for the high energy charged particles arriving at Earth.
These particles loose kinetic energy by Bremsstrahlung when they are scattered
and when they are trapped in the Van Allen inner radiation belts.

From the mathematical point of view, the Störmer problem poses some open
problems for the dynamics of two-degrees of freedom Hamiltonian systems. The
Störmer dynamical systems is not generated from the perturbation of a two-
dimensional torus in a four-dimensional phase space, suggesting the existence of
non KAM mechanism for the generation of bounded motion in two-degrees of
freedom Hamiltonian systems. On the other hand, the arguments used in the con-
struction of Poincaré sections in two-degrees of freedom Hamiltonian systems with
two conservation laws lead to the non-unicity of the orbits on these surfaces of
section.



192 R. Dilão and R. Alves-Pires

Appendix

To integrate numerically the equations of motion (2.16) and (3.1), we have used
the explicit Störmer–Verlet method of order 2, ( [10], pp. 14 and 177),⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

pn+1/2 = pn −Δt
∂H

∂q
(qi)

qn+1 = qn + Δt
∂H

∂p
(pn+1/2)

pn+1 = pn+1/2 −Δt
∂H

∂q
(qi+1)

where H(q1, . . . , qn, p1, . . . , pn) is the Hamiltonian function, and Δt is the integra-
tion time step. For example, for (3.1), the Störmer–Verlet method reduces to,⎧⎪⎪⎨⎪⎪⎩

ρn+1 = ρn + Δtρ̇n +
Δt2

2
f(ρn)

ρ̇n+1 = ρ̇n +
Δt

2
f(ρn) +

Δt

2
f(ρn+1)

where ρn = ρ(nΔt), ρ̇n = ρ̇(nΔt), f(ρ) = −dVeff

dρ
. This method is symplectic,

being area preserving.
The Störmer–Verlet method has the advantage of being explicit, and the

integration accuracy is obtained by decreasing the time step Δt. However, it does
not conserve the energy function. We have tested other higher order numerical
integrators but, with this Störmer–Verlet method, the overall behaviour of the
solutions is closer to the exact results. For a detailed theoretical discussion about
the Störmer–Verlet method see [17].
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Abstract. There is a one-to-one correspondence between C1+H Cantor ex-
change systems that are C1+H fixed points of renormalization and C1+H

diffeomorphisms f on surfaces with a codimension 1 hyperbolic attractor Λ
that admit an invariant measure absolutely continuous with respect to the
Hausdorff measure on Λ. However, there is no such C1+α Cantor exchange
system with bounded geometry that is a C1+α fixed point of renormalization
with regularity α greater than the Hausdorff dimension of its invariant Cantor
set. The proof of the last result uses that the stable holonomies of a codimen-
sion 1 hyperbolic attractor Λ are not C1+θ for θ greater than the Hausdorff
dimension of the stable leaves of f intersected with Λ.
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1. Introduction

The works of Veech, Penner, Thurston and Masur show a strong link between
affine interval exchange maps and Anosov and pseudo-Anosov maps. We develop
a smooth version of the above link proving that every C1+H diffeomorphism f
on a surface, with a codimension 1 hyperbolic attractor, induces a C1+H Cantor
exchange system Φf . E. Ghys and D. Sullivan observed that Anosov diffeomor-
phisms on the torus determine circle diffeomorphisms that have an associated
renormalization operator. We explain that every C1+H diffeomorphism f on a
surface, with a codimension 1 hyperbolic attractor, determines a renormalization
operator acting on the topological conjugacy class [Φf ]C0 of Φf . We show that,
every C1+H diffeomorphism g, topologically conjugate to f , determines a C1+H

Cantor exchange system Φg ∈ [Φf ]C0 with bounded geometry that is a C1+H fixed
point of renormalization [RΦg]C1+H = [Φg]C1+H and vice-versa. Denjoy has shown
the existence of upper bounds for the smoothness of Denjoy maps. We prove that
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there is no C1+α Cantor exchange system Ψ ∈ [Φf ]C0 , with bounded geometry,
that is a C1+α fixed point of renormalization with regularity α greater than the
Hausdorff dimension of the Cantor invariant set of Ψ. As an example, for C1+H

derived Anosov maps we show that the induced C1+H Cantor exchange systems
correspond to C1+H Denjoy maps. In this case, the renormalization operator is
a simple generalization to Denjoy maps of the usual renormalization operator for
rotations of the circle and for comuting pairs as introduced by O. Lanford and D.
Rand. We get that there is an infinite dimensional space of C1+H Denjoy maps
semi-conjugate to the golden rotation and with bounded geometry that are C1+H

fixed points of renormalization. However, there is no such C1+α Denjoy map that is
a C1+α fixed point of renormalization with regularity α greater than the Hausdorff
dimension of its nonwandering set. This result partially confirms the conjecture of
J. Harrison [11]. Another result that partially proves the conjecture of J. Harrison
has been done by A. Norton [18] using box dimension instead of Hausdorff dimen-
sion. To prove these last results, we use that codimension 1 hyperbolic attractors Λ
do not have affine models as we explain in the paper.

2. Cantor exchange systems

A C1+α exchange system Φ = {φi; i = 1, . . . , n} is a finite set of C1+α diffeomor-
phisms φi : Ii → Ji with the following properties:

(i) The domains Ii of φi are closed intervals in the reals;
(ii) If φi ∈ Φ then φ−1

i ∈ Φ;
(iii) Every x ∈ R has at most two distinct images by the maps in Φ.

A C1+H exchange system Φ is a C1+α exchange system, for some α > 0.
We note that condition (i) implies that the intervals Ji are also closed in-

tervals. We say that a finite sequence {φin
∈ Φ}m

n=1 or an infinite sequence
{φin

∈ Φ}n≥1 is admissible with respect to x, if φin
◦ . . . ◦ φi1(x) ∈ Iin+1 and

φin

= φ−1

in−1
for all n > 1. We define the invariant set ΩΦ of Φ as being the

set of all points x ∈ R for which there are two distinct infinite admissible se-
quences with respect to x. We denote the Hausdorff dimension of ΩΦ by HD(ΩΦ).
If 0 < HD(ΩΦ) < 1, we call Φ a C1+H Cantor exchange system.

We say that a Cantor exchange system Φ is determined by a map φ : I → J
if all the maps φi : Ii → Ji contained in Φ are the restriction of the map φ or its
inverse φ−1 to Ii. In this case, we call φ a Cantor exchange map. We note that not
all Cantor exchange systems are determined by a Cantor exchange map.

We say that two C1+α Cantor exchange systems Φ = {φi : Iφi
→ Jφi

; i =
1, . . . , n} and Ψ = {ψi : Iψi

→ Jψi
; i = 1, . . . , n}, with α > 0, are C0 conjugate if

there is a C0 homeomorphism h : ∪Iφi
→ ∪Iψi

such that h ◦ φi(x) = ψi ◦ h(x) for
all x ∈ ΩΦ. We denote by [Φ]C0 the set of all C1+H Cantor exchange systems that
are C0 conjugate to Φ. If h is a C1+α diffeomorphism, then we say that Φ and Ψ
are C1+α conjugate. We denote by [Φ]C1+H the set of all C1+H Cantor exchange
systems Ψ that are C1+α(Ψ) conjugate to Φ, for some α(Ψ) > 0 depending on Ψ.
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2.1. Renormalization

Let Φ = {φi : Iφi
→ Jφi

: i = 1, . . . , n} and Ψ = {ψi : Iψi
→ Jψi

: i = 1, . . . , m} be
C1+H Cantor exchange systems. We say that Ψ is a renormalization of Φ if there
is a renormalization sequence set S = S(Φ,Ψ) = {s1, . . . , sm} with the following
properties:

(i) For every i ∈ {1, . . . , n}, we have that

ψi = φsi
k(si)

◦ · · · ◦ φsi
1
|Iψi

,

where k(si) is the length of the sequence si ∈ S. In particular, ΩΨ ⊂ ΩΦ and
Iψi

⊂ Iφ
si
1
.

(ii) For every x ∈ ΩΦ \ ΩΨ, there are exactly two distinct sequences si, sj ∈ S
with the property that there are points yi ∈ Iψi

, yj ∈ Iψj
such that

x = φsi
k(x,i)

◦ · · · ◦ φsi
1
(yi) and x = φsj

k(x,j)
◦ · · · ◦ φsj

1
(yj) ,

for some 0 < k(x, i) < k(si) and 0 < k(x, j) < k(sj).
We say that the C1+H Cantor exchange system Γ = {γi : Iγi

→ Jγi
:

i = 1, . . . , m} is an affine renormalization of the C1+H Cantor exchange system
Φ = {φi : Iφi

→ Jφi
: i = 1, . . . , n} if there are affine maps Ai : R → R and

Bi : R → R such that

Ψ =
{
ψi = B−1

i γiAi : A−1
i (Iγi

) → Bi(Iγj
); i = 1, . . . , m

}
is a renormalization of Φ. If Ψ is a renormalization of Φ, with renormalization se-
quence set S(Φ,Ψ), then there is a unique renormalization operator R = RS(Φ,Ψ) :
[Φ]C0 → [Ψ]C0 defined as follows: Let Φ be a C1+H Cantor exchange system
topologically conjugate to Φ by ξ, and set

Ψ =
{

ψ
i
= φ

si
k(si)

◦ · · · ◦ φ
si
1

: ξ(Iψi
) → ξ(Jψi

), for every si ∈ S(Φ,Ψ)
}

.

By construction, Ψ is topologically conjugate to Ψ, and so Ψ is a C1+H Cantor
exchange system that is a renormalization of Φ with respect to the renormalization
sequence set S(Φ,Ψ) = S(Φ,Ψ). Hence, the renormalization operator R is well-
defined by RΦ = Ψ.

Let R : [Φ]C0 → [Ψ]C0 be a renormalization operator. We say that a C1+α

Cantor exchange system Γ ∈ [Φ]C0 is a C1+α fixed point of the renormalization
operator R, if RΓ is C1+α conjugated to Γ, i.e., [RΓ]C1+α = [Γ]C1+α . We say
that a C1+H Cantor exchange system Γ ∈ [Φ]C0 is a C1+H fixed point of the
renormalization operator R, if Γ is a C1+α fixed point of the renormalization
operator R, for some α > 0 depending upon Γ.

2.2. Bounded geometry

Let Φ and Ψ be C1+H Cantor exchange systems such that Ψ is a renormalization
of Φ with renormalization sequence set S = S(Φ,Ψ). Let us suppose that Ψ is
topologically conjugate to Φ, i.e., Φ is a C0 fixed point of renormalization [RΦ]C0 =



198 F. Ferreira, A. A. Pinto, and David A. Rand

[Φ]C0 . In this case Φ is an infinitely renormalizable C1+H Cantor exchange system,
i.e., there is an infinite sequence(

RmΦ =
{
φ

(m)
i : I

(m)
φi

→ J
(m)
φi

; i = 1, . . . , n(m)
})

m≥1

of Cantor exchange systems inductively determined, for every m ≥ 1, by RmΦ =
R(Rm−1Φ) with S(RmΦ, Rm−1Φ) = S(Φ,Ψ).

Set

L(1)
m =

{
φ

(m)

si
k

◦ · · · ◦ φ
(m)

si
1

(
I
(m+1)
φi

)
: I

(m+1)
φi

⊂ I
(m)
φ

si
1

, 0 ≤ k ≤ k(si), si ∈ S

}
.

Set, inductively on j ≥ 1, the sets

L(j)
m =

{
φ

(m)

si
k

◦ · · · ◦ φ
(m)

si
1

(I) : I ∈ L
(j−1)
m+1 , I ⊂ I

(m)
φ

si
1

, 0 ≤ k ≤ k(si), si ∈ S

}
.

By construction, L
(j+1)
m ⊂ L

(j)
m and ΩRmΦ = ∩j≥1L

(j)
m . We call L

(j)
m the j-th level

of the partition of RmΦ. Let the j-gap set G
(j)
m of RmΦ be the set of all maximal

closed intervals I such that I ⊂ J for some J ∈ L
(j−1)
m and intI ∩ K = ∅, for

every K ∈ L
(j)
m . We say that the C1+H Cantor exchange system Φ has bounded

geometry, if there is c > 1 such that, for all j ≥ 1 and all intervals I ∈ L
(j)
0 ∪G

(j)
0

contained in a same interval K ∈ L
(j−1)
0 , we have c−1 < |I|/|K| < c.

3. Codimension 1 hyperbolic attractors

Throughout this paper, (f,Λ,M) is a C1+H diffeomorphism f with a codimen-
sion 1 hyperbolic attractor Λ and with a Markov partition M on Λ satisfying the
disjointness property that we pass to define.

We say that (f,Λ) is a C1+H diffeomorphism f with a codimension 1 hyper-
bolic attractor Λ, if (f,Λ) has the following properties:

(i) f : S → S is a C1+H diffeomorphism of a compact surface S with respect to
a C1+H structure on S.

(ii) Λ is a hyperbolic invariant subset of S such that f |Λ is topologically transitive
and Λ has a local product structure.

(iii) There is an open set O ⊂ S such that Λ = ∩n≥0f
nO.

A C1+H diffeomorphism (f,Λ) with codimension 1 hyperbolic attractor has the
property that the local stable leaves intersected with Λ are Cantor sets and the
local unstable leaves are 1 dimensional manifolds. Let HD(Λs) be the Hausdorff
dimension of the stable leaves intersected with the basic set. Furthermore, (f,Λ)
has a Markov partition on Λ (see [29]) with the following disjointness property
(see [2, 17] and [30]): The unstable leaf boundaries of any two Markov rectangles
do not intersect except, possibly, at their endpoints.

Suppose that M and N are Markov rectangles, and x ∈ M and y ∈ N . We
say that x and y are s-holonomically related if (i) there is an u-leaf segment �u(x, y)
such that ∂�u(x, y) = {x, y}, and (ii) �u(x, y) ⊂ �u(x,M) ∪ �u(y,N). Let P = PM
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be the set of all pairs (M,N) such that there are points x ∈ M and y ∈ N stable
holonomically related.

For every Markov rectangle M ∈ M, choose a spanning leaf segment �M

in M . Let I = {�M : M ∈ M}. For every pair (M,N) ∈ P , there are maximal
leaf segments �D

M ⊂ �M , �C
N ⊂ �N such that the holonomy h(M,N) : �D

M → �C
N is

well-defined. We call such holonomies h(M,N) : �D
M → �C

N the (stable) primitive
holonomies associated to the Markov partition M.

Definition 3.1. The set H = {h(M,N) : �D
M → �C

N ; (M,N) ∈ P} is a complete set
of stable holonomies.

For every leaf segment �M ∈ I, let �̂M be the smallest full leaf segment
containing �M (see definition in Section 5). By the Stable Manifold Theorem,
there are C1+H diffeomorphisms kM : �̂M → KM ⊂ R. We choose the C1+H

diffeomorphisms kM : �̂M → KM ⊂ R with the extra property that their images
are pairwise disjoint, i.e., KM ∩KN = ∅ for all M,N ∈ M such that M 
= N . Set

KM =
n⋃

i=1

KMi
, L̂M =

n⋃
i=1

�̂Mi
and LM = L̂M

⋂
Λf . (3.1)

Let k : L̂M → KM be the map defined by k|�̂M = kM , for every M ∈ M. Let

π :
n⋃

i=1

Mi → LM (3.2)

be the projection defined by π(xi) = yi, where yi ∈ �u
Mi

(xi)∩LM for every xi ∈ Mi.

Lemma 3.2. The triple (f,Λ,M) induces a C1+H Cantor exchange system

Φ = Φf,M =
{

e(M,N) : kM

(
�̂D
(M,N)

)
→ kN

(
�̂C
(M,N)

)
|(M,N) ∈ P

}
,

with bounded geometry. Furthermore, for every (M,N) ∈ P:

(i) e(M,N)|kM

(
�D
(M,N)

)
= kM ◦ h(M,N) ◦ k−1

N ;
(ii) ΩΦ = kM(LM).

Proof. Define e(M,N)|kM

(
�D
(M,N)

)
= kM ◦ h(M,N) ◦ k−1

N . By Theorem 2.1 in [21],
the map kM ◦ h(M,N) ◦ k−1

N |kM

(
�D
(M,N)

)
extends (not uniquely) to a C1+α diffeo-

morphism e(M,N) : k(�̂D
(M,N)) → k(�̂C

(M,N)) for some α > 0. By construction, the
set {e(M,N) : (M,N) ∈ P} satisfies properties (i),(ii) and (iii) of the definition of
a C1+H Cantor exchange system, and ΩΦ = kM(LM). �
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A B

�v

�w

h1 h2h3

Figure 1. The complete set of holonomies H = {h1, h2, h3,
h−1

1 , h−1
2 , h−1

3 } for the Anosov map f : R2 \ (Z�v × Z�w) →
R2 \ (Z�v × Z�w) defined by f(x, y) = (x + y, y) and with Markov
partition M = {A,B}.

3.1. Renormalization

In this section, given a C1+H diffeomorphism f with codimension 1 hyperbolic
attractor Λ and with a Markov partition M satisfying the disjointness property,
we present an explicit construction of a renormalization operator R = Rf,M acting
on the topological conjugacy class of the C1+H Cantor exchange system Φf,M

induced by (f,Λ,M). Let the Markov partition N = f∗M be the pushforword of
the Markov partition M, i.e., for every M ∈ M, N = f(M) ∈ N.

Lemma 3.3. Let Φf,M and Φf,N be the C1+H Cantor exchange systems induced
(as in Lemma 3.2), respectively, by (f,Λ,M) and (f,Λ,N). There is a well-defined
renormalization operator

R = Rf,M : [Φf,M]C0 → [Φf,N]C0 .

Proof. For simplicity of notation, let us denote kM by k (see (3.1)). We choose a
map

σ : {1, . . . , n} → {1, . . . , n} (3.3)
with the property that Ni ∩ Mσ(i) 
= ∅, where Ni ∈ N and Mσ(i) ∈ M. For
each Ni ∈ N, let �Ni

be the stable spanning leaf segment �Mσ(i) ∩ π(Ni), and let
�̂Ni

be the corresponding full stable spanning leaf (i.e., �̂Ni
∩ Λ = �Ni

), where
π :
⋃n

i=1 Mi → LM is the natural projection as defined in (3.1). Set

LN =
n⋃

i=1

�Ni
and L̂N =

n⋃
i=1

�̂Ni
.

Let HN = {h(Ni,Nj) : �D
(Ni,Nj)

→ �C
(Ni,Nj)

|(Ni, Nj) ∈ PN} be the (stable) complete
set of holonomies associated to the Markov partition N. By construction, for every
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(Ni, Nj) ∈ PN there is a sequence hα1 , . . . , hαn
of holonomies in HM such that

h(Ni,Nj) = hαn
◦ · · · ◦ hα1 |�̃D

Ni
.

Let
e(Ni,Nj) : kMσ(i)

(
�̂D
(Ni,Nj)

)
→ kMσ(j)

(
�̂D
(Ni,Nj)

)
be given by e(Ni,Nj) = eαn

◦ · · · ◦ eα1 , where eαi
∈ Φf,M and eαi

|k
(
�D
(Ni,Nj)

)
=

k ◦ hαi
◦ k−1|k

(
�D
(Ni,Nj)

)
. Set

Ψ =
{

e(Ni,Nj) : k
(
�̂D
(Ni,Nj)

)
→ k

(
�̂C
(Ni,Nj)

)
|(Ni, Nj) ∈ PN

}
.

By construction, Ψ = Φf,N (as constructed in Lemma 3.2), and so Ψ is a C1+H

Cantor exchange system. Since the set S(Φf,M,Φf,N) of all sequences α1 . . . αn

such that e(Ni,Nj) = eαn
◦ · · · ◦ eα1 , for some (Ni, Nj) ∈ PN, form a renormalizable

sequence set, the C1+H Cantor exchange system Φf,N is a renormalization of Φf,M.
Therefore, by §2.1, there is a well-defined renormalization operator R = Rf,M :
[Φf,M]C0 → [Φf,N]C0 . �

Theorem 3.4. The C1+H Cantor exchange system Φf,M is a C1+H fixed point
of renormalization, i.e., [RΦf,M]C0 = [Φf,M]C0 , where R = Rf,M : [Φf,M]C0 →
[Φf,N]C0 is the renormalization operator (as constructed in Lemma 3.3).

See proof of the above theorem in [26].

3.2. Hausdorff dimension versus smoothness

Before proceeding, we present the following notion of C1,HD regularity of a func-
tion.

Definition 3.5. Let φ : I → J be a homeomorphism between open sets I ⊂ R and
J ⊂ R. If 0 < α < 1, then φ is said to be C1,α if it is differentiable and for all
points x, y ∈ I

|φ′(y)− φ′(x)| ≤ χφ(|y − x|) (3.4)

where the positive function χφ(t) satisfies limt→0 χφ(t)/tα = 0.

In particular, a C1+β diffeomorphism is C1,α for all 0 < α < β. Furthermore,
a C1,α homeomorphism is C1+α.

Theorem 3.6. Let Cf,M be the topological conjugacy class of C1+H Cantor ex-
change systems determined by a C1+H diffeomorphism f with codimension 1 hyper-
bolic attractor Λ and with a Markov partition M satisfying the disjointness prop-
erty. There is no C1,HD(ΩΦ) Cantor exchange system Φ ∈ Cf,M, with bounded ge-
ometry, that is a C1,HD(ΩΦ) fixed point of renormalization operator, i.e.,
[Rf,MΦ]C1,HD(ΩΦ) = [Φ]C1,HD(ΩΦ) .

See proof of the above theorem in [26].
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3.3. An example: Denjoy maps

Let rγ : S1 → S1 be the rigid rotation of the circle S1 = R/Z, with rotation
number w = 1/(1 + γ), where γ satisfies γ−1 = γ + a for some integer a ≥ 1,
i.e., γ = 1/(a + 1/(a + . . .)). Let q1, q2, . . . be the sequence defined inductively as
follows: q1 = 1, and qn+1 is the smallest positive integer with the property that
the distance between rqn+1(0) and 0 is smaller than the distance between rqn(0)
and 0. Let S̃ be the circle obtained from the circle S1 as follows: At 0, we cut
S1 and join an arc with length 1, and, for every n ≥ 1 and every integer m such
that qn ≤ |m| < qn+1, we cut S1 at each point rm

γ (0) and we join an arc am

with length γ−n. This construction of S̃ determines a natural projection map
π : S̃ → S1 by collapsing all the arcs am. Let d̃γ : S̃ → S̃ be a homeomorphism
such that π ◦ d̃γ(x) = rγ ◦ π(x) for all x ∈ S̃. Fix the points 0̃l and 0̃r as being
the left and right endpoints of the interval π−1(0). Let clO+(0̃l) and clO+(0̃r) be
the closures of the forward orbits of 0̃l and 0̃r, respectively. By construction of the
map d̃γ , the sets clO+(0̃l), clO+(0̃r) and the nonwandering set Ω̃ of d̃γ are equal.

Before proceeding, we present the following notion of quasisymmetric regu-
larity of a function: A homeomorphism h : L ⊂ R → R is quasisymmetric (qs) if
for every constant c > 1 there exists k(c) > 1 such that

k(c)−1 <
(
h(z)− h(y)

)
/
(
h(y)− h(x)

)
< k(c) ,

for every points x, y, z ∈ L with the property that x < y < z and that c−1 <
(z − y)/(y − x) < c.

Definition 3.7. A C1+α diffeomorphism d : S1 → S1 is a C1+α Denjoy map
with bounded geometry and rotation number γ, if there is a homeomorphism
h : S1 → S1 which conjugates d̃γ with d, and the map h|Ω̃ is quasisymmetric. Let
us denote the point h(0̃l) by 0l, the point h(0̃r) by 0r, and the set h(Ω̃) by Ωd. Let
HD(Ωd) be the Hausdorff dimension of the nonwandering set Ωd of d.

Let d : S1 → S1 be a Denjoy map with rotation number γ satisfying γ−1 =
γ+a, for some integer a ≥ 1. Let IR be the arc with endpoints da(0r) and da+1(0r)
and containing 0r. Set ID

1 = [0r, d
a+1(0l)] ⊂ IR and ID

2 = [da(0r), 0l] ⊂ IR. Let
SR be the circle obtained by identifying the endpoints of IR. We say that a C1+α

diffeomorphism dR : SR → SR is a renormalization of d, if

dR|ID
1

(x) = da(x) and dR|ID
2

(x) = da+1(x) .

Since γ−1 = γ + a, for some integer a ≥ 1, we obtain that there exists a map
h : Ωd → ΩdR

which conjugates d on its nonwandering set Ωd with dR on its
nonwandering set ΩdR

, and h extends to a homeomorphism h̃ : S1 → SR. The
proof follows from using that the rigid rotation rγ is a fixed point of the usual
renormalization operator for diffeomorphisms of the circle and for comuting pairs
as introduced by O. Lanford and D. Rand. A C1+α diffeomorphism d : S1 → S1

is a C1+α fixed point of renormalization, if there exists a C1+α diffeomorphism
dR : SR → SR that is a renormalization of d, and the conjugacy h : Ωd → ΩdR
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between d|Ωd and dR|ΩdR
extends to a C1+α diffeomorphism of the circle, with

α > 0. Let Dγ be the set of all C1+H conjugacy classes of C1+H Denjoy maps
d : S1 → S1, with bounded geometry and rotation number γ, that are C1+H fixed
points of renormalization.

Theorem 3.8. The set Dγ is an infinite dimensional space characterized by a Teich-
müller space consisting of solenoid functions. However, there is no C1,HD(Ωd) Den-
joy map d : S1 → S1, with bounded geometry and rotation number γ, that is a
C1,HD(Ωd) fixed point of renormalization.

See proof of the above theorem in [26].

4. No affine models

The proof of Theorems 3.6 and 3.8 rely in the non-existence of affine models for
codimension 1 hyperbolic attractors as we pass to explain.

The stable basic holonomies are maps defined between s-leaf segments defined
by travelling along the unstable manifolds (see Section 5.4). In [21], it is proved
that these maps have C1+α extensions to the full s-leaf segments for some α > 0
with respect to the full s-leaf charts. Therefore, all s-leaf segments have the same
Hausdorff dimension which we denote by HDs. Unstable basic holonomies, u-leaf
segments and HDu are similarly defined.

Definition 4.1. An hyperbolic affine model for f on Λ is an atlas A with the
following properties:

(i) the union of the domains U of the charts i : U → R2 of A (which are open
in M) cover Λ;

(ii) any two charts i : U → R2 and j : V → R2 in A have overlap maps
j ◦ i−1 : i(U ∩ V ) → R2 with affine extensions to R2;

(iii) f is affine with respect to the charts in A;
(iv) �L is a basic hyperbolic set;
(v) the images of the stable and unstable local leaves under the charts in A are

contained in horizontal and vertical lines; and
(vi) the basic holonomies have affine extensions to the stable and unstable leaves

with respect to the charts in A.

We will use, from now on, ι to denote an element of the set {s, u} of the stable
and unstable superscripts and ι′ to denote the element of {s, u} that is not ι. For
ι ∈ {s, u}, a full ι-leaf segment I (or, equivalently, a local ι-leaf) is defined as a
connected subset of W ι(x), and an ι-leaf segment is the intersection with Λ of a
full ι-leaf segment. The endpoints of an ι-leaf segment I are the endpoints of the
minimal closed full ι-leaf segment containing I (see Section 5.1).

Definition 4.2. A twinned pair of u-leaves (I, J) in a basic set Λ consists of a pair
of u-leaf segments I and J with the following properties (see Figure 2):
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Figure 2. An illustration of twinned pair of u-leaves..

(i) an endpoint p of I and an endpoint q of J are periodic points under f ;
(ii) (I \ {p}) ∩ (J \ {q}) = ∅;
(iii) for all z ∈ I\{p} there is a full s-leaf segment γz in the stable manifold through

z which has endpoints z and z′ such that z′ ∈ J \ {q} and γz ∩ Λ = {z, z′}.

It follows from this that if a sequence zn ∈ I \ {p} converges to p then the
corresponding sequence z′n ∈ J ∩ γzn

converges to q. Also, it follows that the
periodic points p and q must have the same period. A twinned pair of s-leaves in
a basic set Λ is similarly defined.

Remark 4.3. In the previous definition we allow the points p and q to coincide.
However, if p is different from q then there is no stable leaf containing both p and q
(otherwise they would converge under iteration by f).

If Λ is a codimension 1 hyperbolic attractor then Λ contains a twinned pair
of u-leaves. Furthermore, if Λ contains a twinned pair of ι-leaves then there are no
affine models for f on Λ (see [25]).

A complete set of holonomies Hι is C1,HDι

if for every holonomy hα : I → J
in Hι with I ⊂ Ii and J ⊂ Ij , the map uj ◦hα ◦u−1

i and its inverse have a C1,HDι

diffeomorphic extension to R such that the modulus of continuity does not depend
upon hα ∈ Hι.

Theorem 4.4. If Λ be a codimension 1 hyperbolic attractor, for a C1+γ diffeomor-
phism f on a surface with γ > HDs, then the complete set of s-holonomies Hs is
not C1,HDs

.

The proof of the above theorem follows from the non-existence of affine mod-
els for codimension 1 hyperbolic attractors (see [25]).

5. Appendix

In this Appendix, we present some basic facts on hyperbolic dynamics, that we
include for clarity of the exposition.
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5.1. Leaf segments

Let d be a metric on M , and define the map fι = f if ι = u, or fι = f−1 if ι = s.
For ι ∈ {s, u}, if x ∈ Λ we denote the local ι-manifolds through x by

W ι(x, ε) =
{

y ∈ M : d
(
f−n

ι (x), f−n
ι (y)

)
≤ ε, for all n ≥ 0

}
.

By the Stable Manifold Theorem [29], these sets are respectively contained in the
stable and unstable immersed manifolds

W ι(x) =
⋃
n≥0

fn
ι

(
W ι
(
f−n

ι (x), ε0

))
which are the image of a C1+γ immersion κι,x : R → M . An open (resp. closed)
full ι-leaf segment I is defined as a subset of W ι(x) of the form κι,x(I1) where I1

is an open (resp. closed) subinterval (non-empty) in R. An ι-open (resp. closed)
leaf segment is the intersection with Λ of a full open (resp. closed) ι-leaf segment
such that the intersection contains at least two distinct points. If the intersection
is exactly two points we call this ι-closed leaf segment an ι-leaf gap. An ι-full leaf
segment is either an open or closed ι-full leaf segment. An ι-leaf segment is either
an open or closed ι-leaf segment. The endpoints of a full ι-leaf segment are the
points κι,x(u) and κι,x(v) where u and v are the endpoints of I1. The endpoints
of an ι-leaf segment I are the points of the minimal closed full ι-leaf segment
containing I. The interior of a ι-leaf segment I is the complement of its boundary.
In particular,a ι-leaf segment I has empty interior if, and only if, it is an ι-leaf
gap. A map c : I → R is an ι-leaf chart of an ι-leaf segment I if has an extension
cE : IE → R to a full ι-leaf segment IE with the following properties: I ⊂ IE and
cE is a homeomorphism onto its image. An ι-full leaf segment is either an open or
close full leaf segment.

5.2. Rectangles

Since �L is a hyperbolic invariant set of a diffeomorphism f : M → M , for 0 <
ε < ε0 there is δ = δ(ε) > 0, such that for all points w, z ∈ �L with d(w, z) < δ,
Wu(w, ε) and W s(z, ε) intersect in an unique point that we denote by [w, z]. Since
we assume that the hyperbolic set has a local product structure, we have that
[w, z] ∈ Λ. Furthermore, the following properties are satisfied: (i) [w, z] varies
continuously with w, z ∈ �L; (ii) the bracket map is continuous on a δ-uniform
neighbourhood of the diagonal in �L× �L; and (iii) whenever both sides are defined
f([z, w]) = [f(z), f(w)]. Note that the bracket map does not really depend on δ
provided it is sufficiently small.

Let us underline that it is a standing hypothesis that all the hyperbolic sets
considered here have such a local product structure.

A rectangle R is a subset of �L which is (i) closed under the bracket, i.e.,
x, y ∈ R ⇒ [x, y] ∈ R, and (ii) proper, i.e., is the closure of its interior in �L.
This definition imposes that a rectangle has always to be proper which is more
restrictive than the usual one which only insists on the closure condition.
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If �s and �u are respectively stable and unstable leaf segments intersecting
in a single point then we denote by [�s, �u] the set consisting of all points of the
form [w, z] with w ∈ �s and z ∈ �u. We note that if the stable and unstable leaf
segments � and �′ are closed then the set [�, �′] is a rectangle. Conversely in this
2-dimensional situations, any rectangle R has a product structure in the following
sense: for each x ∈ R there are closed stable and unstable leaf segments of �L,
�s(x,R) ⊂ W s(x) and �u(x,R) ⊂ Wu(x) such that R = [�s(x,R), �u(x,R)]. The
leaf segments �s(x,R) and �u(x,R) are called stable and unstable spanning leaf
segments for R. For ι ∈ {s, u}, we denote by ∂�ι(x,R) the set consisting of the
endpoints of �ι(x,R), and we denote by int�ι(x,R) the set �ι(x,R)\∂�ι(x,R). The
interior of R is given by intR = [int�s(x,R), int�u(x,R)], and the boundary of R
is given by ∂R = [∂�s(x,R), �u(x,R)]

⋃
[�s(x,R), ∂�u(x,R)].

5.3. Markov partitions

A Markov partition of f is a collection M = {R1, . . . , Rk} of such rectangles such
that (i) Λ ⊂ ⋃k

i=1 Ri; (ii) Ri

⋂
Rj = ∂Ri

⋂
∂Rj for all i and j; (iii) if x ∈ int Ri

and fx ∈ int Rj then
(a) f(�s(x,Ri)) ⊂ �s(fx,Rj) and f−1(�u(fx,Rj)) ⊂ �u(x,Ri)
(b) f(�u(x,Ri))

⋂
Rj = �u(fx,Rj) and f−1(�s(fx,Rj))

⋂
Ri = �s(x,Ri).

The last condition means that f(Ri) goes across Rj just once. In fact, it
follows from condition (a) providing the rectangles Rj are chosen sufficiently small
(see Mañé [14]). The rectangles which make up the Markov partition are called
Markov rectangles.

We note that there is a Markov partition M of f with the following disjoint-
ness property (see Bowen [2], Newhouse and Palis [17] and Sinai [30]):

(i) if 0 < δf,s < 1 and 0 < δf,u < 1 then the stable and unstable leaf boundaries
of any two Markov rectangles do not intesect.

(ii) if 0 < δf,ι < 1 and 0 < δf,ι′ = 1 then the ι′-leaf boundaries of any two
Markov rectangles do not intersect except, possibly, at their endpoints.

If δf,s = δf,u = 1, the disjointness property does not apply and so we consider that
it is trivially satisfied for every Markov partition. For simplicity of our exposition,
we consider Markov partitions that satisfy the disjointness property.

5.4. Basic holonomies

Suppose that x and z are two points inside any rectangle R of �L. Let I and J be two
stable leaf segments respectively containing x and z and inside R. Then we define
h : I → J by h(w) = [w, z]. Such maps are called the basic stable holonomies.
They generate the pseudo-group of all stable holonomies. Similarly we define the
basic unstable holonomies.
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their financial support of A. A. Pinto and F. Ferreira.

References
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Astérisque 66-67 (1991), 1–286.

[5] E. de Faria, W. de Melo, and A.A. Pinto, Global hyperbolicity of renormalization for
Cr unimodal mappings. Annals of Mathematics. To appear. 1–96.

[6] F. Ferreira and A.A. Pinto, Explosion of smoothness from a point to everywhere
for conjugacies between diffeomorphisms on surfaces. Ergod. Th. & Dynam. Sys. 23
(2003), 509–517.

[7] F. Ferreira and A.A. Pinto, Explosion of smoothness from a point to everywhere for
conjugacies between Markov families. Dyn. Sys. 16, no. 2 (2001), 193–212.

[8] J. Franks, Anosov Diffeomorphisms. Global Analysis (ed. S Smale) AMS Providence
(1970), 61–93.

[9] J. Franks, Anosov diffeomorphisms on tori. Trans. Amer. Math. Soc. 145 (1969),
117–124.
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c© 2007 Birkhäuser Verlag Basel/Switzerland

On Bounded Trajectories for Some
Non-Autonomous Systems

Andrea Gavioli and Luis Sanchez

Dedicated to Arrigo Cellina and James Yorke

Abstract. We study conditions for the existence of heteroclinics connecting ±1
for a nonautonomous equation of the form

ü = a(t)f(u) (0.1)

where a(t) is a bounded positive function and f(±1) = 0. In addition, we
consider the existence of a solution to the boundary value problem in the half
line {

ẍ + cẋ = a(t)V ′(x)
x(0) = 0 , x(+∞) = 1 .

(0.2)

where c ≥ 0 and V is a C1, non-negative function, such that V (0) = V (1) = 0.
If c = 0 and a and V are even, it turns out that these solutions yield het-
eroclinics for a special class of symmetric systems which connect the two
non-consecutive equilibria ±1 at the same minimum level of the potential V .
Therefore, the existence of such a solution in the case c = 0 means that
the system (0.2) behaves in significantly different way from its autonomous
counterpart.
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1. Introduction and main results

Let us consider the simple general autonomous scalar equation

ü = F ′(u) , (1.1)

where
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(HF ) F ∈ C1(R, R) is a non negative function, F (−1) = F (1) = 0 and F > 0 in
]− 1, 1[.

Hence (1.1) has two equilibria, u = ±1, at the (same) zero level of the po-
tential. As for solutions of (1.1) energy is conserved, that is

u̇2

2
− F (u) = K (1.2)

for some constant K, it makes sense to look for heteroclinic solutions connecting−1
and 1, i.e., solutions such that

u(±∞) := lim
x→±∞

u(x) = ±1 and u̇(±∞) := lim
x→±∞

u̇(x) = 0

or the same properties with the roles of the +∞ and −∞ reversed. In fact, for such
solutions we must have K = 0 in (1.2) and they can be easily found by separation
of variables. It is easily seen that they do not reach the equilibria ±1 in finite time
whenever there exists c > 0 so that

F (u) ≤ c(u± 1)2

in a neighborhood of −1 and +1 respectively.
However a heteroclinic of (1.1) may be seen from another angle. Instead of

using elementary integration techniques, it can be characterized by a variational
property. Formally, (1.1) is the Euler–Lagrange equation of the functional

I(u) :=
∫ +∞

−∞

(
u̇2

2
+ F (u)

)
dt , (1.3)

We look for the heteroclinics of (1.1) as minimizers of I in the functional space

E :=
{
u ∈ H1

loc(R, R) | u(±∞) = ±1
}

.

In fact it is not difficult to see that we may confine ourselves to functions taking
values in [−1, 1] by simply assuming that F is extended by 0 on ] −∞,−1[∪ ] +
1,+∞[. It can be shown that (see [2])

Theorem 1.1. Let F ∈ C1([−1, 1], R), extended by 0 outside the interval ]− 1, 1[ ,
satisfy the assumption (HF ). Then the functional I defined by (1.3) attains a
minimum in E. A minimizer is a heteroclinic solution of (1.1) connecting −1
and 1.

Let us move to a less trivial situation: consider the second order non-au-
tonomous differential equation

ü = a(t)f(u) , (1.4)

where a primitive F of f ∈ C(R, R) satisfies the assumption (F ) and a ∈ L∞(R, R)
is such that

(HA) there exist a1, a2 ∈ R so that 0 < a1 ≤ a(t) ≤ a2 for all t ∈ R.
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We look for a heteroclinic connection between the equilibria −1 and +1. In
the absence of a conservation law, the variational argument appears as a natural
device. So we now consider the functional

J(u) :=
∫ +∞

−∞

(
u̇2

2
+ a(t)F (u)

)
dt (1.5)

and seek conditions that allow to minimize it in E . The fact that I, defined by (1.3),
is translation invariant, is a powerful argument to obtain compactness of modified
minimizing sequences. As long as J is concerned, we have to face a possible loss of
compactness if a does not possess any symmetry or periodicity property. A simple
setting where this is overcome is the following.

Theorem 1.2. Assume that f ∈ C(R, R), F ′ = f in R, so that F and a ∈ L∞(R, R)
satisfy (HF )–(HA). If in addition

lim
|t|→∞

a(t) = a2

and a(t) < a2 in some subset with nonzero measure, then (1.4) has a heteroclinic
solution from −1 to 1. This solution takes values in [−1, 1].

A proof can be found in [2]. See [4] for related results.
In order to exploit a simple symmetry, we shall consider the boundary value

problem

ẍ = a(t)V ′(x) (1.6)

x(0) = 0 , x(+∞) = 1 . (1.7)

Here we shall assume
(S1) V ∈ C1(R, R) is a non negative function, V (1) = 0 and V > 0 in [0, 1[.
(S2) The function a ∈ L∞(0,+∞) is such that there exist t0 ≥ 0, 0 < a1 ≤ a2

with the property that a1 ≤ a(t) ≤ a2 ∀t ∈ [t0,+∞[.

Theorem 1.3. Assume that (S1) and (S2) hold. Then the boundary value prob-
lem (1.6), (1.7) has at least one solution that takes values in [0, 1].

Corollary 1.4. Let a : R → R and V ∈ C1(R) be even functions satisfying (S1)
and (S2). Moreover assume that 1 is an isolated local minimizer of V in [0, 1].
Then (1.6) has an odd heteroclinic solution connecting the equilibria −1 and 1.

Theorem 1.2 and Corollary 1.4 illustrate the fact that some basic charac-
teristics of autonomous systems are naturally inherited by their non-autonomous
counterparts. However one may encounter striking differences in the behaviour
of each type of system. As an example let us mention that in [5] Coti Zelati
and Rabinowitz have obtained, for some non-autonomous n-dimensional systems,
heteroclinics that connect two equilibria at different levels of the potential. The
problem we introduce next, dealing with a trickier situation than the preceeding
one, leeds to another example of a similar phenomenon.



214 A. Gavioli and L. Sanchez

Consider a smooth scalar potential V (x), x ∈ R, which is positive in ]0, 1[
and such that V (0) = V (1) = 0, a scalar positive function a, and c ≥ 0. Moreover,
if c = 0, let a(t) have a positive infimum in R. We shall deal with the existence of
solutions to the following boundary value problem on the interval ]0,∞[:

ẍ + cẋ = a(t)V ′(x) (1.8)

x(0) = 0 , x(+∞) = 1 . (1.9)

Before stating precise assumptions, let us make some comments on our in-
terest in this problem.

Suppose that c = 0, a is a positive constant and V is extended as an even func-
tion in R. According to our previous remarks, there exists a heteroclinic connection
between 0 and 1 for (1.8), but the conservation of energy prevents the existence of
a heteroclinic connection between the equilibria −1 and 1, since the equilibrium 0
would have to be crossed in finite time. In particular, the problem (1.8), (1.9) has
no solution in the autonomous case, since otherwise by anti-symmetry we would
obtain the mentioned heteroclinic between ±1.

Anyway, if c = 0 and a and V are even functions, our problem is equivalent to
that of finding a heteroclinic connection between non-consecutive equilibria ±1 of a
potential V having three minima at the same level; we shall give simple conditions
on the time dependence of the coefficient a(t) that ensure the existence of such
kind of trajectory. Such connections do not exist in the autonomous case, again by
the conservation principle. We note nevertheless that for higher order conservative
(autonomous) equations where more degrees of freedom are available, heteroclinic
connections between non-consecutive equilibria may exist: we refer to the paper
by Bonheure, Sanchez, Tarallo, and Terracini [3].

Our results show that with respect to problem (1.8), (1.9) the differences do
exist for c = 0 but not for c > 0. In fact, in the case c > 0 a solution of our
boundary value problem exists in the autonomous case as well. Incidentally, we
shall see that the case c > 0 may be dealt with under simpler assumptions.

We shall state two existence theorems for (1.8), (1.9) under distinct sets of
conditions on the data. It turns out that the way the (increasing) function a(t)
approaches its limit plays an important role in the sufficient conditions. More pre-
cisely, Theorem 1.5 deals with problem (0.2) in a situation where weak regularity
assumptions on V and its minima are assumed; while with respect to a(t) it is
required that a(t) tends to its limit l in such a way that, if l < ∞, l−a(t) is slower
than 1/t. On the other hand, in Theorem 1.7, dealing with the case c = 0 only, we
prove the existence of solutions for a wider class of functions a(t), while confining
ourselves to the class of C2 potentials V .

The description of our assumptions follows.

(H1) V ∈ C1(R) is a non negative function, V (0) = V (1) = 0 and V > 0 in ]0, 1[.
(H2) There exist δ > 0 and A1, A2 > 0 such that A1x

2 ≤ V (x) ≤ A2x
2 for |x| < δ.

(H3) The function a : [0,+∞[→]0,+∞[ is such that there exists t0 ≥ 0 with the
property that a is increasing in [t0,+∞[.
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Theorem 1.5. Assume that (H1) holds and a ∈ L∞(0,+∞) is non-negative. If c =
0 assume that (H2) and (H3) hold as well and in addition that η := inft≥0 a(t) > 0
and l := limt→+∞ a(t) has the property

lim
t→+∞

t
(
l − a(t)

)
= +∞ (1.10)

then the boundary value problem (1.8), (1.9) has at least one solution that takes
values in [0, 1].

Remark 1.6. If l ∈ R+ it is easy to check that (1.10) holds if a(t) is of the form
a(t) = l − γ

(1+t)β , 0 < γ < l, β < 1.

Theorem 1.7. Assume c = 0. Let V ∈ C2(R) satisfy (H1) and V ′′(0) > 0. Let
a : R →]0,+∞[ be a function of bounded variation with η := inft≥0 a(t) > 0
satisfying (H3) and the property

lim
t→+∞

(
l − a(t)

)
e2μt = +∞ , (1.11)

where l := limt→+∞ a(t) and μ =
√

ηV ′′(0). Then the boundary value prob-
lem (1.8), (1.9) has at least one solution taking values in [0, 1].

Corollary 1.8. Let c = 0, a and V be even functions satisfying the assumptions
of Theorem 1.5 or Theorem 1.7. Moreover assume that 1 is an isolated minimizer
of V . Then (1.8) has a heteroclinic solution connecting the equilibria −1 and 1.

Theorems 1.2 and 1.3 may be proved by a minimization procedure, as is the
case for Theorem 1.1. Theorem 1.7 combines shooting and variational arguments.
Some proofs will be given in the last section. For further details see [2] and [6].

2. A comparison between autonomous and non automous problems

First, note that if c = 0 and a(t) is constant, then problem (0.2), which corre-
sponds now to an autonomous equation, has no solution. Then as a next step and
still maintaining c = 0, the simplest non autonomous system one can discuss is
one where a(t) is a ’bang-bang’ function with only one switch. More precisely, if
0 < a < b and T > 0, we define

a(t) :=
{

a , 0 ≤ t ≤ T
b , t > T .

(2.1)

Then, consider a C1 potential V (x) as above and which is locally bounded from
above by Ax2 and A(x− 1)2, A > 0, respectively around x = 0 and x = 1.

We note that problem (0.2) has a solution if and only if there exists a solution
of ẍ = aV ′(x) on [0, T ], with x(0) = 0 such that the corresponding solution curve
(x(t), ẋ(t)) in the phase plane (x, ẋ) intersects at time T the heteroclinic orbit
between (0, 0) and (0, 1) corresponding to the equation ẍ = bV ′(x).

Set ξ = x(T ) ∈]0, 1[. By the conservation of energy, the heteroclinic solution
of the second equation satisfies ẋ =

√
2bV (x), whereas the solution of the first
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equation with x(0) = 0 satisfies ẋ =
√

2aV (x) + C for some constant C. Then,
imposing that the two solution curves intersect at time T in the phase plane, we
get

C = 2(b− a)V (ξ) (2.2)
and, if our problem admits a solution, then the following representation holds for
T = T (ξ) :

T (ξ) =
∫ ξ

0

dx√
2aV (x) + 2(b− a)V (ξ)

(2.3)

By the quadratic growth of V (x) in a neighbourhood of x = 0, there exists
a constant c such that

c

∫ ξ

0

dx√
2ax2 + 2(b− a)ξ2

≤ T (ξ) (2.4)

for any sufficiently small ξ > 0. Since∫ ξ

0

dx√
2ax2 + 2(b− a)ξ2

=
1√
2a

log

(√
a +

√
b√

b

)
we infer that T (ξ) is bounded away from zero in a right neighbourhood of ξ = 0.
In a similar way it can be shown that T (ξ) → +∞ as ξ → 1−. Then, since T (ξ)
is a continuous function of ξ, we conclude that there exists T0 > 0 such that
T (]0, 1[) = [T0,+∞[ or T (]0, 1[) =]T0,+∞[ and therefore problem (0.2) has no
solution if T < T0 (and admits a solution for any T > T0).

In the simple example above the switch time T0 for the function a(t) actually
depends on V (x) through c. This suggests that, generally speaking, despite the fact
that the variables x and t are separate in the right-hand side of our equation,
the conditions given on a(t) to solve problem (0.2) when c = 0 may naturally
involve the potential V. This is apparent in Theorem 1.7 and unlike the heteroclinic
problem x(−∞) = 0, x(+∞) = 1 associated to the same equation for the class
of potentials considered above.

We now turn to consider the features of the case c > 0. If we again take a to
be a constant, the problem (1) may be solved by an elementary reduction of order
technique. Indeed, if one looks for strictly monotone solutions then (1) is easily
transformed into a first order problem for the new unknown function ψ = Φ2

where Φ describes the graph of the curve ẋ = Φ(x) in the phase plane. See [2, 7]
for similar examples. The new formulation may be written as{

ψ′ = 2
(
aV ′(x)− c

√
ψ
)

ψ(1) = 0 , ψ(x) > 0 ∀x ∈ [0, 1[ . (2.5)

It is not difficult to conclude, directly from phase-plane analysis or by study-
ing (2.5), that for any c > 0 and a > 0 constant, the problem (0.2) has a solution.
In fact if we consider, for ε > 0, the Cauchy problem{

ψ′ = 2
(
aV ′(x)− c

√
ψ+ + ε

)
ψ(1) = 0 ,

(2.6)
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it turns out that it has a solution in [0, 1] that stays above 2aV (x). Then, by taking
the limit as ε → 0, our claim follows. Theorem 1.5 shows that the solution still
exists when a depends on t.

3. Some proofs

Proof of Theorem 1.3. We need the following auxiliary fact which is a slight mod-
ification of Lemma 3.6 in [8]. A similar lemma is used also in the proof of Theo-
rem 1.2, cf. [2]. We are going to use the functional space

X :=
{

x ∈ C
(
[0,+∞[

)
∩H1

loc

(
[0,+∞[

)
: x(+∞) = 1

}
. �

Lemma 3.1. Let V be as in (S1) or (H1), a be as in (S2). Fix ε ∈ ]0, 1[ and

βε := min
{

V (z) | 1− ε ≤ z ≤ 1− ε

2

}
.

If u ∈ X has the property that there exist t1, t2 ≥ t0 such that u(t1) = 1 − ε
2 and

u(t2) = 1− ε, then we have∣∣∣∣∫ t2

t1

(
u̇2

2
+ a(t)V (u)

)
dt

∣∣∣∣ ≥ ε
√

a1βε√
2

.

Remark 3.2. If instead V satisfies (H1) there is a corresponding statement as
follows: Let ε ∈ ]0, 1/2[ and

βε := min
{

V (z) | 1− ε ≤ z ≤ 1− ε

2
or

ε

2
≤ z ≤ ε

}
.

If u ∈ X has the property that there exist t1, t2 ∈ R such that u(t1) = 1− ε
2 and

u(t2) = 1− ε (or u(t1) = ε/2 and u(t2) = ε), then we have∣∣∣∣∫ t2

t1

(
u̇2

2
+ V (u)

)
dt

∣∣∣∣ ≥ ε
√

βε√
2

.

We extend V to R so that it is constant in ]−∞, 0] and [0,+∞[ and consider
the functional

F(x) :=
∫ +∞

0

(
ẋ(t)2

2
+ a(t)V

(
x(t)

))
dt

defined in
X0 =

{
x ∈ X : x(0) = 0

}
.

Then infX0 F is finite, since
∫ t0
0

a(t)V (x(t)) dt ≥ −t0‖a‖∞‖V ‖∞ ∀x ∈ X0. Take a
minimizing sequence xn ∈ X0:

F(xn) → inf
X0
F .

We may assume 0 ≤ xn(t) ≤ 1, since otherwise we could replace xn with min(max
(xn, 0), 1), still obtaining a minimizing sequence. By virtue of our preceeding re-
mark it is clear that, for any M > 0, (xn)n is bounded in H1(0,M) and (ẋn)n is
bounded in L2(0,+∞). Then we can take a subsequence, still denoted by (xn)n,
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which converges to some absolutely continuous function x uniformly on compact
sets; x takes values in [0, 1] and

ẋn ⇀ ẋ in L2(0,+∞) .

Using the compact imbedding H1(0, t0) ↪→ C[0, t0], the weak lower semicontinuity
of the norm and Fatou’s lemma we find

F(x) ≤ lim inf F(xn) .

In particular,
∫ +∞
0

a(t)V (x(t)) dt converges. We now assert that x(+∞) = 1. Oth-
erwise, we would be able to find ε > 0 and construct an infinite sequence of disjoint
intervals [t1n, t2n] with t1n, t2n ≥ t0 in the conditions of the preceeding lemma,
implying ∫ +∞

0

a(t)V
(
x(t)

)
dt = +∞ .

We conclude that u ∈ X0, so that u minimizes F . By well known arguments, u is
a solution of (1.6).

Proof of Corollary 1.4. Under the assumptions of Corollary 1.4, (1.6)–(1.9) has a
solution x(t) taking values in [0, 1]. Then the function

w(t) =
{

x(t) t ≥ 0
−x(−t) t < 0 .

is a solution of (1.6) such that

lim
t→±∞

w(t) = ±1 .

This is indeed a heteroclinic solution because limt→±∞ ẇ(t) = 0. In fact, integrat-
ing (1.8) between 0 and t > 0 we have

ẋ(t)− ẋ(0) =
∫ t

0

a(s)V ′(x(s)
)
ds .

Since the integrand in the right-hand side does not change sign in a neighbourhood
of +∞, we conclude that

∫ +∞
0

a(s)V ′(x(s)) ds converges. Therefore limt→+∞ ẋ(t)
exists, and the boundedness of x(t) implies that limt→+∞ ẋ(t) = 0. �

Proof of Theorem 1.7. For I ⊂ [0,+∞[ let

F(x, I) :=
∫

I

(
ẋ(t)2

2
+ a(t)V

(
x(t)

))
dt .

Consider the equation
ẍ = a(t)V ′(x) (3.1)

with the boundary condition (1.9).
Consider the space X as before and put:

X(ξ) =
{
x ∈ X|x(0) = ξ , x(+∞) = 1

}
, ξ ∈ R . (3.2)

In X we will make use of the norm x �→ (|x(0)|2 + ‖ẋ‖22)1/2. �
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We need the following three Lemmas.

Lemma 3.3. (l − a(t))γ(t)2 → +∞ as t → +∞, where γ is the solution of the
Cauchy problem {

γ′′(t) = a(t)V ′′(0)γ(t)
γ(t0) = 0 , γ′(t0) = 1 .

(3.3)

Proof. From (1.11) we obviously get, as t → +∞,(
l − a(t)

)
ρ(t)2 → +∞ , (3.4)

where ρ(t) = (eμ(t−t0) − e−μ(t−t0))/4μ. On the other hand, since ρ′′(t) = μ2ρ(t),
ρ(t0) = 0, ρ′(t0) = 1/2, it is easy to see that γ(t) > ρ(t) for t > t0. Indeed, from
the initial conditions we obtain the assertion in a right neighbourhood of t = t0.
By contradiction, let τ the first point after t0at which γ(τ) = ρ(τ). Then we must
have γ′′(σ) < rho′′(σ)at some point σ ∈]t0, τ [, while, on this interval,

γ′′(t) ≥ ηV ′′(0)γ(t) = μ2γ(t) ≥ μ2ρ(t) = ρ′′(t) .

Then γ > ρ > 0 on ]t0,+∞[, so that γ2 > ρ2, and our claim follows from (3.4). �

Lemma 3.4. For any ξ ∈]0, 1] F attains its minimum on the class X(ξ).

Proof. Let (yk)kbe a minimizing sequence for Fon X(ξ), and let t1 > t0be fixed.
For any k ∈ Z+the following properties may be assumed to hold:
(a) 0 ≤ yk(t) ≤ 1,
(b) yksolves (3.1) on J := [0, t1].

Indeed, if these conditions are not satisfied it is enough to replace yk, respectively:
(a) by min(max(yk, 0), 1)
(b) on J by a function which minimizes F(·, J)on yk + H1

0 (J).
It is easy to check that F does not increase after these procedures. Furthermore,
(yk)k is bounded in H1(J): then we can suppose, up to a subsequence, that (yk)k

converges uniformly on J to some absolutely continuous function y and that ẏk → ẏ
weakly in L2(J). Then, on the interval J where yk solves (3.1), ÿk is uniformly
bounded: since the sequence (ẏk)k is bounded in L2, we conclude that it is ac-
tually bounded in H1(J) and, even more so, in L∞(J). Then we may suppose
that (ẏk(0))k converges, so that the continuous dependence on initial data of the
solutions of a differential equation ensures that the limit function y solves (3.1) on
J(and also the C1-convergence on that interval). Furthermore, 0 ≤ y(t) ≤ 1. On
the other hand, if y vanishes at t0, we should also get ẏ(t0) = 0, since t0 is in the in-
terior of J and y cannot take negative values. But the conditions y(t0) = ẏ(t0) = 0,
together with (3.1), would imply y(t) ≡ 0 on J , in contrast with y(0) = ξ > 0.
Hence y(t0) > 0, and we can find δ > 0 such that yk(t0) ≥ δ for large k’s. We then
redefine yk by replacing its restriction to S := [t0,+∞[ by the shifted function
t �→ yk(t + τk), where τk ≥ t0 is the last point such that yk(τ) = yk(t0). Since a is
increasing in S, this operation does not increase the value of F . If we still denote
by yk the modified functions, we can actually suppose that yk(t) ≥ yk(t0) for any
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t ∈ S := [t0,+∞[. Now we can take a subsequence, still denoted by (yk)k, which
converges to some absolutely continuous function x uniformly on compact sets and
in such a way that ẏk ⇀ ẋ in L2(0,+∞). Of course, x ≡ y in J . By pointwise
convergence,

x(t) ≥ δ for all t ∈ S . (3.5)
Furthermore, F(x) < +∞. Using the analogue of Lemma 3.1 adapted to

our V (see Remark 2), this entails that x(+∞) ∈ {0, 1}. But (3.5) excludes the
case x(+∞) = 0, and actually x ∈ X(ξ). Now, thanks again to the weak lower
semicontinuity of F , x minimizes F on X(ξ). Of course, x takes values in [0, 1]. �

Now, let ξi → 0+ as i → +∞, and apply the previous Lemma on the class
X(ξi) for any i ∈ Z+, so as to get functions xi such that

F(xi) ≤ F(y) for any y ∈ X(ξi) .

As before we can suppose, up to a subsequence, that (xi)i converges uniformly on
compact sets to some function x ∈ X. Furthermore, the same arguments as in the
proof of the previous Lemma allow to suppose that

ẋi(t0) → ẋ(t0) . (3.6)

Then x solves (3.1), like xi, and the following properties hold: 0 ≤ x(t) ≤ 1,
x(t) ≥ x(t0) on S, x(0) = 0, x(+∞) ∈ {0, 1}.
Lemma 3.5. x(t0) > 0

Proof. Let us suppose, by contradiction, x(t0) = 0: since x ≥ 0, we have ẋ(t0) = 0
as well, and from (3.1) we actually get x(t) ≡ 0. In particular, xi(t0) < r for large
i′s, where r > 0 is such that V ′′ > 0 in [0, r]. Furthermore ti → +∞ as i → +∞,
where ti is the first time at which xi reaches the value r. We put ρi = xi(t0),
ηi = ẋi(t0) and recall that each xi solves (3.1). Then, for any τ ≥ t0:

1
2
ẋi(τ)2 − 1

2
ẋi(t0)2 =

∫ τ

t0

ẋi(s)ẍi(s) ds =
∫ τ

t0

a(s)V
(
xi(s)

)
ẋi(s) ds

=
[
a(s)V

(
xi(s)

)]τ
t0
−
∫ τ

t0

V
(
xi(s)

)
da(s) .

Since ẋi(τ) → 0 and V (xi(τ)) → V (1) = 0 as τ → +∞, we get

1
2
η2

i = a(t0)V
(
xi(t0)

)
+
∫ +∞

t0

V
(
xi(s)

)
da(s) ≥

∫ ti

t

V
(
xi(s)

)
da(s) ,

for any t ∈ [t0, ti]. Now, let us denote by t �→ φ(t; ξ, η) the solution of (3.1) which
fulfils the conditions x(t0) = ξ, ẋ(t0) = η, so as to write xi(t) = φ(t; ρi, ηi). For
t ≥ t0, and as long as φ(t; ξ, η) ≤ r, it is easy to check that the function V (φ(t; ξ, η))
is increasing with respect to all its arguments, so that V (xi(s)) = V (φ(s; ρi, ηi)) ≥
W (t, ηi) for any s ∈ [t, ti], where we put W (s, η) = V (φ(s; 0, η)). Then

1
2
≥ W (t, ηi)

η2
i

(
a(ti)− a(t)

)
, (3.7)
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and we can let i → +∞. Since, by virtue of (3.6), ηi → ẋ(t0) = 0, we look for
the behaviour of W (t, η)/η2 as η → 0+, which depends on the partial derivatives
of W (hence of φ) with respect to η. To this end we apply well-known results on
differentiability with respect to initial data of the solution of a differential equation,
which hold because the differential of the map (x, y) �→ f(t, x, y) = (y, a(t)V ′(x))
is bounded uniformly with respect to t. Since φ(t; 0, 0) ≡ 0, the evolution of γ(t) =
φ′

η(t; 0, 0) is ruled by (3.3). Hence

∂W

∂η
(t, 0) = V ′(0)γ(t) = 0 ,

∂2W

∂η2
(t, 0) = V ′′(0)γ(t)2 ,

so that

lim
η→0+

W (t, η)
η2

=
1
2
V ′′(0)γ(t)2 .

Now (3.7) entails 1 ≥ V ′′(0)γ(t)2(l − a(t)), in contrast with Lemma 3.2. Then
x(t0) > 0, as claimed. �

We can now conclude the proof of Theorem 1.4.
Since x(t) ≥ x(t0) > 0 for t ≥ t0, the previous arguments show that x(+∞) =

1, so that x ∈ X. Now, let y ∈ X, i ∈ Z+: we can modify y by putting yi = y +ui,
where ui(0) = ξi, u ≡ 0 in [1,+∞[, u̇ ≡ −ξi in [0, 1] , so that yi ∈ X(ξi) and
εi := |F(yi) − F(y)| → 0 as i → +∞. Then F(xi) ≤ F(yi) ≤ F(y) + εi, and the
lower limit as i → +∞ yields F(x) ≤ F(y). Hence x minimizes F on X. Of course,
x takes values in [0, 1].
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On Generalized Differential Quotients and
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Dedicated to Arrigo Cellina and James Yorke

Abstract. Differential inclusions with constraints of the form

ẏ(t) ∈ F
(
t, y(t)

)
, y(t) ∈ K(t) .

and the viability problem for such inclusions are studied. It is assumed that
t � K(t) is a set-valued map that has a GDQ-regular multiselection and
(t, y) � F (t, y) is a set-valued map measurable with respect to t and upper
semi-continuous with respect to y. Some auxiliary results on Cellina continu-
ously approximable multifunctions and Generalized Differential Quotients are
given.

Mathematics Subject Classification (2000). Primary 34A60; Secondary 49J55.

Keywords. Viability, Generalized Differential Quotients.

1. Introduction

A multifuction (a set-valued map) F from a set X to a set Y assigns to every
x ∈ X a subset, maybe empty, of Y . We denote this by F : X � Y or X  x ��
F (x) ⊆ Y . The domain of F is Do(F ) = {x ∈ X : F (x) 
= ∅} and the graph
of F is the set Gr(F ) = {(x, y) ∈ X × Y : y ∈ F (x)}. In applications one often
wants to control the infinitesimal behavior of the multifunction around a point
(x, y) belonging to its graph. For this some generalization of ordinary derivative is
needed. We recall here two concepts: more classical contingent derivative (see [1–4])
and newer Generalized Differential Quotient (GDQ) introduced by H. Sussmann
(see [15, 16]). Both can be also used for single-valued functions that do not have
ordinary derivatives. We show relations between these concepts for multifunctions
from R to Rn. Such multifunctions appear as constraints in viability problems.

This work was supported by Bialystok Technical University grant S/WI/1/07.



224 E. Girejko and Z. Bartosiewicz

Let K : [0, 1] � Rn and F : Gr(K) � Rn. Then F is called a time depen-
dent orientor field with the restriction multifunction K. Consider the initial value
problem for F :

ẋ(t) ∈ F
(
t, x(t)

)
, x(t0) = x0 , (1.1)

where (t0, x0) ∈ Gr(K). We say that F is viable if for every (t0, x0) ∈ Gr(K) (1.1)
has an absolutely continuous solution x : [t0, 1] → Rn such that x(t) ∈ K(t) for all
t ∈ [t0, 1] and the inclusion in (1.1) is satisfied almost everywhere on [t0, 1].

Many different criteria of viability can be found in the literature. The reader
can consult, e.g., [1,3,5–7,10] for the results and properties used in the statements
(like upper semi-continuity or left upper semi-continuity). The authors impose
various conditions on K and F and propose some tangency requirements, which
generalize the original condition given by Nagumo for time independent vector
fields.

In the tangency condition usually the contingent derivative of K is used.
In [10] and in this paper, we prefer to use GDQ of K. We feel that it is more
natural than the contingent derivative and GDQ-differentiability implies other
important properties of K that are used in the viability theorem – the main result
of this paper. It extends the result of [10] by relaxing some restrictions imposed
on F .

2. Motivation and basic definitions

In the viability problem one often assumes that the orientor field satisfies the
following growth condition:

‖F (t, x)‖ ≤ c(t)(1 + ‖x‖) (2.1)

where c is an L1 function. This is a natural generalization of a similar growth
condition assumed for differential equations to achieve existence of global solutions.
The following example shows that for differential inclusions and viability problems
this assumption is no longer needed.

Example 2.1. Consider a set-valued map K : [−1, 0] � R such that

K(t) =

{
{|t sin 1

t |} ∪ {0} if t 
= 0
0 if t = 0 .

Let ẋ ∈ F (t, x) and x(t0) = x0 where F (t, x) = [−1− 1
t , 1 + 1

t ] and F (0, 0) = 0 is
defined on Gr(K). Observe that F does not satisfy (2.1). But for every t0 ∈ [−1, 0)
and x0 ∈ K(t0) there exists a global solution x : [t0, 0] → R defined as follows

x(t) =

{
t sin 1

t if t ∈ [t0, τ0]
0 if t ∈ (τ0, 0] ,

where sin 1
τ0

= 0.
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We shall see later that it is enough to assume (2.1) on some subset of Gr(K)
containing (t0, x0) to achieve viability.

Let us recall now some basic definitions.
Let X and Y be metric spaces and A,B ⊆ X. Then

�(A,B) = sup
{
dist(q,B) : q ∈ A

}
is called the semi-distance between sets A and B where dist(a,B) := infb∈B d(a, b)

Definition 2.2. We say that a sequence of set-valued maps Fn : X � Y , n ∈ N,
graph-converges to a set-valued map F : X � Y , and write Fn

gr−→ F , if

lim
n→∞

�
(
Gr(Fn), Gr(F )

)
= 0 .

Definition 2.3. A set-valued map F : X � Y is called Cellina continuously ap-
proximable (abbr. CCA) if for every compact subset K of X

(1) Gr(F |K) is compact;
(2) there exists a sequence {fj}∞j=1 of single-valued continuous maps fj : K → Y

that graph-converges to F |K .

Example 2.4. Consider F : R � R such that

F (x) =

⎧⎪⎨⎪⎩
−1 if x < 0
[−1, 1] if x = 0
1 if x > 0

The F is CCA. The following figure shows how to approximate F by continuous
functions.

�

�

�

�

Gr(F )

fn

Gr(F ) + εB
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Definition 2.5. Let F : Rm � Rn be a set-valued map, x ∈ Rm, y ∈ Rn, y ∈ F (x)
and let Λ be a nonempty compact subset of Rn×m. Let S be a subset of Rm. We say
that Λ is a generalized differential quotient (GDQ) of F at (x, y) in the direction S,
and write Λ ∈ GDQ(F ;x, y;S) if for every positive real number δ there exist U,G
such that

1. U is a compact neighborhood of 0 in Rm and U ∩ S is compact;
2. G is a CCA set-valued map from x + U ∩S to the δ-neighborhood Λδ of Λ in

Rn×m;
3. G(x) · (x− x) ⊆ F (x)− y for every x− x ∈ U ∩ S

A multifunction F may have many GDQs at (x, y). However we have the
following:

Theorem 2.6 (Minimality Theorem [9]). If the set of GDQs of a set-valued map F
at a point (x, y) in the direction S is not empty, then there exists in this set at
least one minimal GDQ at this point in the direction S in the sense of inclusion
of sets.

Corollary 2.7. Every element Λ of GDQ(F ;x, y;S) contains a minimal element
of GDQ(F ;x, y;S) in the sense of inclusion of sets.

Example 2.8. Let F : R � R be a set-valued map such that

F (x) =

{
[−|x|, |x|] if x 
= 0
{0} if x = 0

Then any singleton {a} for a ∈ [−1, 1] is a minimal GDQ of F at the point
(0, 0).

Let X be a normed space. Recall that the contingent cone (the “Bouligand
cone”) to a set C ⊂ X at x is defined by

TC(x) =
{

w ∈ X : lim inf
t↓0

dist(x + tw,C)
t

= 0
}

.

Definition 2.9. Let F : K � Y , K ⊂ X, and F (x) be nonempty for all x ∈ K. The
contingent derivative DF (x0, y0) of F at x0 ∈ K and y0 ∈ F (x0) is a set-valued
map from X to Y whose graph is the contingent cone TGr(F )(x0, y0) to the graph
of F at (x0, y0).

In other words, v0 ∈ DF (x0, y0)(u0) ⇐⇒ (u0, v0) ∈ TGr(F )(x0, y0).

Theorem 2.10 ([10]). Let F : R � Rn, Do(F ) = R, and Λ ∈ GDQ(F ;x0, y0; R+).
If Λ is minimal, then Λ ⊆ DF (x0, y0)(1).

Corollary 2.11. Consider F : R � R. If F is GDQ-differentiable at the point (x, y)
in the direction of R+ (R−) then there exists the contingent derivative DF (x, y)(1)
(DF (x, y)(−1)).
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Definition 2.12. We say that F : G � Rn, where G ⊂ T × Rn, is a Scorza-
Dragoni set-valued map if for every ε > 0 there exists a closed set Tε ⊂ T such
that λ(T\Tε) ≤ ε and the multifunction (t, y) �� F (t, y) is upper semi-continuous
(u.s.c.) on (Tε × Rn) ∩G.

Let us define a set-valued map SGDQ(K; t, x; R+) as the closure of the union
of all minimal GDQs of K at (t, x) ∈ Gr(K) in the direction R+.

Definition 2.13. Let K : T � Rn, where T = [a, b] for a, b ∈ R. We say that K is
GDQ-regular if

1. K is GDQ-differentiable in the direction R+ at every t ∈ [a, b) and every
y ∈ K(t)

2. K is left u.s.c on T
3. K has closed values
4. (t, x) �� SGDQ(K; t, x; R+) is a Scorza-Dragoni set-valued map.

The following theorem is often used in the proofs of viability theorems. It
allows to reduce the original problem with weak assumptions on F to another one,
where a modified orientor field F0 is Scorza-Dragoni.

Theorem 2.14 (Jarnik-Kurzweil, [13]). Assume that G ⊆ R×Y , F : G � Rn, where
Do(F ) = G, and that for almost all t the map F (t, ·) is upper semicontinuous with
compact convex values. Then there exists a Scorza-Dragoni multifunction F0 : G �
Rn with compact convex values satisfying F0(t, y) ⊆ F (t, y) for (t, y) ∈ G, and such
that if T ⊂ R is measurable , u : T → Y and v : T → Rn are measurable maps
such that v(t) ∈ F (t, u(t)), for almost all t ∈ T , then v(t) ∈ F0(t, u(t)) for almost
all t ∈ T .

2.1. Viability result

Let K : T � Rn, where Do(K) = [0, 1] = T ⊂ R, be a constraint multifunction and
F : Gr(K) � Rn, where Do(F ) = Gr(K), be an orientor field (i.e., multivalued
vector field). Consider the multivalued Cauchy problem as follows:{

ẋ(t) ∈ F
(
t, x(t)

)
, a.e. on T

x(t0) = x0 .
(2.2)

We impose the following assumptions:
H(K): for any t0 ∈ [0, 1) and x0 ∈ K(t0) there exists K(t0,x0) : [t0, 1] � Rn such

that K(t0,x0) is GDQ-regular and K(t0,x0)(t) ⊆ K(t) for every t ∈ [t0, 1].
H(F): (i) F : GrK � Rn has closed convex values;

(ii) for any measurable γ(·) the multifunction t �� F (t, γ(t)) is measurable;
(iii) for any t0 ∈ [0, 1] and x0 ∈ K(t0) there exists α ∈ L1(t0, 1) such that

for any (t, x) ∈ GrK(t0,x0), ||F (t, x)|| ≤ α(t)(1 + ||x||);
(iv) for any (t0, x0) ∈ GrK and for any t ∈ [t0, 1] the multifunction x ��

F |GrK(t0,x0) (t, x) is u.s.c.
H: for any (t0, x0) ∈ GrK, for almost every t ∈ [t0, 1] and for any x ∈ K(t0,x0)(t),

F (t, x) ∩ SGDQ
(
K(t0,x0); t, x; R+

)

= ∅ .
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Now we can state the main result of this paper.

Theorem 2.15. Assume that H(K), H(F) and H hold. Then for any (t0, y0) ∈ GrK
the multivalued Cauchy problem (2.2) has a solution y : [t0, 1] → Rn, which is an
absolutely continuous function satisfying y(t) ∈ K(t) for every t ∈ [t0, 1].

The idea of the proof of Theorem 2.15 is similar to that of [10] and [12], and
consists of reducing the problem to the ‘almost u.s.c case’ studied in [5].

Example 2.16. Observe that for K and F from Example 2.1 the assumptions of
Theorem 2.15 are satisfied. In particular, for t0 ∈ [−1, 0] and x0 ∈ K(t0) one can
take

K(t0,x0)(t) =

{
{|t sin 1

t |} ∪ {0} if t ∈ [t0, τ0]
0 if t ∈ (τ0, 0]

where sin 1
τ0

= 0. Then F |K(t0,x0) is bounded by an integrable function.
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[5] D. Bothe, Multivalued differential equations on graphs, J. Nonlinear Analysis, TAMS
18 (1992), 245–252.

[6] K. Deimling, Mutivalued Differential Equations, Walter de Gruyter, Berlin New York,
1992.
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Dedicated to Arrigo Cellina and James Yorke

Abstract. We exploit ideas of nonlinear dynamics in a non-deterministic dy-
namical setting. Our object of study is the observed riverflow time series of
the Portuguese Paiva river whose water is used for public supply. The Takens
delay embedding of the daily riverflow time series revealed an intermittent dy-
namical behaviour due to precipitation occurrence. The laminar phase occurs
in the absence of rainfall. The nearest neighbour method of prediction revealed
good predictability in the laminar regime but we warn that this method is
misleading in the presence of rain. The correlation integral curve analysis, Sin-
gular Value Decomposition and the Nearest Neighbour Method indicate that
the laminar regime of flow is in a small neighbourhood of a one-dimensional
affine subspace in the phase space. The Nearest Neighbour method attested
also that in the laminar phase and for a data set of 53 years the information
of the current runoff is by far the most relevant information to predict future
runoff. However the information of the past two runoffs is important to correct
non-linear effects of the riverflow as the MSE and MRE criteria results show.
The results point out that the Nearest Neighbours method fails when used in
the irregular phase because it does not predict precipitation occurrence.
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1. Introduction

The direct link between deterministic dynamical systems theory and the real world
is the analysis of real systems time series in terms of nonlinear dynamics. Great
advances have been made to exploit ideas of dynamical systems theory in cases
where the system is not necessarily deterministic but it displays a structure not
captured by classical stochastic methods. The application of dynamical systems
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methods found a firm ground on the reconstruction theorem of Takens [16] and
in the probabilistic justification due to Sauer, Yorke and Casdagli, [14]. The mo-
tivation for researchers such as, [2, 10, 11, 15] to apply methods of deterministic
systems in riverflow time series lies in the natural tendency of river systems to
present recurrent behaviour.

We start by doing a Takens delay coordinates reconstruction, [14, 16] of the
daily flow series. When considering the entire data set, the false nearest neighbours
show a low percentage of false neighbours for embedding dimensions above or
equal to 6 being the interval on one day the best delay time. The correlation
curve analysis and the non-linear prediction results revealed the existence of two
dynamically different regimes. These findings led us to conclude that the Paiva
river is an intermittent system. This intermittent dynamical behaviour is not of a
deterministic type because rainfall is a stochastic and not a deterministic forcing.
The laminar phase occurs in the absence of rainfall and the irregular phase occurs
under the action of rain. The nearest neighbour method of prediction revealed
good predictability in the laminar regime. However since 75% of data is laminar
the use of nonlinear methods can be misleading when both dynamical regimes
are considered. These features of data are already visible in the Histogram plot.
The Non-parametric Nearest Neighbour Method of prediction indicates that the
laminar regime of flow is in a small neighbourhood of a one-dimensional affine
subspace in the phase space. The prediction results for the laminar phase revealed
that it is essential to know the current runoff to predict future values. Also the small
improvement in prediction when the former two runoffs are used is a consequence of
nonlinear effects as shown by the MSE and MRE criteria. The Nearest Neighbour
method show better performance when compared with other methods applied in
former works [2]. The results of the Nearest Neighbours show also that it can still be
improved by tuning the neighbourhood radius or the local number of neighbours.

1.1. Data and preliminary analysis

The most relevant data for this work consist of the time series of mean daily
runoff of the Paiva river, measured at Fragas da Torre section, North of Portugal.
They are available for download in the Instituto Nacional da Água webpage1. The
sample period runs from 1st of October of 1946 to 30th of September of 1999 for a
total of 19358 observations (see chronogram of Figure 1). The riverflow of Paiva is
the closest to a natural flow one might expect. The Paiva river has a small basin
of about 700Km2 and it is not an runoff intermittent river in the sense that at
the referred location and in the 53 years of observation the surface stream never
disappeared. In Figure 1 is shown a partial chronogram of the time series.

The daily river flow descriptive statistics, Table 1 shows the strong asymmetry
of the data. The Paiva basin does not have regulators such as dams or glaciers and
is also a mountain river with a rocky bed reacting very fast to rainfall.

1http://www.inag.pt
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Figure 1. Chronogram of the daily mean riverflow of Paiva mea-
sured at Fragas da Torre 1946–99.

Table 1. Descriptive statistics for the daily mean riverflow series
of Paiva (1946-99) measured at Fragas da Torre.

Statistic Value

Mean 20.73 m3/s
Median 5.66m3/s
Skewness 5.3
Kurtosis 45.98
Maximum 920.0 m3/s
Minimum 0.06m3/s

The average and the standard deviation for each day of the year (Figure 3)2

explains the behaviour of the sample autocorrelation function (ACF). The sample
ACF (Figure 2) is characterized by seasonality but is it locally very irregular due
to the differences between the years.

2. Dimension estimation

We start by doing a reconstruction embedding [16], using the Paiva river 1946–99
daily mean data for several embedding dimensions. Our goal is to understand the
dynamics of riverflow. The dynamic characterization includes invariant estimation
and in this direction we do a Correlation-Integral (CI) Analysis for all the data and
then we consider only the runoffs of the laminar phase (less than 20m3/s) which
represents about 75% of the data corresponding mainly to the periods without
rain, Figure 6. We realized that the CI slopes are close to 1 for laminar runoffs.

2The observations of the days 29th of February were deleted from the time series.
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Figure 2. Sample Autocorrelation Function of the daily mean
runoff series (1946-99) of the Paiva river at Fragas da Torre.
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Figure 3. Mean and standard deviation for each day of the year.

This fact is confirmed by SVD analysis showing that the dynamics of runoffs of
the laminar phase are close to a segment line.

2.1. Correlation-integral analysis

The sample CI, C
(m)
N (ε) of a reconstructed system is defined by,

C
(m)
N (ε) =

2
N(N − 1)

Θ
{
(i, j) : 1 ≤ i < j ≤ N, ‖Xi −Xj‖ < ε

}
(2.1)

where (Xt, Xt+1, . . . , Xt+m−1) is a vector reconstructed with the values of the
time series, {Xt}N

t=1, N is the number of data points of the series, Θ the Heaviside
function, ε the neighbourhood radius and m the embedding dimension of the
reconstructed phase space. The sample CI as a statistic for the estimation of
the correlation dimension was proposed by [3]. The sample CI is the fraction of
reconstruction vectors at a distance smaller than ε in the reconstructed phase
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Figure 4. Histogram of the mean daily runoff series of Paiva river.

space. The sum, (2.1), is computed for a set of distances, ε1, . . . , εn evenly spaced
on a logarithmic scale. A scaling range is said to exists if for such a range of values
the sample correlation integral behaves like a power law or the same to say like
a line on a log− log scale. In practice there is a cut-off on the radius size due to
data size restrictions.

C
(m)
N (ε) ∼ αεDC , ε → 0, N → ∞ (2.2)

For a constant α, d(N, ε) is the slope of the CI curve for a certain range and DC

is then the estimate of the correlation dimension,

d(N, ε) =
∂ lnC

(m)
N (ε)

∂ ln ε
and DC = lim

ε→0+
lim

N→∞
d(N, ε) . (2.3)

The false nearest neighbours analysis, [8], using the parameter value suggested
by the same authors, indicates as adequate an embedding dimension above 5,
Figure 5.

On Figure 6 we present the correlation integral slopes. We can see three
different behaviours in the correlation-integral curve for different ranges of the
radius, ε. The runoff values larger than 30m3/s no scaling range exists. For runoffs
in the interval [5 − 30m3/s] there is a scaling range which indicates dimension 1
for the attractor. This dimension is not fractal and indicates that the behaviour of
riverflow for that range is close to that of a curve. This indicates the existence in the
reconstructed phase-space of a one-dimensional manifold to which all the laminar
phase orbits are close. It may be said that the orbits near this one-dimensional
manifold constitute a ε-neighbourhood.

2.2. Singular value decomposition analysis

This information given by this analysis is highly relevant for the understanding of
the correlation integral curve. We take as vector variable the reconstruction vec-
tors, (Xt, Xt+1, . . . , Xt+m−1), where Xt is the daily mean runoff at day t. Using
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Figure 5. False nearest neighbours curves for the mean daily
runoff series of Paiva river and for several delay times.

Figure 6. Slopes of the sample correlation integral curve of the
Paiva river data and for several embedding dimensions.

the SPAD statistical package to perform the SVD one computes the principal di-
rections of the data set and corresponding weights and also calculated the principal
factors for the covariance matrix for the laminar phase runoff series for different
embedding dimensions. The values are presented on Table 2.

The correlations between the principal components and the original variables
are presented on the Table 3. In the laminar phase there exists a principal com-
ponent explaining more than 90% of the variance. This is explained by a laminar
dynamic close to a segment line, Figure 6. According to the usual criteria to quan-
tify the number of significant eigenvalues, (see [13]) the reconstruction vectors
(individuals) of the last two data sets are almost one-dimensional.
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Table 2. Percentage (%) of the total variance explained by the
three largest eigenvalues of the Covariance Matrix for the laminar
phase.

Dimension % % %

3 96.34 2.69 0.96
4 95.01 3.23 1.13
5 93.82 3.70 1.33
6 92.75 4.13 1.50
7 91.75 4.52 1.66

Table 3. Correlation between the 1st Principal Component and
the original variables at the laminar phase and for several embed-
ding dimensions.

Variable 3 4 5 6 7

Xt 0.98 0.97 0.96 0.95 0.94
Xt+2 0.99 0.98 0.98 0.97 0.96
Xt+3 0.98 0.98 0.98 0.98 0.97
Xt+4 - 0.97 0.98 0.98 0.97
Xt+5 - - 0.96 0.97 0.97
Xt+6 - - - 0.95 0.96
Xt+7 - - - - 0.94

2.3. Nonlinear prediction

Several authors used nonlinear prediction methods for river flow data locally in
the phase space, [6, 7, 10,12] and [4] among others.

In this work we use a different version of the nearest neighbours method
proposed by [9] to predict the next day runoff for the years 1997/98 using the
information of the historic series from 1946 to 1999. The prediction set is the
phase space average of the neighbour’s images. Other authors, [10] reported that
predictors based on the average give better results than other local linear functions.
Taking into account the findings of the former section we started by considering
small embeddings and a time delay of one day. On Table 4 we present a summary
of the usual fitting evaluation criteria for the one-step ahead prediction in the
laminar phase.

Instead of using all the neighbours within a fixed radius we have used the the
ten closest neighbours. For this data it gives better results due to statistical reasons.
In Figure 7 we can see that for a two-dimensional embedding in the laminar phase
the 10 closest neighbours are close to the central values of the sample conditional
distributions of Xt+1 given Xt = x. This is still true for dimension 3 but for higher
dimensions the prediction accuracy decreases.
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Table 4. Mean Relative Error (MRE) and MSE for the one-step
ahead prediction for the years 1995-99 and also for the laminar
regime. Several embedding dimensions were considered.

m MRE MSE

1 0.0486 2.915
2 0.0328 1.004
3 0.0301 0.888
4 0.0310 1.034
5 0.0341 1.155
6 0.0378 1.193
7 0.0427 1.375
8 0.0472 1.651
9 0.0523 1.605
10 0.0584 2.063

Figure 7. Phase space portrait for runoff values between 1 and
2 cubic meters/s.

The best Mean Square Error3 (MSE) result was found for an embedding
dimension 3 and for time delay of one day, (see Table 4) as predicted by the
false nearest neighbours method. Here we should mention the paper on river flow
prediction, [4] where the authors also obtained results of the same magnitude for
the MSE for different embedding dimensions.

Predicting locally in the phase space with linear functions can be misleading
if the system has an intermittent behaviour. In laminar phase the flow converges
slowly to an equilibrium. This convergence is of stochastic nature but reveals strong

3The Mean Square Error of Prediction (MSE) is defined by MSE = 1
n

∑n
i=1

(
Xt − X̂t

)
. When

several models are proposed for the same data the ultimate choice of one may depend on goodness
of fit such as the MSE.
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determinism. If a rain event occurs then the flow increases and the system starts
a much more erratic behaviour outside the laminar phase.

3. Conclusions

A Dynamical analysis of the Paiva river data was performed using Takens method
of dynamical reconstruction, [16]. Later we used the Nearest Neighbours method
of prediction for one-step ahead prediction. The results indicate a gain on quality
prediction when one considers only the laminar phase. These differences are due
to the action of rain that seems to be unpredictable when we are dealing with
daily mean runoff data. The prediction results also reveal close MSE for different
embedding dimensions of the phase space and the dimension 3 has been proven
to be the best. We noted also that the principal component analysis of the recon-
struction vectors confirmed the correlation curve analysis. This means that the
information given by recent past runoffs is not sufficient to improve prediction
accuracy. For the Paiva systems the optimal embedding dimension for the laminar
phase is dictated by statistical rather than dynamical reasons.
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Shadowing in Higher Dimensions

Judy Kennedy and James A. Yorke

Abstract. This paper presents methods using algebraic topology for showing
that pseudo-trajectories are close to trajectories of a dynamical system. Our
emphasis is the case where the trajectories are unstable in two or more di-
mensions. We develop the algebraic topology for guaranteeing the existence
of such trajectories.

1. Introduction

When studying chaotic dynamical systems numerically, errors are introduced, so
the result is called a pseudo-trajectory rather than an actual trajectory of the
system being studied. Such errors will have an effect that grows exponentially
fast with time. In some cases, the pseudo-trajectory that is observed is close to
an actual trajectory of the system and sometimes it is far from all trajectories of
the system being studied. Numerical investigations of chaotic systems over long
times (like studies of climate) often aim at revealing statistical properties and the
choice of initial condition is unimportant. In such situations, finding that a pseudo-
trajectory is near some actual trajectory for a long time gives the investigator
confidence in the pseudo-trajectory. Beginning with [2, 3, 5], a number of papers
have worked to show that the observed pseudo-trajectories are close to a true
trajectory over a long specified time interval. [5], for example, focused on solutions
of ordinary differential equations. Such “shadowing” properties often fail. Indeed,
Yuan and Yorke [7] showed that there is an open set of maps for which every point
is not shadowable. The above papers have aimed at establishing such shadowing
properties in cases where the dynamics are one-dimensionally unstable. Our goal
here is to establish methods for showing that pseudo-trajectories are close to a
trajectory in cases in which the dynamics are unstable in two directions. Our
methods follow those we introduced in [4].

In writing this paper, we assume the reader has studied some cohomology
theory, though not necessarily recently. We could have used homology theory but
we prefer Čech–Alexander–Spanier cohomology theory (as presented by Spanier [6]
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and Eilenberg and Steenrod [1]) because of its stronger properties and have chosen
to use it here.

We will say (A,B) is a pair if A and B are compact and B ⊂ A. If (C,D) is
a pair we write f : (A,B) → (C,D) to mean A is the domain of f and f(A) ⊂ C
and f(B) ⊂ D. All maps are continuous in the paper.

It is perhaps easiest to think about the cohomology of a pair (A,B) as the
cohomology of the pair that results if the set B is collapsed to a point. Hence, if
A = [0, 1] and B is {0, 1}, identifying 0 with 1 results topologically in a circle or
rather the pair (S1, {b}) where b ∈ S1.

If A,B are compact and B ⊃ A, the corresponding inclusion map (for A
and B) is denoted i : A → B, and is defined by i(a) = a for all a ∈ A. Similarly,
a (pair) inclusion i : (A,B) → (A′, B′) is defined if A ⊂ A′ and B ⊂ B′. We use
cohomology groups with coefficients in the integers Z. We also use the symbol j
to denote inclusion maps, as is customary, and in case several inclusion maps are
being considered, we use subscripts (e.g., i1 or j2) to avoid confusion.

An upper sequence of groups is a sequence (Gi, φi) where for each i, Gi is a
group and φi : Gi → Gi+1 is a homomorphism. An upper sequence is exact if for
each integer i, φi(Gi) is the kernel of Gi+1 with respect to φi+1. The sequence is of
order 2 if the composition of any two successive homomorphisms of the sequence
yields the trivial homomorphism.

If X is a space, define (A,B)×X := (A×X,B ×X). Let I denote the unit
interval [0, 1]. Two maps f, g : (A,B) → (C,D) are said to be homotopic if there
is a map H : (A,B)× I → (C,D) such that f(x) = H(x, 0) and g(x) = H(x, 1) for
each x ∈ A. For t ∈ I, Ht denotes the map defined by Ht(x) = H(x, t) for x ∈ A.
A pair (A,B) contained in a pair (C,D) is called a retract of (C,D) if there exists
a map r : (C,D) → (A,B) such that r(x) = x for each x in A. The map r is
called a retraction. The pair (A,B) is a deformation retract of (C,D) if there is a
retraction r : (C,D) → (A,B) and the composition r◦i, where i : (A,B) → (C,D)
is the identity, is homotopic to the identity map (C,D) → (A,B). The pair (A,B)
is a strong deformation retract of (C,D) if the latter homotopy can be chosen to
leave each point of A fixed (i.e., H(x, t) = x for x ∈ A). The pairs (A,B) and
(C,D) are homotopically equivalent if there exist maps f : (A,B) → (C,D) and
g : (C,D) → (A,B) such that f ◦ g is homotopic to the identity on (C,D) and
g ◦ f is homotopic to the identity on (A,B).

For convenience, we list the axioms of cohomology and some other facts that
we use ( [1] and [6]): Suppose (X,A), (Y,B), and (Z,C) are compact pairs. If
f : (X,A) → (Y,B) is continuous, then for each integer k, f induces a homo-
morphism f∗

k : Hk(Y,B) → Hk(X,A). As is customary, we depend on context
to tell which of the homomorphisms induced by f is intended, and write only
f∗ : Hk(Y,B) → Hk(X,A). For the pair (X,A), and integer q, Hq(X,A) is the
q-dimensional relative cohomology group of X mod A. Cohomology groups are
abelian groups; our coefficient group is the group of integers Z (thus this is also
suppressed in the notation).
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Axiom 1c. If f is the identity function on (X,A), then f∗ is the identity iso-
morphism.

Axiom 2c. If f : (X,A) → (Y,B) and g : (Y,B) → (Z,C), then (g◦f)∗ = f∗◦g∗.
Axiom 3c. The coboundary operator, denoted by δ, is a homomorphism from

Hk−1(A) to Hk(X,A) with the property that δ ◦ (f | A)∗ = f∗ ◦ δ. (Again,
the notation is ambiguous, and we rely on context to determine which groups
and which homomorphism is intended.)

Axiom 4c. (Partial exactness) If i : A → X, j : X → (X,A) are inclusion maps,
then the upper sequence of groups and homomorphisms

· · · i∗→ Hk−1(A) δ→ Hk(X,A)
j∗
→ Hk(X) i∗→ Hk(A) δ→ · · ·

is of order 2. If (X,A) is triangulable, the sequence is exact. This upper
sequence is called the cohomology sequence of the pair (X,A).

Axiom 5c. If the maps f, g are homotopic maps from (X,A) into (Y,B), then
f∗ = g∗.

Axiom 6c. (The excision axiom) If U is open in X, and U is contained in
the interior of A, then the inclusion map i : (X\U,A\U) → (X,A) induces
isomorphisms, i.e., Hk(X,A) ∼= Hk(X\U,A\U) for all k.

Axiom 7c. If p is a point, then Hk({p}) = {0} for k 
= 0.
Theorem [1]. Suppose f : (X,A) → (Y,B) and g : (Y,B) → (X,A). If f and g

are homotopy equivalent, then f and g induce isomorphisms f∗ : Hk(Y,B) →
Hk(X,A) and g∗ : Hk(X,A) → Hk(Y,B) with (f∗)−1 = g∗.

Theorem [1]. If (X ′, A′) is a deformation retract of (X,A), then the inclusion
map i : (X ′, A′) → (X,A) induces isomorphisms i∗ : Hk(X,A) → Hk(X ′A′).
Furthermore, if r : (X,A) → (X ′, A′) is the associated retract, then (i∗)−1 =
r∗.

In addition to the usual cohomology axioms and theorems above, Čech–
Alexander–Spanier cohomology satisfies the following strong excision property and
weak continuity property :

Theorem [6]. (Strong excision property) Let (X,A) and (Y,B) be pairs, with X
and Y paracompact Hausdorff and A and B closed. Let f : (X,A) → (Y,B)
be a closed continuous map such that f induces a one-to-one map of X\A
onto Y \B. Then, for all k, f∗ : Hk(Y,B) → Hk(X,A) is an isomorphism.

Theorem [6]. (Weak continuity property) Let {(Xα, Aα)}α be a family of com-
pact Hausdorff pairs in some space, directed downward by inclusion, and let
(X,A) = (∩α∈AXα,∩α∈AAα). The inclusion maps iα : (X,A) ⊂ (Xα, Aα)
induce an isomorphism

{i∗α} : lim
→

Hκ(Xα, Aα) → Hk(X,A) .

Definition 1.1. If f : Rm → Rm is continuous, then {yi}k
i=j is a δ-pseudo-orbit

or noisy orbit if d(yi+1, f(yi)) ≤ δ for j ≤ i < k. An exact orbit {xi}k
i=j for f

ε-shadows the pseudo-orbit {yi}k
i=j if d(xi,yi) ≤ ε for j ≤ i ≤ k.
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2. The results

Suppose that f : Rm → Rm is continuous, k is a fixed integer such that 1 < k ≤ m,
and (Xi, Bi)N

i=0, (Zi, Yi)N
i=0 are finite sequences of pairs of compact sets in Rm

satisfying the following conditions:

(1). For i = 0, . . . , N , Bi := Xi∩Yi, Zi := Xi∪Yi and Zi and Xi are rectangles
(products of intervals).

(2). For i = 0, . . . , N , Bi is homeomorphic to Sk−1×Ri (where Ri is a rectangle)
and is the union of some or all of the faces of Xi.

(3). For i = 0, . . . , N − 1, f(Bi) ⊂ Yi+1and f(Xi) ⊂ Zi+1.

We now assume a stronger version of (3):

(3*). For i = 0, . . . , N−1, f maps (Xi, Bi) into (Zi+1, Yi+1), and f∗ : Hk(Zi+1,
Yi+1) → Hk(Xi, Bi) is nontrivial.

Definition 2.1. We say E k-crosses the pair (Z, Y ) if E is compact, E ⊂ Z, and
the inclusion map (E,E ∩Y ) → (Z, Y ) induces a one-to-one homomorphism from
Hk(Z, Y ) into Hk(E,E ∩ Y ).

Lemma 2.2. Suppose E k-crosses (Zi, Yi) and suppose (1),(2), and (3∗) hold for
f : Rm → Rm, k a fixed integer such that 1 < k ≤ m, and finite sequences
(Xi, Bi)N

i=0, (Zi, Yi)N
i=0 of pairs of compact sets in Rm. Then there is a compact

set Ê ⊂ E such that f |Ê induces a one-to-one homomorphism from Hk(Zi+1, Yi+1)
into Hk(Ê, Ê ∩ Yi).

Proof. Let Ê = E ∩Xi. Then Ê ∩ Yi = Ê ∩Bi. The inclusion i1 : (Ê, (Ê ∩Bi)) →
(E, (E ∩ Yi)) induces an isomorphism i∗1 : Hk(E, (E ∩ Yi)) → Hk(Ê, (Ê ∩Bi)), by
strong excision. Likewise, if i2 denotes the inclusion from (Xi, Bi) into (Zi, Yi), i∗2 is
an isomorphism. By assumption, the inclusion i4 : (E, (E∩Yi)) → (Zi, Yi), induces
a one-to-one homomorphism i∗4 : Hk(Zi, Yi) → Hk(E,E ∩ Yi). Let i3 denote the
inclusion from (Ê, (Ê∩Bi)) into (Xi, Bi). Since i4 ◦ i1 = i2 ◦ i3, i∗1 ◦ i∗4 = (i4 ◦ i1)∗ =
(i2 ◦ i3)∗ = i∗3 ◦ i∗2. Since i∗2 is an isomorphism, i∗1 ◦ i∗4 ◦ (i∗2)

−1 = i3
∗. Since i∗1 and

(i∗2)
−1 are isomorphisms, and i∗4 is a one-to-one homomorphism, i∗3 is a one-to-one

homomorphism from Hk(Xi, Bi) into Hk(Ê, (Ê ∩ Yi)).
Note that f |Ê = f ◦ i3. Since the groups Hk(Xi, Bi) and Hk(Zi+1, Yi+1) are

isomorphic to the group of integers, and f∗ is not trivial, f∗ must be one-to-one.
Since i∗3 is a one-to-one homomorphism, (f |Ê)∗ must be one-to-one. �

Proposition 2.3. Suppose (1),(2), and (3∗) hold for f : Rm → Rm, k a fixed
integer such that 1 < k ≤ m, and finite sequences (Xi, Bi)N

i=0, (Zi, Yi)N
i=0 of pairs of

compact sets in Rm. Further, suppose E ⊂ Zi, and f |E : (E,E∩Yi) → (Zi+1, Yi+1)
induces a one-to-one homomorphism from Hk(Zi+1, Yi+1) into Hk(E,E ∩ Yi).
Then the inclusion j : (f(E), f(E ∩ Yi)) → (Zi+1, Yi+1) induces a one-to-one
homomorphism from Hk(Zi+1, Yi+1) into Hk(f(E), f(E ∩ Yi)).
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Proof. Note that f |E can be regarded as a map from (E,E ∩Yi) into (Zi+1, Yi+1)
and as a map from (E,E ∩ Yi) onto (f(E), f(E ∩ Yi)). (The ranges are differ-
ent.) To avoid ambiguity, denote the map f |E : (E,E ∩ Yi) → (f(E), f(E ∩ Yi))
as f2, while continuing to denote f |E : (E,E ∩ Yi) → (Zi+1, Yi+1) as f |E. Then
f∗
2 : Hk(f(E), f(E ∩ Yi)) → Hk(E,E ∩ Yi), and (f |E)∗ : Hk(Zi+1, Yi+1) →

Hk(E,E ∩ Yi), with (f |E)∗ a one-to-one homomorphism. Since f |E = j ◦ f2,
where j : (f(E), f(E ∩ Yi)) → (Zi+1, Yi+1) denotes the inclusion, j∗ must be a
one-to-one homomorphism. �

The following is a simple version of a proposition that appeared in [4].

Proposition 2.4 (The Covering Principle). Let Q be a metric space. Assume h :
Q0 → Q is continuous, where Q0 ⊂ Q is compact. Let

E0, E1 ⊂ P1, E2 ⊂ P2, . . . , En ⊂ Pn

be n+1 nonempty compact subsets of Q0 such that h(Ei) ⊃ Pi+1 for each 0 ≤ i < n.
Then there exists a point x0 ∈ E0 such that xn := hn(x0) ∈ En.

Proof. Suppose xn ∈ En. Since En ⊂ Pn ⊂ h(En−1), there is some xn−1 ∈ En−1

such that h(xn−1) = xn. Since En−1 ⊂ Pn−1 ⊂ h(En−2), there is some xn−2 ∈
En−2 such that h(xn−2) = xn−1. Then h2(xn−2) = xn. We can continue this
finite process until we reach E0. Thus, there is some x0 such that h(x0) = x1,
h2(x0) = x2, . . . , and hn(x0) = xn. �
Theorem 2.5 (Shadowing Containment Theorem). Suppose (1),(2), and (3∗) hold
for f : Rm → Rm, k a fixed integer such that 1 < k ≤ m, and finite sequences
(Xi, Bi)N

i=0, (Zi, Yi)N
i=0 of pairs of compact sets in Rm. Suppose (yi)N

i=0 is a pseudo-
trajectory with yi ∈ Zi over i, and let ε > 0 be the maximum diameter of Zi over i.
Then there is an ε-shadow (xi)N

i=0 of (yi)N
i=0, i.e., |xi − yi| ≤ ε, i = 0, . . . , N .

Proof. Let E0 = X0 ∪ Y0 = Z0. Then E0 k-crosses (Z0, Y0), and, by Lemma 1 and
Proposition 1, there is a compact subset E1 = E0∩X0 of E0 such that the inclusion
j1 : (f(E1), f(E1 ∩ Y0)) → (Z1, Y1) induces a one-to-one homomorphism from
Hk(Z1, Y1) into Hk(f(E1), f(E1∩Y0)). Thus, f(E1) k-crosses (Z1, Y1). Proceeding
inductively, if f(El) k-crosses (Zl, Yl) with 1 ≤ l ≤ N − 1, there is a compact
subset El+1 = f(El) ∩Xl of f(El) such that the inclusion jl : (f(El+1), f(El+1 ∩
Yl)) → (Zl+1, Yl+1) induces a one-to-one homomorphism from Hk(Zl+1, Yl+1) into
Hk(f(El+1), f(El+1∩Yl)), and f(El+1) k-crosses (Zl+1,Yl+1). Let EN+1 = f(EN ).

Note that the hypotheses of the preceding proposition are satisfied for f and
the sequence

E1, E2 ⊂ f(E1), . . . , EN+1 ⊂ f(EN ) .

Then there is a nonempty compact subset E′ of E1 ⊂ Z0 such that if x0 ∈ E′,
f l(x0) := xl ∈ El+1 ⊂ Xl ⊂ Zl for 0 ≤ l ≤ N . Thus, (xi)N

i=0 is an ε-shadow of
(yi)N

i=0. �
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1. Introduction

Let φ : R → R (classical), or φ : R → ] − a, a[ (bounded), or φ : ] − a, a[→
R (singular) be an increasing homeomorphism such that φ(0) = 0. Canonical
examples are respectively

φ(s) = |s|p−2s (p-Laplacian) ,

φ(s) =
s√

1 + s2
(curvature) ,

φ(s) =
s√

1− s2
(special relativity) .

If f : [0, T ]× R2 → R is continuous, we associate to φ and f the quasilinear
ordinary differential equation (

φ(u′)
)′ = f(t, u, u′) . (1.1)

By solution of (1.1) we mean a function u of class C1 whose range belongs to the
domain of φ and such that φ ◦ u′ is of class C1.
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Like in the classical second order case, we can associate to (1.1) various
boundary conditions, for example

u(0) = 0 , u(T ) = 0 (Dirichlet) , (1.2)

u′(0) = 0 , u′(T ) = 0 (Neumann) , (1.3)

u(0) = u(T ) , u′(0) = u′(T ) (periodic) . (1.4)

At first sight one could think that the increasing order of difficulty in treating
a given boundary value problem with respect to the class of φ is classical, bounded,
singular. But this is not the case and papers [3–5] show that, indeed, the increasing
order of difficulty is singular, classical, bounded. In this paper, we concentrate on
the singular case, and describe the results of [2] and [5]. The classical and bounded
cases are treated in [2–4]. All results presented here are joint work with C. Bereanu.

2. Dirichlet problem

The first step is to reduce the problem to a fixed point problem in a suitable
function space. Let C = C([0, T ]), C1 = C1([0, T ]), with the respective norms

‖u‖∞ = max
[0,T ]

|u| , ‖u‖ = ‖u‖∞ + ‖u′‖∞ ,

and let
C1

0 :=
{
u ∈ C1 : u(0) = 0 = u(T )

}
.

The construction of the fixed point operator requires the following result, valid for
φ : ]− a, a[→ R, with 0 < a ≤ +∞.

Lemma 2.1. For each h ∈ C, there is a unique α := Qφ(h) such that∫ T

0

φ−1
(
h(t)− α

)
dt = 0 .

Furthermore Qφ : C → R is continuous.

For φ = I, QI(h) is the mean value of h and hence Qφ(h) is called the φ-mean
value of h. Let H : C → C1 be defined by

Hu(t) =
∫ t

0

u(s) ds
(
t ∈ [0, T ]

)
,

and let F : C1 → C be a continuous mapping which takes bounded sets into
bounded sets. For example, this is the case for the Nemytski operator

Nf : C1 → C , u �→ f
(
·, u(·), u′(·)

)
associated to a continuous function f : [0, T ] × R2 → R. The following lemma is
easily proved. See [10] for early references and proof.



Boundary Value Problems with φ-Laplacians 249

Lemma 2.2. u is a solution of(
φ(u′)

)′ = F (u) , u(0) = 0 = u(T ) (2.1)

if and only if u ∈ C1
0 is a fixed point of M0, with

M0(u) := H ◦ φ−1 ◦ (I −Qφ) ◦HF (u) . (2.2)

Furthermore, M0 is completely continuous on C1
0 and ‖(M0(u))′‖∞ < a for all

u ∈ C1
0 .

We then obtain a universal existence theorem for Dirichlet problem when φ
is singular.

Theorem 2.3. If φ is singular, problem (2.1) has at least one solution for any F.

Proof. For each u ∈ C1
0 , we have∥∥(M0(u)

)′∥∥
∞ < a ,

and hence M0 maps C1
0 into the closed ball Ba(T+1) of C1

0 . The conclusion follows
from Schauder’s fixed point theorem. �

Remark 2.4. For the Dirichlet problem associated to a singular φ :

1. Existence of a solution is guaranteed for any right-hand member F, without
any growth condition with respect to u, like in the classical or bounded case.

2. For any reasonable spectral theory for φ singular with Dirichlet boundary
conditions (if any !), the spectrum is empty.

3. Neumann problem: sign condition

The problem (
φ(u′)

)′ = 1 , u′(0) = 0 = u′(T )

has no solution, and hence there is no universal existence theorem for Neumann
boundary conditions.

To deal with the Neumann problem, let

C1
# :=

{
u ∈ C1 : u′(0) = 0 = u′(T )

}
,

and define the linear projectors P, Q : C → C1 respectively by

Pu := u(0) , Qu :=
1
T

∫ T

0

u(s) .

If again F : C1 → C is continuous and takes bounded sets into bounded sets, it is
easy to prove the following lemma (see [10] for references and proof).
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Lemma 3.1. u is a solution of(
φ(u′)

)′ = F (u) , u′(0) = 0 = u′(T ) (3.1)

if and only if u ∈ C1
# is a fixed point of M#, with

M#(u) := Pu + QF (u) + H ◦ φ−1 ◦H(I −Q)F (u) .

Furthermore, M# is completely continuous on C1
# and ‖(M#(u))′‖∞ < a for all

u ∈ C1
#.

For u ∈ C, let
uL := min

[0,T ]
u , uM := max

[0,T ]
u .

We denote by dLS the Leray–Schauder degree et by dB the Brouwer degree (see,
e.g., [6]). We have the following existence theorem.

Theorem 3.2. If there exists R > 0 and ε ∈ {−1, 1} such that

ε (sign u)QF (u) > 0 (3.2)

whenever uL ≥ R or uM ≤ −R, and ‖u′‖∞ < a, then:
1. Problem (3.1) has at least one solution.
2. Each fixed point u of M# satisfies ‖u‖ < R + a(T + 1).
3. dLS [I −M#, BR+a(T+1), 0] = −ε.

Proof. (Sketched). We introduce the homotopy

M(λ, u) := Pu + QF (u) + H ◦ φ−1 ◦ λH(I −Q)F (u)
(
λ ∈ [0, 1]

)
. (3.3)

Each possible fixed point of M(λ, ·) satisfies the a priori bound

‖u′‖∞ < a (3.4)

and the identity QF (u) = 0. Consequently, we have uM > −R and uL < R, which,
together with (3.4), implies the second conclusion. Using degree invariance under
a homotopy and some reduction formula, we get

dLS

[
I −M(1, ·), BR+(a+1)T , 0

]
= dLS

[
I −M(0, ·), BR+a(T+1), 0

]
= dB

[
−QF |R,

]
−R− a(T + 1), R + a(T + 1)[, 0]

= −ε ,

which is the third conclusion, and the first one follows from existence property of
degree. �

Example 3.3. If b 
= 0 and h ∈ C, problem(
u′

√
1− u′2

)′
= b arctan u + h(t) , u′(0) = 0 = u′(T )

has at least one solution if and only if

−|b|π
2

< Qh <
|b|π
2

.
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Remark 3.4. A standard approximation argument shows that the existence con-
clusion in Theorem 3.2 survives if the sign condition is weakened to

ε (sign u)QF (u) ≥ 0 (3.5)

whenever uL ≥ R or uM ≤ −R, and ‖u′‖∞ < a.

Corollary 3.5. If f : [0, T ]× R2 → R is continuous and such that

lim
u→±∞

εf(t, u, v) = ±∞

for some ε ∈ {−1, 1}, uniformly in (t, v) ∈ [0, T ]× ]− a, a[, problem(
φ(u′)

)′ = f(t, u, u′) , u′(0) = 0 = u′(T )

has at least one solution, and dLS [I −M#, Bρ, 0] = −ε for large ρ > 0.

This is in particular the case for f(t, u, v) = μu+h(t) with μ 
= 0 and h ∈ C.

Remark 3.6. For Neumann problem (3.1):
1. Existence holds under the sign condition (3.5) only upon F , which reduces

to the necessary and sufficient condition Qh = 0 when F (u)(t) = h(t).
2. There is no need of any growth condition with respect to u like in the classical

or the bounded case.
3. For any reasonable spectral theory for singular φ with Neumann boundary

conditions (if any), the spectrum is {0}.
Example 3.7. If b 
= 0 and p > 0, problem(

u′
√

1− u′2

)′
= b|u|p−1u + h(t) , u′(0) = 0 = u′(T )

has at least one solution for each h ∈ C.

Remark 3.8. Similar results hold for the case of periodic boundary conditions.
See [5] for details.

4. Neumann problem: lower and upper solutions

We extend the classical method of lower and upper solutions to the Neumann
problem with singular φ.(

φ(u′)
)′ = f(t, u, u′) , u′(0) = 0 = u′(T ) , (4.1)

where f : [0, T ]× R2 → R is continuous.

Definition 4.1. α ∈ C1 with φ ◦α′ ∈ C1 is a lower solution for (4.1) if ‖α′‖∞ < a,(
φ
(
α′(t)

))′
≥ f

(
t, α(t), α′(t)

) (
t ∈ [0, T ]

)
, (4.2)

and α′(0) ≥ 0 ≥ α′(T ). β ∈ C1 with φ ◦ β′ ∈ C1 is an upper solution for (4.1) if
‖β′‖∞ < a, (

φ
(
β′(t)

))′
≤ f

(
t, β(t), β′(t)

) (
t ∈ [0, T ]

)
, (4.3)
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and β′(0) ≤ 0 ≤ β′(T ).

The fundamental existence theorem goes as follows.

Theorem 4.2. If φ is singular and (4.1) has a lower solution α and an upper
solution β such that

α(t) ≤ β(t)
(
t ∈ [0, T ]

)
,

then (4.1) has at least one solution verifying

α(t) ≤ u(t) ≤ β(t)
(
t ∈ [0, T ]

)
. (4.4)

Proof. (Sketched). It follows the classical scheme introduced in [11] for φ = I.
Define

γ(t, u) =

⎧⎨⎩ β(t) if u > β(t)
u if α(t) ≤ u ≤ β(t)
α(t) if u < α(t) ,

and consider the modified problem(
φ(u′)

)′ = f
(
t, γ(t, u), u′)+ u− γ(t, u) , u′(0) = 0 = u′(T ) . (4.5)

The Equation (4.5) has a solution from Corollary 3.5. Using a maximum principe
argument one then shows that each possible solution of (4.5) satisfies α(t) ≤ u(t) ≤
β(t) for all t ∈ [0, T ], and hence is a solution of (4.1). �

Remark 4.3. For a singular φ, there is no need of any Nagumo condition, like in
the cases of u′′ = f(t, u, u′) or of (|u′|p−2u′)′ = f(t, u, u′).

Lower and upper solutions are called strict if the strict inequality holds
in (4.2) and (4.3).

Theorem 4.4. If the lower and upper solutions α and β are strict in Theorem 4.2,
then each solution u of (4.1) verifying (4.4) is such that

α(t) < u(t) < β(t)
(
t ∈ [0, T ]

)
and dLS [I −M#,Ωα,β , 0] = −1, where Ωα,β is the open bounded set{

u ∈ C1
# : α(t) < u(t) < β(t)

(
t ∈ [0, T ]

)
, ‖u′‖∞ < a

}
.

Proof. (Sketched). The strict inequality for the solution u of the modified problem
follows from the definition of strict lower and upper solutions and a maximum
principle argument. The computation of the degree is based upon the excision
property. �

Remark 4.5. Theorem 4.2 also holds if f : [0, T ]× ]0,+∞[×R → R is continuous
and α(t) > 0 for all t ∈ [0, T ].

The existence of a solution survives when unordered lower and upper solutions
exist. The argument of the proof is inspired from the one introduced by Amann–
Ambrosetti–Mancini [1] for the semilinear elliptic problem Δu + g(x, u) = 0 with
zero Dirichlet conditions and g bounded.
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Theorem 4.6. If φ is singular and (4.1) has a lower solution α and an upper
solution β, then it has at least one solution.

Proof. (Sketched). Decompose any u ∈ C1
# in the form u = u0 + u1 (u0 = u(0),

u1(0) = 0), and let C̃1
# = {u ∈ C1

# : u(0) = 0}. The set S of the solutions

(u0, u1) ∈ R× C̃1
# of problem(

φ(u′
1)
)′ = f(t, u0 + u1, u

′
1)−QNf (u0 + u1) , u′

1(0) = 0 = u′
1(T ) (4.6)

contains a continuum C whose projection on R is R and projection on C̃1
# is

contained in the ball Ba(T+1). This follows from the fact that, for each fixed u0 ∈ R,

problem (4.6) is equivalent to the fixed point problem in C̃1
#

u1 = H ◦ φ−1 ◦H(I −Q)Nf (u0 + u1) ,

and from continuation arguments of Leray–Schauder’s type (see [5] for details). If
there is some (u0, u1) ∈ C such that QNf (u0 +u1) = 0, then u0 +u1 solves (4.1). If
QNf (u0+u1) > 0 for all (u0, u1) ∈ C, then for (αM +aT, u1) ∈ C, αM +aT +u1(t) ≥
α(t) for all t ∈ [0, T ] is an upper solution for (4.1), and the existence of a solution
to (4.1) follows from Theorem 4.2. Similarly in the opposite case. �

Remark 4.7. Similar results hold for the periodic boundary conditions. See [5] for
details.

5. Neumann problem: Ambrosetti–Prodi type result

One can use the results on lower and upper solutions to prove an Ambrosetti–Prodi
type result for the Neumann problem(

φ(u′)
)′ = f(t, u, u′)− s , u′(0) = 0 = u′(T ) , (5.1)

with singular φ, f : [0, T ]× R2 → R continuous, coercive or anticoercive in u, and
s ∈ R.

Theorem 5.1. If φ is singular and

lim
|u|→∞

f(t, u, v) = +∞ (resp.−∞) (5.2)

uniformly in (t, v) ∈ [0, T ]× ] − a, a[ , there exists s1 such that problem (5.1) has
no solution (resp. at least two solutions) if s < s1, at least one solution if s = s1

and at least two solutions (resp. no solution) if s > s1.

Proof. (Sketched). Follows the scheme used in [7] when φ = I and in [12] when
φ(s) = |s|p−2s, based upon a combination of lower and upper solutions techniques,
a priori estimates and Leray–Schauder degree. See [5] for details. �
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Example 5.2. Write h ∈ C as h(t) = h + h̃(t) where h = Qh, and C̃ = {h ∈ C :
h = 0}. For each b > 0 (resp. b < 0), p > 0, and h̃ ∈ C̃, there exists s1 ∈ R such
that problem (

u′
√

1− u′2

)′
+ b|u|p = h + h̃(t) , u′(0) = 0 = u′(T )

has no solution (resp. at least two solutions) if h < s1, at least one solution if
h = s1, and at least two solutions (resp. no solution) if h > s1.

Remark 5.3. Similar results hold for the periodic boundary conditions. See [5] for
details.

6. Singular forces

We now discuss Neumann problems for equations with singular restoring forces and
φ singular, which were considered, in the periodic case, by Lazer–Solimini [9] when
φ = I and by Jebelean–Mawhin [8] and Rachunková–Tvrdý [13] for classical φ.
We first consider the case of attractive forces.

Theorem 6.1. If h ∈ C, g : [0, T ]× ]0,+∞[×R → ]0,+∞[ is continuous and

lim
u→0+

g(t, u, v) = +∞ , lim
u→+∞

g(t, u, v) = 0 ,

uniformly in (t, v) ∈ [0, T ]× ]− a, a[ , problem(
φ(u′)

)′ + g(t, u, u′) = h(t) , u′(0) = 0 = u′(T ) (6.1)

has at least one positive solution if and only if Qh > 0.

Proof. (Sketched). Necessity. If u solves (6.1), then Qh = QNg(u) > 0.
Sufficiency. For ε > 0 such that g(t, ε, 0) − h(t) > 0 for all t ∈ [0, T ], α ≡ ε is a
strict lower solution for (6.1). Take now w such that(

φ(w′)
)′ = h(t)−Qh , w′(0) = 0 = w′(T ) .

For δ > 0 such that β(t) := δ + w(t) > α(t) and g(t, β(t), β′(t)) < Qh for all
t ∈ [0, T ], β is a strict upper solution of (6.1). The result follows from Theorem 4.2
and Remark 4.5. �

Example 6.2. If b > 0, p < 0 and h ∈ C, problem(
u′

√
1− u′2

)′
+ bup = h(t) , u′(0) = 0 = u′(T )

has at least one positive solution if and only if Qh > 0.

Consider now the case of repulsive forces, discussed, for periodic boundary
conditions, by Lazer–Solimini [9] when φ = I, and by Jebelean–Mawhin [8] and
Rachunková–Tvrdý [13] for classical φ.
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Theorem 6.3. If h ∈ C, g : ]0,+∞[→ ]0,+∞[ is continuous and

lim
u→0+

g(u) = +∞ , lim
u→+∞

g(u) = 0 ,

∫ 1

0

g(s) ds = +∞ ,

problem (
φ(u′)

)′ − g(u) = h(t) , u′(0) = 0 = u′(T ) (6.2)
has at least one positive solution if and only if Qh < 0.

Proof. (Sketched). A basic ingredient in the proof is to show that there exists
R > ε > 0 such that for all λ ∈ ]0, 1], any positive solution u of(

φ(u′)
)′ − λg(u) = λh(t) , u′(0) = 0 = u′(T ) (6.3)

satisfies R > u(t) > ε for all t ∈ [0, T ]. The upper bound R follows from the
relations∫ T

0

g
(
u(s)

)
ds = −TQh ,

∥∥(φ(u′)
)′∥∥

1
≤ T |Qh|+ ‖h‖1 ≤ 2‖h‖1 ,

which gives, for some t0 ∈ [0, T ] and R0 > 0,

u(t0) < R0 , ‖φ(u′)‖∞ ≤ 2T‖h‖1 ,

where ‖ · ‖1 denotes the L1-norm. For the lower bound ε, the energy identity
associated to (6.2) is used, explaining the more restricted class of restoring forces.
The proof ends by showing that |dLS [I −M#,Ω, 0]| = 1, with

Ω =
{

u ∈ C1
# : ε < u(t) < R

(
t ∈ [0, T ]

)
, ‖u′‖∞ < a

}
. �

Example 6.4. If b < 0, p ≤ −1 and h ∈ C, problem(
u′

√
1− u′2

)′
+ bup = h(t) , u′(0) = 0 = u′(T )

has at least one positive solution if and only if Qh < 0.

Remark 6.5. Similar results hold for the periodic case. See [5] for details.
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Abstract. This paper studies the fourth order nonlinear fully equation

u(4)(x) + f
(
x, u(x), u′(x), u′′(x), u′′′(x)

)
= s p(x)

for x ∈ [a, b] , f : [a, b] × R4 → R, p : [a, b] → R+ continuous functions and
s ∈ R, with the boundary conditions

u(a) = A , u′(a) = B ,

k1 u′′(a) − k2 u′′′(a) = C , k3 u′′(b) + k4 u′′′(b) = D

for A, B, C, D, k1, k3 ∈ R, k2, k4 ≥ 0 such that k2
1 + k2 > 0 and k2

3 + k4 > 0.
This problem models several phenomena, such as, a cantilevered beam

with a linear relation between the curvature and the shear force at both
endpoints. For some values of the real constants, it will be presented an
Ambrosetti–Prodi type discussion on s. The arguments used apply lower and
upper solutions technique, a priori estimations and topological degree theory.

Mathematics Subject Classification (2000). Primary 34B15; Secondary 34B18;
34L30; 47H10; 47H11.

Keywords. Nagumo-type conditions, lower and upper solutions, Leray–
Schauder degree, Ambrosetti–Prodi problems, beam equation.

1. Introduction

In this paper it is studied the fourth order nonlinear fully equations

u(iv)(x) + f
(
x, u(x), u′(x), u′′(x), u′′′(x)

)
= sp(x) , (Es)

for f : [a, b] × R4 → R and p : [a, b] → R+ continuous functions and s a real
parameter, with several types of two-point boundary conditions.

This work was partially supported by CRUP, Acção E-99/06.
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If

u(a) = A , u′(a) = B ,

k1 u′′(a)− k2 u′′′(a) = C , k3 u′′(b) + k4 u′′′(b) = D
(1.1)

for A,B,C,D, k1, k3 ∈ R, k2, k4 ≥ 0 such that k2
1 + k2 > 0 and k2

3 + k4 > 0 it will
be proved the existence of solutions to problem (Es)–(1.1) for the values of s such
that there are lower and upper solutions.

In Section 3 it is considered, for clearness, a particular case of the above
boundary conditions in [0, 1]:

u(0) = 0 , u′(0) = 0

k1 u′′(0)− k2 u′′′(0) = 0 , k3 u′′(1) + k4 u′′′(1) = 0
(1.2)

with k1, k2, k3, k4 ≥ 0 such that k1 + k2 > 0 and k3 + k4 > 0 and the existence of
solution for the problem (Es)–(1.2) will depend on s.

Taking, in (1.2), k2 = k4 = 0 and k1, k3 > 0, the two-point boundary condi-
tions are

u(0) = u′(0) = u′′(0) = u′′(1) = 0 (1.3)

and it is obtained in Section 4 an Ambrosetti–Prodi type result, that is, there are
s0, s1 ∈ R such that (Es)–(1.3) has no solution if s < s0, it has at least one solution
if s = s0 and (Es)–(1.3) has at least two solutions for s ∈]s0, s1].

As far as we know these Ambrosetti–Prodi results were never applied to
fourth order nonlinear fully equations. The arguments used were suggested by
several papers namely [2], applied to second order periodic problems, [10], to third
order three points boundary value problems, [1] for two-point boundary value
problems, and make use of Nagumo-type growth condition, [9], upper and lower
solutions technique for higher order boundary value problems, [3,4,7], and degree
theory, [6].

We point out that the localization of solutions provided by lower and upper
solutions method, combined with Ambrosetti–Prodi type results or by itself, can
be useful to prove the existence of positive solutions (if the lower function is non-
negative) or multiple solutions (if there are solutions in two disjoint branches).
In fact, this property is a sharp tool in some applications where bounds on the
solution or its derivatives are important, as it is illustrated in last section.

2. Existence and non-existence results

In the following, Ck([a, b]) denotes the space of real valued functions with con-
tinuous i-derivative in [a, b], for i = 1, ..., k, equipped with the usual norms. The
nonlinearity of (Es) must verify some growth conditions, given by next definition,
providing also an a priori estimate for u′′′, if some bounds on u, u′ and u′′ are
verified.
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Definition 2.1. A continuous function g : [a, b]×R4 → R is said to satisfy Nagumo-
type conditions in

E =
{
(x, y0, y1, y2, y3) ∈ [a, b]× R4 : γi(x) ≤ yi ≤ Γi(x), i = 0, 1, 2

}
,

with γi(x) and Γi(x) continuous functions such that γi(x) ≤ Γi(x), for each i and
every x ∈ [a, b], if there exists a continuous function hE : R+

0 → [k,+∞], for some
fixed k > 0, such that

|g(x, y0, y1, y2, y3)| ≤ hE(|y3|) , ∀(x, y0, y1, y2, y3) ∈ E , (2.1)

with ∫ +∞

0

ξ

hE(ξ)
dξ = +∞ . (2.2)

Lemma 2.2. Let f : [a, b]×R4 → R be a continuous function that satisfies Nagumo-
type conditions (2.1) and (2.2) in

E =
{
(x, y0, y1, y2, y3) ∈ [a, b]× R4 : γi(x) ≤ yi ≤ Γi(x), i = 0, 1, 2

}
,

where γi(x) and Γi(x) are continuous functions. Then there is r > 0 such that
every solution u(x) of (Es) verifying γi(x) ≤ u(i)(x) ≤ Γi(x), for i = 0, 1, 2 and
every x ∈ [a, b], satisfies ‖u′′′‖ < r.

The proof is contained in [4].
To apply upper and lower solutions method it will be considered the following

type of functions:

Definition 2.3. Consider A,B,C,D, k1, k2, k3, k4 ∈ R such that k2, k4 ≥ 0, k2
1 +

k2 > 0 and k2
3 + k4 > 0.

A function α(x) ∈ C4(]a, b[) ∩ C3([a, b]) is a lower solution of (Es)–(1.1) if

α(4)(x) + f
(
x, α(x), α′(x), α′′(x), α′′′(x)

)
≥ s p(x) , (2.3)

for x ∈]a, b[, and

α(a) ≤ A , α′(a) ≤ B ,

k1 α′′(a)− k2 α′′′(a) ≤ C , k3 α′′(b) + k4 α′′′(b) ≤ D .

A function β(x) ∈ C4(]a, b[)∩C3([a, b]) is an upper solution if the inequalities are
reversed.

For s such that there are upper and lower solutions of (Es)–(1.1) with the
second derivatives “well ordered”, it is obtained not only an existence result but
also some information concerning the location of the solution of (Es)–(1.1) and its
derivatives.

Theorem 2.4. Let f : [a, b]×R4 → R be a continuous function. Suppose that there
are lower and upper solutions of (Es)–(1.1), α(x) and β(x), respectively, such that,
α′′(x) ≤ β′′(x), for x ∈ [a, b], and f satisfies Nagumo-type conditions in

E∗ =
{

(x, y0, y1, y2, y3) ∈ [a, b]× R4 : α(i)(x) ≤ yi ≤ β(i)(x), i = 0, 1, 2
}

.
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If f verifies

f
(
x, α(x), α′(x), y2, y3

)
≤ f(x, y0, y1, y2, y3) ≤ f

(
t, β(x), β′(x), y2, y3

)
, (2.4)

for fixed (x, y2, y3) ∈ [a, b] × R2 and α(x) ≤ y0 ≤ β(x), α′(x) ≤ y1 ≤ β′(x) then
(Es)–(1.1) has at least a solution u(x) ∈ C4([a, b]) satisfying

α(x)≤u(x)≤β(x) , α′(x)≤u′(x)≤β′(x) , α′′(x)≤u′′(x)≤β′′(x) , ∀x∈ [a, b] .

The proof is a particular case of the main result of [4].
A first discussion on s about the existence and nonexistence of a solution will

be done, for clearness, in [0,1] with A = B = C = D = 0 and k1, k2, k3, k4 ≥ 0
with k1 + k2 > 0, k3 + k4 > 0, that is, for problem (Es)–(1.2). Lower and upper
solutions definition for this problem are obtained considering these restrictions:

Definition 2.5. For k1, k2, k3, k4 nonnegative real numbers such that k1 + k2 > 0
and k3 + k4 > 0, a function α(x) ∈ C4(]0, 1[) ∩ C3([0, 1]) is a lower solution of
(Es)–(1.2) if it verifies (2.3) in ]0, 1[ and

α(0) ≤ 0 , α′(0) ≤ 0 ,

k1 α′′(0)− k2 α′′′(0) ≤ 0 , k3 α′′(1) + k4 α′′′(1) ≤ 0 .

A function β(x) is an upper solution if it satisfies the reversed inequalities.

Theorem 2.6. Let f : [0, 1]×R4 → R be a continuous function satisfying Nagumo-
type condition and such that:
(H1) f is nondecreasing on the second and third variables;
(H2) f is nonincreasing on the fourth variable;
(H3) there are s1 ∈ R and r > 0 such that

f(x, 0, 0, 0, 0)
p(x)

< s1 <
f(x, y0, y1,−r, 0)

p(x)
, (2.5)

for every x ∈ [0, 1] and every y0 ≤ −r and y1 ≤ −r. Then there is s0 < s1 (with
the possibility that s0 = −∞) such that: for s < s0, (Es)–(1.2) has no solution; for
s0 < s ≤ s1, (Es)–(1.2) has at least one solution.

Proof. Defining s∗ = max {f(x, 0, 0, 0, 0)/p(x), x ∈ [0, 1]}, by (2.5), there exists
x∗ ∈ [a, b] such that

f(x, 0, 0, 0, 0)
p(x)

≤ s∗ =
f(x∗, 0, 0, 0, 0)

p(x∗)
< s1 , ∀x ∈ [0, 1] ,

and, by the first inequality, β(x) ≡ 0 is an upper solution of (Es∗)–(1.2).
The function α(x) = −r x2/2 is a lower solution of (Es∗)–(1.2) and, by

Theorem 2.4, there is s∗ < s1 and a solution of (Es∗)–(1.2) with s∗ < s1. Suppose
that (Eσ)–(1.2) has a solution uσ(x). For s such that σ ≤ s ≤ s1,

u(4)
σ (x) ≤ s p(x)− f

(
x, uσ(x), u′

σ(x), u′′
σ(x), u′′′

σ (x)
)

and so uσ(x) is an upper solution of (Es)–(1.2) for every s such that σ ≤ s ≤ s1.
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For r > 0 given by (2.5) take R ≥ r large enough such that

u′′
σ(0) ≥ −R, u′′

σ(1) ≥ −R and min
x∈[0,1]

u′
σ(x) ≥ −R (2.6)

the function α(x) = −Rx2/2 is a lower solution of (Es)–(1.2) for s ≤ s1. If there
is x ∈ [0, 1] such that u′′

σ(x) < −R, define

min
x∈[0,1]

u′′
σ(x) := u′′

σ(x0) (< −R) ,

then, by (2.6), x0 ∈ ]0, 1[ , u′′′
σ (x0) = 0, u

(4)
σ (x0) ≥ 0. By (H1), (H2), (2.6)

and (2.5), the following contradiction is obtained

0 ≤ u(4)
σ (x0) ≤ σ p(x0)− f

(
x0, uσ(x0), u′

σ(x0),−R, 0
)

≤ s1 p(x0)− f(x0,−R,−R,−R, 0) < 0 .

So −R ≤ u′
σ(x), for every x ∈ [0, 1], and, by Theorem 2.4, problem (Es)–(1.2)

has at least a solution u(x) for every s such that σ ≤ s ≤ s1. Let S = {s ∈ R :
(Es)–(1.2) has at least a solution}. As s∗ ∈ S then S 
= ∅. Defining s0 = inf S,
therefore, s0 ≤ s∗ < s1 and (Es)–(1.2) has at least a solution for s ∈]s0, s1] and it
has no solution for s < s0. Observe that if s0 = −∞ then (Es)–(1.2) has a solution
for every s ≤ s1. �

3. Multiplicity results

In the particular case of boundary conditions (1.1) where k2 = k4 = A = B =
C = D = 0 and k1, k3 > 0 it will be proved the existence of a second solution for
problem (Es)–(1.3) as a consequence of a non null degree for the same operator in
two disjoint sets.

The arguments are based on strict lower and upper solutions an some new
assumptions on the nonlinearity.

Definition 3.1. Consider α, β : [0, 1] → R such that α, β ∈ C3(]0, 1[) ∩ C2([0, 1]).
A function α(x) is a strict lower solution of (Es)–(1.3 ) if

α(4)(x) + f
(
x, α(x), α′(x), α′′(x), α′′′(x)

)
> s p(x) , for x ∈]0, 1[ ,

α(0) ≤ 0 , α′(0) ≤ 0 , α′′(0) < 0 , α′′(1) < 0 .
(3.1)

A function β(x) is a strict upper solution of (Es)–(1.3) if the reversed inequalities
hold.

Define the set X = {y ∈ C2([0, 1]) : y(0) = y′(0) = y′′(0) = y′′(1) = 0}
and the operators L : dom L → C([a, b]), with dom L = C4([0, 1]) ∩X, given by
Lu = u(4) and, for s ∈ R, Ns : C3([0, 1]) ∩X → C([0, 1]) given by

Nsu = f
(
x, u(x), u′(x), u′′(x), u′′′(x)

)
− s p(x) .

For an open and bounded set Ω ⊂ X, the operator L + Ns is L-compact
in Ω, [6]. Remark that in dom L the equation Lu + Nsu = 0 is equivalent to
problem (Es)–(1.3).
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Next result will be an important tool to evaluate the Leray–Schauder topo-
logical degree.

Lemma 3.2. Consider a continuous function f : [a, b] × R3 → R verifying a
Nagumo-type condition and (H1). If there are strict lower and upper solutions
of (Es)–(1.3), α(x) and β(x), respectively, such that

α′′(x) < β′′(x) , ∀x ∈ [0, 1] , (3.2)

then there is ρ3 > 0 such that d(L + Ns,Ω) = ±1 for

Ω =
{

y ∈ domL : α(i)(x) < y(i)(x) < β(i)(x), i = 0, 1, 2, ‖y′′′‖ < ρ3

}
.

Remark 3.3. The set Ω can be taken the same, independent of s, as long as α and β
are strict lower and upper solutions for (Es)–(1.3) and s belongs to a bounded set.

Proof. For i = 0, 1, 2 define the truncations

δi(x, yi) = max
{

α(i)(x),min
{

yi, β
(i)(x)

}}
, ∀(x, yi) ∈ [0, 1]× R

consider the modified problem{
u(4)(x) + F

(
x, u(x), u′(x), u′′(x), u′′′(x)

)
= s p(x)

u(0) = u′(0) = u′′(0) = u′′(1) = 0
(3.3)

with F : [0, 1]× R4 → R a continuous function given by

F (x, y0, y1, y2, y3) = f
(
x, δ0(x, y0), δ1(x, y1), δ2(x, y2), y3

)
− y2 + δ2(x, y2)

and define the operator Fs : C3([0, 1]) ∩X → C([0, 1]) by

Fsu = F
(
x, u(x), u′(x), u′′(x), u′′′(x)

)
− s p(x) .

With these definitions problem (3.3) is equivalent to the equation Lu + Fsu = 0
in dom L. For λ ∈ [0, 1] and u ∈ dom L consider the homotopy

Hλu := Lu− (1− λ) u′′ + λ Fsu

and take ρ2 > 0 large enough such that, for every x ∈ [0, 1],

−ρ2 ≤ α′′(x) < β′′ ≤ ρ2 ,

s p(x)− f(x, α(x), α′(x), α′′(x), 0)− ρ2 − α′′(x) < 0

and
s p(x)− f

(
x, β(x), β′(x), β′′(x), 0

)
+ ρ2 − β′′(x) > 0 .

Following similar arguments to the proof of Theorem 2.4, there is ρ3 > 0 such that
every solution u(x) of Hλu = 0 satisfies ‖u′′‖ < ρ2 and ‖u′′′‖ < ρ3, independently
of λ ∈ [0, 1]. Defining Ω1 = {y ∈ dom L : ‖y′′‖ < ρ2, ‖y′′′‖ < ρ3} then, every
solution u of Hλu = 0 belongs to Ω1 for every λ ∈ [0, 1], u /∈ ∂Ω1 and the degree
d(Hλ,Ω1) is well defined, for every λ ∈ [0, 1].

For λ = 0 the equation H0u = 0, that is, the linear problem{
u(4)(x)− u′′(x) = 0
u(0) = u′(0) = u′′(0) = u′′(1) = 0
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has only the trivial solution and, by degree theory, d(H0,Ω1) = ±1. By the invari-
ance under homotopy

±1 = d(H0,Ω1) = d(H1,Ω1) = d(L + Fs,Ω1) . (3.4)

By (3.4), there is u1(x) ∈ Ω1 solution of Lu + Fsu = 0. Assume, by contra-
diction, that there is x ∈ [0, 1] such that u′′

1(x) ≤ α′′(x) and define

min
x∈[0,1]

[
u′′

1(x)− α′′(x)
]

:= u′′
1(x1)− α′′(x1) (≤ 0) .

From (3.1) x1 ∈]0, 1[, u′′′
1 (x1)− α′′′(x1) = 0 and u

(4)
1 (x1)− α(4)(x1) ≥ 0. By (H1),

the following contradiction is achieved

u
(4)
1 (x1) = s p(x1)− F

(
x1, u1(x1), u′

1(x1), u′′
1(x1), u′′′

1 (x1)
)

≤ s p(x1)− f
(
x1, α(x1), α′(x1), α′′(x1), α′′′(x1)

)
+ u′′

1(x1)− α′′(x1)

≤ s p(x1)− f
(
x1, α(x1), α′(x1), α′′(x1), α′′′(x1)

)
< α(4)(x1) .

Therefore u′′
1(x) > α′′(x), for x ∈ [0, 1]. By a similar way it can be proved that

u′′
1(x) < β′′(x), for every x ∈ [0, 1]. By integration and (1.3), u1 ∈ Ω.

As the equations Lu + Fsu = 0 and Lu + Nsu = 0 are equivalent on Ω then

d(L + Fs,Ω1) = d(L + Fs,Ω) = d(L + Ns,Ω) = ±1 ,

by (3.4) and the excision property of the degree. �

The main result is attained assuming that f is bounded from below and it
satisfies some adequate condition of monotonicity-type which requires different
“speeds” of growth.

Theorem 3.4. Let f : [0, 1] × R4 → R be a continuous function such that the
assumptions of Theorem 2.6 are fulfilled. Suppose that there is M ∈ R such that
every solution u of (Es)–(1.3), with s ≤ s1, satisfies

u′′(x) < M , ∀x ∈ [0, 1] , (3.5)

and there exists m ∈ R such that

f(x, y0, y1, y2, y3) ≥ m p(x) , (3.6)

for every (x, y0, y1, y2, y3) ∈ [0, 1]× [−r, |M |]2× [−r,M ]×R, with r given by (2.5).
Then s0, provided by Theorem 2.6, is finite and: if s < s0, (Es)–(1.3) has no
solution; if s = s0, (Es)–(1.3) has at least one solution.

Moreover, let M1 := max{r, |M |} and assume that there is θ > 0 such that,
for every (x, y0, y1, y2, y3) ∈ [0, 1]× [−M1,M1]

3 × R and 0 ≤ η0, η1 ≤ 1,

f(x, y0 + η0 θ, y1 + η1 θ, y2 θ, y3) ≤ f(x, y0, y1, y2, y3) . (3.7)

Then for s ∈]s0, s1], (Es)–(1.3) has at least two solutions.
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Proof. If, by contradiction, there are s ∈]s0, s1], u solution of (Es)–(1.3) and x2 ∈
[0, 1] such that

u′′(x2) := min
x∈[0,1]

u′′(x) ≤ −r .

By (1.3), x2 ∈]0, 1[, u′′′(x2) = 0 and u(4)(x2) ≥ 0. By (H2),

0 ≤ u(4)(x2) ≤ s1 p(x2)− f
(
x2, u(x2), u′(x2),−r, 0

)
.

If u(x2) < −r and u′(x2) < −r, from (2.5) the following contradiction is obtained

0 ≤ s1 p(x2)− f
(
x2, u(x2), u′(x2),−r, 0

)
< 0 .

If u(x2) ≥ −r and u′(x2) ≤ −r (the case u(x2) ≤ −r and u′(x2) ≥ −r is similar),
from (H1) and (2.5), this contradiction is achieved

0 ≤ s1 p(x2)− f
(
x2, u(x2), u′(x2),−r, 0

)
≤ s1 p(x2)− f

(
x2, u(x2),−r,−r, 0

)
< 0 .

If u(x2) ≥ −r and u′(x2) ≥ −r then

0 ≤ s1 p(x2)− f
(
x2, u(x2), u′(x2),−r, 0

)
≤ s1 p(x2)− f(x2,−r,−r,−r, 0) < 0 .

Therefore, every solution u of (Es)–(1.3), with s0 < s ≤ s1, verifies u′′(x) > −r,
for x ∈ [0, 1] , and, by (3.5), −r < u′′(x) < M, for every x ∈ [0, 1] . Integrating on
[0, x], it is obtained −r ≤ −rx < u′(x) < M x ≤ |M | , ∀x ∈ [0, 1] .

Suppose that s0 = −∞, that is, by Theorem 2.6, for every s ≤ s1 problem
(Es)–(1.3) has at least a solution. Define

p1 := min
x∈[0,1]

p(x) > 0

and take s sufficiently small such that

m− s > 0 and
(m− s) p1

16
> M .

If u(x) is a solution of (Es)–(1.3), then, by (3.6), u(4)(x) ≤ (s − m) p(x) and,
by (1.3), there is x3 ∈]0, 1[ such that u′′′(x3) = 0. For x < x3

u′′′(x) = −
∫ x3

x

u(4)(ξ) dξ ≥
∫ x3

x

(m− s) p(ξ) dξ ≥ (m− s)(x3 − t) p1 .

For x ≥ x3

u′′′(x) =
∫ x

x3

u(4)(ξ) dξ ≤ (s−m)(x− x3) p1 .

Choose I =
[
0, 1

4

]
, or I =

[
3
4 , 1
]
, such that |x3 − t| ≥ 1

4 , for every x ∈ I. If
I =

[
0, 1

4

]
, then u′′′(x) ≥ (m− s)p1/4, for x ∈ I, and if I =

[
3
4 , 1
]
, then u′′′(x) ≤

(s−m) p1/4, for x ∈ I. In the first case,

0 =
∫ 1

4

0

u′′′(x) dx +
∫ 1

1
4

u′′′(x) dx ≥
∫ 1

4

0

(m− s) p1

4
dx− u′′

(
1
4

)
=

1
16

(m− s) p1 − u′′
(

1
4

)
> M − u′′

(
1
4

)
,

which is in contradiction with (3.5).
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For I =
[
3
4 , 1
]

a similar contradiction is achieved. Therefore, s0 is finite.
By Theorem 2.6, for s−1 < s0, (Es−1)–(1.3) has no solution. By Lemma 2.2,

consider ρ3 > 0 large enough such that the estimate ‖u′′′‖ < ρ3 holds for every u
solution of (Es)–(1.3), with s ∈ [s−1, s1] .

Define M1 := max{r, |M |} and the set

Ω2 =
{
y ∈ dom L : ‖y′′‖ < M1, ‖y′′′‖ < ρ3

}
.

Then d(L + Ns−1 ,Ω2) = 0. If u is a solution of (Es)–(1.3), with s ∈ [s−1, s1] , then
u /∈ ∂Ω2. Defining the convex combination of s1 and s−1 as H(λ) = (1−λ)s−1+λs1

and considering the corresponding homotopic problems (EH(λ))–(1.3), the degree
d(L + NH(λ),Ω2) is well defined for every λ ∈ [0, 1] and for every s ∈ [s−1, s1] .
Therefore, by the invariance of the degree

0 = d(L + Ns−1,Ω2) = d(L + Ns,Ω2) , (3.8)

for s ∈ [s−1, s1] . Let σ ∈]s0, s1] ⊂ [s−1, s1] and uσ(x) be a solution of (Eσ)–(1.3),
which exists by Theorem 2.6. Take ε > 0 such that

|u′′
σ(x) + ε| < M1 , ∀x ∈ [0, 1] . (3.9)

Then ũ(x) := uσ(x)+εx2

2 is a strict upper solution of (Es)–(1.3), with σ < s ≤ s1.

In fact, by (3.7) with θ = ε, η0 = x2

2 and η1 = x for such σ,

ũ(4)(x) = u(4)
σ (x) < s p(x)− f

(
x, uσ(x), u′

σ(x), u′′
σ(x), ũ′′′(x)

)
≤ s p(x)− f

(
x, uσ(x) + ε

x2

2
, u′

σ(x) + εx, ũ′′(x) + ε, ũ′′′(x)
)

= s p(x)− f
(
x, ũ(x), ũ′(x), ũ′′(x), ũ′′′(x)

)
;

ũ(0) = 0 , ũ′(0) = 0 , ũ′′(0) = ũ′′(1) = ε > 0 .

Moreover α(x) := −r x2

2 is a strict lower solution of (Es)–(1.3), for s ≤ s1. Indeed,
by (2.5) and (H1),

α(4)(x) = 0 > s1 p(x)− f(x,−r,−r,−r, 0) ≥ s p(x)− f

(
x,−r

x2

2
,−rx,−r, 0

)
;

α(0) = α′(0) = 0 , α′′(0) = α′′(1) = −r < 0 .

As −r < u′′
σ(x) for every x ∈ [0, 1] and therefore −r < u′′

σ(x) + ε, ∀x ∈ [0, 1],
that is, α′′(x) < ũ′′(x). Integrating on [0, x], α′(x) ≤ α′(x)−α′(0) < ũ′(x)−ũ′(0) =
ũ′(x), for every x ∈ [0, 1]. Then, by (3.9), Lemma 3.2 and Remark 3, there is ρ3 > 0,
independent of s, such that for

Ωε =
{

y ∈ domL : α(i)(x) < y(i)(x) < ũ(i)(x), i = 0, 1, 2, ‖y′′′‖ < ρ3

}
the degree of L + Ns in Ωε satisfies

d(L + Ns,Ωε) = ±1 , for s ∈]σ, s1] . (3.10)



266 F. M. Minhós

Taking ρ3 in Ω2 large enough such that Ωε ⊂ Ω2, by (3.8), (3.9) and the additivity
of the degree, we obtain

d(L + Ns,Ω2 − Ωε) = ∓1 , for s ∈]σ, s1] . (3.11)

So, problem (Es)–(1.3) has at least two solutions u1, u2 such that u1 ∈ Ωε and
u2 ∈ Ω2 − Ωε, for s ∈]s0, s1], since σ is arbitrary in ]s0, s1].

Consider a sequence (sm) with sm ∈]s0, s1] and lim sm = s0. By Theorem 2.6,
for each sm, (Esm

)–(1.3) has a solution um. Using the estimates of Step 1, ‖u(i)
m ‖ <

M1, i = 0, 1, 2, independently of m. As there is ρ̃3 > 0 large enough such that
‖u′′′

m‖ < ρ̃3, independently of m, t hen sequences (um), (u′
m) and (u′′

m), m ∈ N, are
bounded in C([0, 1]). By the Arzèla-Ascoli theorem, we can take a subsequence of
(um) that converges in C3([0, 1]) to a solution u0(x) of (Es0)–(1.3). Hence, there
is at least one solution for s = s0. �
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Abstract. Author’s recent concepts and results are extended here to the more
general case of non-autonomous (i.e., time-dependent) differential games.

The main idea is to introduce first a concept of admissible pair of (multi-
valued) feedback strategies to which one may associate a value function and
which reduce the differential game to a pair of symmetric, non-smooth opti-
mal control problems for differential inclusions; secondly, one introduces the
concepts of bilaterally-optimal pairs of feedback strategies and one proves
an abstract verification theorem containing necessary and sufficient optimal-
ity conditions; next, this approach is made more realistic by the proof of
several “practical verification theorems” containing corresponding differential
inequalities and regularity hypotheses on the value function that imply the
optimality.

As a method for constructing simultaneously, the value function, the
pair of optimal feedback strategies and also the optimal trajectories, cer-
tain natural extensions of Cauchy’s Method of Characteristics to non-smooth
Hamilton–Jacobi equations are suggested.

Mathematics Subject Classification (2000). Primary 49N70; Secondary 49N35;
49N90; 91A23; 93B52.

Keywords. Differential game, feedback strategy, value function, verification
theorem, Hamiltonian flow.

1. Introduction

The aim of this paper is to extend to the more general case of non-autonomous (i.e.,
time-dependent) differential games, author’s recent concepts and results developed
in [23, 24, 27, 29, etc.] for autonomous differential games; though the main ideas
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are practically the same as in the autonomous case, some formulations (including
the verification theorems, the associated Hamilton–Jacobi equation, etc.) may take
different forms in the non-autonomous case.

We start from the fact that a (possibly multi-valued) feedback strategy of
one player defines an optimal control problem for the other player and these two
optimal control problems may be studied in the framework of Dynamic Program-
ming; in this context, we introduce the concept of admissible pair of (multi-valued)
feedback strategies to which one may associate a value function and which should
coincide with the common value function of the two symmetric optimal control
problems; we thus arrive at the concept of bilaterally-optimal pair of feedback
strategies in which each member is an optimal feedback for the corresponding
optimal control problem.

Therefore, an admissible pair of feedback strategies reduces the differential
game to a pair of symmetric optimal control problems which are non-smooth since
the feedbacks are usually so and also are defined by corresponding differential
inclusions since the feedbacks may be multi-valued.

This approach has the great advantage of allowing the direct use of the ex-
isting experience in Optimal Control Theory (e.g., [5, 15–22, 26, 28–30], etc.), to
the study of differential games; in particular, one may use suitable extensions of
Cauchy’s Method of Characteristics to non-smooth Hamilton–Jacobi equations to
find “candidates” for value functions, optimal feedback strategies and the corre-
sponding “optimal trajectories” and then one may use suitable “verification theo-
rems” to prove the optimality.

The efficiency of this approach is illustrated by the possibility to obtain com-
plete rigorous solutions to some classes of differential games in the literature, such
as, for instance, those considered in R. Isaacs’ book [12] (see [27]).

Using recent developments in Non-smooth Analysis and author’s experience
in optimal control (e.g., [15–30]), the approach in this paper may be considered as
an attempt to refine and to make “theoretically acceptable” the rather heuristical
but pragmatical approach of R. Isaacs in [12], in a different direction than those
pursued by Krassovskii and Subbotin (e.g., [13, 32, 33], etc.), Berkovitz (e.g., [3,
4], etc.) and other authors.

In our setting there are two essential mathematical problems:

1) find efficient methods and procedures for describing (characterizing, etc.) ad-
missible, possibly optimal, pairs of feedback strategies, accompanied by the
corresponding value functions and trajectories;

2) provide “practical” verification theorems that contain “verifiable” sufficient
conditions for optimality.

For the first problem we are suggesting the use of certain recent exten-
sions and generalizations of Cauchy’s Method of Characteristics to non-smooth
Hamilton–Jacoby equations (see [16, 22, 26, 29], etc.), to describe (more or less
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explicitly) plausible “candidates” for optimal pairs of feedback strategies, corre-
sponding value functions and optimal trajectories; in contrast with Isaacs’ ap-
proach in [12] (which rather improperly used the classical Method of Charac-
teristics for non-differentiable Hamiltonians) this procedure is more precisely de-
scribed by the introduction of certain “generalized Hamiltonian systems”, “gener-
alized Hamiltonian flows” and certain parameterized, finite-dimensional optimiza-
tion problems that may define, simultaneously, the value function, the feedback
strategies and the corresponding trajectories which are “suspects” of being optimal
in a precisely defined sense.

As already stated, for the second essential problem we are using the expe-
rience in optimal control to obtain first an abstract verification theorem contain-
ing necessary and sufficient optimality conditions then we use some concepts and
results from non-smooth analysis to obtain easier verifiable sufficient optimality
conditions expressed in terms of certain differential inequalities accompanied by
suitable “regularity properties” of the value functions.

One should also note that the two problems are closely related since some
properties of the Hamiltonian flow and certain evaluations of the contingent deriva-
tives of the involved “marginal functions” may facilitate the applications of suitable
verification theorems.

Returning to the “pragmatical” point of view of R. Isaacs in [12], we consider
that the only possibility of acting “optimally” in a “two-person zero-sum” differen-
tial game is that of following the trajectories generated by “previously calculated
(described, etc.)” feedback strategies that are “mutually (relatively) optimal” in a
certain sense that should be precisely defined; this approach is obviously different
from the one based on the so-called “non-anticipative” strategies and the corre-
sponding VREK (Varaiya–Roxin–Elliot–Kalton) value functions and viscosity so-
lutions (e.g., [2, 6, 9–11, 14, 31, 34], etc.); in fact, besides being very abstract, the
non-anticipative strategies are obviously “non-computable” and “non-playable”
while the VREK value functions, even in the form of viscosity solutions, are of
little use for any of the two players.

The paper is organized as follows: in Section 2 we introduce the concepts of
(set-valued) admissible and, respectively, of relatively optimal feedback strategies
and of the associated value function, in Section 3 we present the abstract verifi-
cation theorem and in Section 4 the statements of several verification theorems
of Dynamic Programming type are presented; in the last section, we present very
shortly a generalization of Cauchy’s Method of Characteristics that may be used to
construct the relatively optimal feedback strategies, the associated value functions
and also the optimal trajectories.

2. Admissible and optimal pairs of feedback strategies

In a rather “vague formulation”, a non-autonomous differential game (DG) is
stated first in the following “standard form”



272 Şt. Mirică

Problem 2.1 ((DG)-vague formulation). Find

inf
u(.)∈Uα

sup
v(.)∈Vα

C
(
s, y;u(.), v(.)

)
∀ (s, y) ∈ E0 (2.1)

subject to

C
(
s, y;u(.), v(.)

)
= g
(
τ, x(τ)

)
+
∫ τ

s

f0

(
t, x(t), u(t), v(t)

)
dt , (s, y) ∈ E0 (2.2)

x′(t) = f
(
t, x(t), u(t), v(t)

)
a.e.(s, τ) , x(s) = y (2.3)

u(t) ∈ U , v(t) ∈ V a.e.(s, τ) ,
(
u(.), v(.)

)
∈ Uα × Vα (2.4)

x̂(.) =
(
x(.), x0(.)

)
∈Ωα , x0(t) :=

∫ t

s

f0

(
r, x(r), u(r), v(r)

)
dr (2.5)(

t, x(t)
)
∈ E0 ∀ t ∈ [s, τ) , (τ, x(τ)) ∈ E1 , E0 ∩ E1 = ∅ . (2.6)

Obviously, the data of the problem are the following:

– the sets of all control parameters U, V , of the two players, assumed to be at
least topological spaces and, usually, subsets of some Euclidean spaces;

– the set of initial phases (time-state) E0 ⊂ R × Rn and the set of terminal
phases, E1 ⊂ ∂E0;

– the terminal payoff function g(., .) : E1 → R and the “running payoff func-
tion”, f0(., ., ., .) : D × U × V → R,

– the parameterized vector field f(., ., ., .) : D × U × V → Rn, that defines the
“dynamics” in (2.3) of the differential game;

– the class Pα = Uα×Vα ∈ {P1, P∞, Pr} of admissible control-pairs (u(.), v(.))
that generate the corresponding class Ωα ∈ {Ω1,Ω∞,Ωr} of admissible tra-
jectories;

– the payoff (cost) functionals in (2.2).

Remark 2.2. As it is apparent from this succinct formulation, the “terminal time”
τ = τ(s, y, x(.)) > s is free and defines in an obvious way the “terminating rule”
in (2.6), i.e., τ > s is the first moment at which the graph of the trajectory x(.)
reaches the terminal set, E1 ; also, the mappings f̂(., x(.), u(.), v(.)) should be
(Lebesgue) integrable if Ωα = Ω1 = AC (while Pα = P1 denotes the set of map-
pings (u(.), v(.)) for which this property holds), should be “essentially bounded”
if Ωα = Ω∞ and should be “regular” if Ωa = Ωr; the classes Pα ∈ {P1, P∞, Pr} of
admissible control pairs become “relevant” classes of measurable mappings in the
case U, V are topological spaces and the mapping f̂(.) = (f(.), f0(.)) is continuous.

An important particular case is that of fixed terminal-time problems in which
τ = T ∈ R is fixed, and in which the terminal set is of the form E1 = T ×Y1, Y1 ⊆
Rn and E0 ⊂ (−∞, T )× Y0, Y0 ⊆ Rn, that is studied in a large number of books
and papers; another important particular case is that of autonomous problems in
which the time-variable, t, is absent from all the data and therefore the formulation
of the problem may be simplified taking always s = 0 as the “initial moment”, a
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set Y0 ⊂ Rn as the set of initial states and Y1 ⊂ ∂Y0 as the set of terminal states
(e.g., [23, 24, 29], etc.).

One may note also that in some concrete problems the sets of “usable control
parameters” may be “multi-functions” of the type U(t, x) ⊆ U, V (t, x) ⊆ V for
which all the results to follow remain valid; in order to simplify the exposition we
consider here only the case U(t, x) ≡ U, V (t, x) ≡ V.

The rather vague formulation of Problem 2.1, in which the aim in (2.1) is
not associated to any “information pattern”, should be replaced by the following,
more precise one, in which the feedback-type information pattern has been chosen:

Problem 2.3 (DG-accurate formulation). Given the data of Problem 2.1, find the

feedback strategies Ũ(t, x) ⊂ U, Ṽ (t, x) ⊂ V, (t, x) ∈ Ẽ0 ⊆ E0 with the following
properties

(A) The pair (Ũ(., .), Ṽ (., .)) is admissible in the sense that for any (s, y) ∈ Ẽ0,
the set Ω̃α(s, y) of trajectories xs,y(.) ∈ Ωα(s, y) of the differential inclusion

x′ ∈ f
(
t, x, Ũ(t, x), Ṽ (t, x)

)
, x(s) = y (2.7)

that satisfy the constraints(
t, xs,y(t) ∈ Ẽ0 ∀ t ∈ [s, τ

)
,
(
τ, xs,y(τ)

)
∈ Ẽ1 ⊆ E1 , τ = τ

(
xs,y(.)

)
> s (2.8)

is not empty; moreover, if P̃α(s, y), (s, y) ∈ Ẽ0 are the corresponding sets of control
mappings, (us,y(.), vs,y(.)) ∈ Pα that satisfy

x′
s,y(t) = f

(
t, xs,y(t), us,y(t), vs,y(t)

)
, x(s) = y ,

us,y(t) ∈ Ũ
(
t, xs,y(t)

)
, vs,y(t) ∈ Ṽ

(
t, xs,y(t)

)
a.e.(s, τ)

(2.9)

then there exists the associated value function defined by

W̃0(s, y) = C
(
s, y;us,y(.), vs,y(.)

)
∀
(
us,y(.), vs,y(.)

)
∈ P̃α(s, y) ,

W̃ (s, y) =

{
W̃0(s, y) if (s, y) ∈ Ẽ0

g(s, y), if (s, y) ∈ Ẽ1

(2.10)

where the set of effective end-points is defined by: Ẽ1 = {(τ, xs,y(τ̃));xs,y(.) ∈
Ω̃α(s, y), (s, y) ∈ Ẽ0};

(B) The feedback strategies Ũ(., .), Ṽ (., .) are bilaterally (“relatively”) opti-

mal for the restriction DG|Ẽ0 in the following sense

W̃0(s, y) = W Ṽ (s, y) := inf
u(.),v(.)

C
(
s, y;u(.), v(.)

)
(2.11)

subject to

x′(t) = f
(
t, x(t), u(t), v(t)

)
, u(t) ∈ U , v(t) ∈ Ṽ

(
t, x(t)

)
(2.12)

x(s) = y ,
(
t, x(t)

)
∈ Ẽ0 ∀ t ∈ [s, τ) ,

(
τ, x(τ)

)
∈ Ẽ1 (2.13)
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and also

W̃0(s, y) = W Ũ (s, y) = sup
u(.),v(.)

C
(
s, y;u(.), v(.)

)
∀(s, y) ∈ Ẽ0 (2.14)

subject to (2.13) and to

x′(t) = f
(
t, x(t), u(t), v(t)

)
, u(t) ∈ Ũ

(
t, x(t)

)
, v(t) ∈ V . (2.15)

(C) Either Ẽ0 = E0 or Ẽ0 ⊂ E0 is strongly invariant with respect to the
control system in (2.3) and (2.4) in the sense that (t, x(t)) ∈ Ẽ0 ∀t ∈ [s, τ) for any
admissible trajectory.

Remark 2.4. If Ẽ0 it is not strongly invariant in this sense then the “solution”
Ũ(., .), Ṽ (., .), W̃ (., .) above may not be “satisfactory” since at least one of the
players may choose controls producing trajectories that leave the set Ẽ0; in this
case one should use additional “ad hoc” arguments to decide whether DG|Ẽ0 it
is either a “proper” or an “apparent” restriction of the original problem, DG;
in particular, one may try to solve the corresponding game of kind characterized
by the existence of an evading feedback strategy, Ṽe(., .) : Ẽe

0 ⊆ E0 → P(V ), of
player V, such that none of the problems in (2.12), (2.13), for (s, y) ∈ Ẽe

0 , has an
admissible trajectory; in this case, using the “conventions” sup ∅ = −∞, inf ∅ =
+∞, one has

W Ṽe
(s, y) = inf

u(.),v(.)
C
(
s, y;u(.), v(.)

)
= +∞ ∀(s, y) ∈ Ẽe

0

and therefore the problem does not have a value function on Ẽe
0 .

Remark 2.5. We note that the “feedback differential system” in (2.7) is allowed to
have several admissible trajectories through some initial points (s, y) ∈ Ẽ0, which,
however, “produce” the same value, W̃0(s, y), of the payoff functional in (2.2).

On the other hand, the “bilateral” (or “relative” ) optimality conditions in
(2.11)–(2.15) may be interpreted as follows in the case condition (C) is satisfied:

– if player V chooses the feedback strategy Ṽ (., .) then Ũ(., .) is the best choice
for player U and, symmetrically,

– if player U chooses the feedback strategy Ũ(., .) then Ṽ (., .) is the best choice
for player V; in the case the strict subset Ẽ0 ⊂ E0 it is not strongly invariant
with respect to the control system in (2.3) and (2.4) then the same conclu-
sions remain valid, provided each player “voluntarily” restricts his own set
of control parameters such that all the trajectories remain in the subset Ẽ0,
which seems rather improbable.

Remark 2.6. As it is apparent from the formulations of Problems 2.1, 2.3, the
admissible trajectories are at least AC (i.e., absolutely continuous) solutions (of
class Ωα) of one of the differential inclusions:

x′ ∈ f
(
t, x, Ũ(t, x), Ṽ (t, x)

)
, x′ ∈ f

(
t, x, U, Ṽ (t, x)

)
, x′ ∈ f

(
t, x, Ũ(t, x), V

)
,
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that satisfy the constraints in (2.6), (2.8), (2.13) and for which there exist cor-
responding (measurable) selections, u(.), v(.), (of class Pα) satisfying relations of
the form in (2.9), (2.12), (2.15).

We recall that in his original approach, Isaacs [12], (taken-up also by Sub-
botin [33]) used single-valued feedback strategies, Ũ(t, x) = {ũ(t, x)}, Ṽ (t, x) =
{ṽ(t, x)}, and a certain type of approximating trajectories of the feedback differ-
ential systems in (2.16), generated by the so called “K(Karlin)-strategies”.

Later on, in order to make this approach more rigorous, Krassovskii and Sub-
botin [13], used uniform limits of Isaacs’ approximate trajectories and conjectured
that under suitable hypotheses they are AC trajectories of certain associated (“con-
vexified”) differential inclusions; a more detailed study of this topic may be found
in [30] where the associated differential inclusions are more precisely described.

As it is easy to see, the concepts and results in this paper remain valid if the
AC trajectories of the differential inclusions in (2.16) are replaced by corresponding
limiting trajectories, either of Isaacs–Krassovskii–Subbotin type or of Euler type.

Remark 2.7. The approach in this paper (and, for that matter, that of Isaacs [12],
Krassovskii–Subbotin [13], Subbotin [32, 33], etc.) is, obviously, essentially differ-
ent from the approach using the so called NA(non-anticipative)-strategies, VREK
value functions and viscosity solutions adopted in the last 15–20 years by a ma-
jority of the authors in the field of Differential Games.

3. The abstract verification theorem

Assuming that a pair of admissible feedback strategies (Ũ(., .), Ṽ (., .)) with the
associated value function W̃0 in (2.10) is given, the problem is to find criteria
(“verification theorems”) for their “bilateral optimality” in the sense of state-
ment (B) of Problem 2.3.

To solve this problem one may use the experience in Optimal Control Theory
since the associated value function in (2.10) coincides with each of the value func-
tion of two symmetric Bolza optimal control problems: the first one, B1, consists
in the minimization of the functionals:

W̃0(s, y) = inf
u(.),v(.)

C
(
s, y;u(.), v(.)

)
∀ (s, y) ∈ Ẽ0 (3.1)

subject to:
x′ ∈ FṼ (t, x) := f

(
t, x, U, Ṽ (t, x)

)
, x(s) = y (3.2)

and to the phase and end-point constrains in (2.13), the other one, B2, consisting
in the maximization of the functionals:

W̃0(s, y) = sup
u(.),v(.)

C
(
s, y;u(.), v(.)

)
∀(s, y) ∈ Ẽ0 (3.3)

subject to (2.13) and to:

x′ ∈ FŨ (t, x) := f
(
t, x, Ũ(t, x), V

)
, x(s) = y (3.4)
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where the controls u(.), v(), u(.), v(.) are (measurable) selections (of class Pα) of
the multi-functions in (2.12), (2.15), respectively.

Thus, the differential game DG in Problems 2.1, 2.3 is reduced to the two
symmetric (non-smooth) optimal control problems B1, B2 described in (3.1), (3.2)
and, respectively, (3.3), (3.4).

Using the well known fact that the (completed) value function in (2.10) of
an optimal control problem has certain monotonicity properties along admissi-
ble trajectories (e.g., Cesari [2], Lupulescu and Mirică [15], Mirică [25, 26], etc.),
we obtain the following basic result providing a (rather abstract) necessary and
sufficient optimality condition that may easily be proved directly:

Theorem 3.1 (Abstract verification theorem). If Ũ(., .), Ṽ (., .) is an admissible pair
of feedback strategies with the associated value functions W̃0(., .), W̃ (., .) in (2.10),
then it is a bilaterally optimal pair in the sense of statement (B) of Problem 2.3
iff it satisfies the following two monotonicity conditions:

– “monotonicity condition” (M1): the real function

ωu,v(t) := W̃
(
t, x(t)

)
+
∫ t

s

f0

(
r, x(r), u(r), v(r)

)
dr (3.5)

is increasing on the interval [s, τ ] for any u(.), v(.), x(.) satisfying (2.12) and:
– “monotonicity condition” (M2): the real function

ωu,v(t) := W̃
(
t, x(t)

)
+
∫ t

s

f0

(
r, x(r), u(r), v(r)

)
dr (3.6)

is decreasing on [s, τ ] for any u(.), v(.), x(.) satisfying (2.15).

For the necessity part of this statement one may see the proof of Th. 4.1 in
Mirică [25] (see also Prop. 4.5.i in Cesari [5]) while the sufficiency part is rather
obvious: e.g., W̃ (s, y) = ωu,v(0) ≤ ωu,v(t1) = C1(s, y;u(.), v(.)) ∀ u(.) ∈ Uα.

The necessary monotonicity conditions in Mirică [18] expressed in terms of
the Dini derivatives of the real functions ωu,v(.), ωu,v(.) in (3.5) and (3.6), respec-
tively, and suitable “chain rules” for the composite functions W̃ (., x(.)) above may
lead to certain necessary optimality conditions of Dynamic Programming type, in-
cluding, in particular, the fact that, under certain hypotheses, the value function
W̃ (., .) in (2.10) is a viscosity solution of the associated “Isaacs’ main equation” in
(4.5) below; however, in this paper we are concerned only with the sufficient opti-
mality conditions of the same type which, as noted in Lupulescu and Mirică [15],
Mirică [19], in some cases may be weaker than the necessary ones.

4. Practical verification theorems

As in Optimal Control Theory (e.g., Cesari [5], Lupulescu and Mirică [15], Mirică
[24, 26], etc.), starting from the “abstract verification Theorem” 3.1, more realistic
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(“practical”) verification theorems may be obtained under different types of hy-
potheses on the value function W̃ (., .) in (2.10) using corresponding “monotonicity
results” for real-valued functions in Mirică [18, 26], etc. and the suitable “chain
rules” in Lemmas 4.1, 4.2 above for the composite functions W̃ (., x(.)) in (3.5)
and (3.6).

Due to the difficulties of “checking” the needed “generalized differential in-
equalities” that may imply the monotonicity properties (M1), (M2) in Th. 3.1, a
reasonable approach is that of choosing the weakest type of such inequalities for
each type of regularity properties of the value function in (2.10); on the other
hand, as simple examples show, the value function may have “weaker” regular-
ity properties on the “effective terminal set”, Ẽ1 so the needed differential in-
equalities and regularity assumptions may involve only the proper value function,
W̃0(., .) := W̃ (., .)|Ẽ0.

From this point of view, the simplest case is that in which the “proper value
function” W̃0(., .) in (2.10) is differentiable on its open domain Ẽ0 = Int(Ẽ0) ⊆ E0,
considered rather heuristically in Isaacs [12] (Th. 4.4.1) and also in Subbotin [33]
(Section 11.5).

A first natural and significant extension of this case may be obtained in
the case the proper value function W̃0(., .) := W̃ (., .)|Ẽ0 is differentiably stratified
in the sense that its domain, Ẽ0, has a countable partition into differentiable
manifolds (of different dimensions) such that the restriction of W̃0(., .) to each
manifold (“stratum”) is differentiable in the classical sense (see Mirică [22–24, 26,
29], etc.); in this case we shall use the following notations:

UT (t, x; v) :=
{

u ∈ U ;
(
1, f(t, x, u, v)

)
∈ T(t,x)Ẽ0

}
, v ∈ V , (4.1)

VT (t, x;u) :=
{

v ∈ V ;
(
1, f(t, x, u, v)

)
∈ T(t,x)Ẽ0

}
, u ∈ U , (t, x) ∈ Ẽ0 .

where T(t,x)Ẽ0 denotes the “stratified tangent space” to the stratified set Ẽ0; using
the simple properties of stratified sets and mappings we obtain:

Theorem 4.1 (Verification theorem for stratified value functions). Let Ũ(., .),
Ṽ (., .) be a pair of admissible feedback strategies in the sense of Problem 2.3 and
assume that the associated value function W̃ (., .) in (2.10) has the following prop-
erties:

(i) W̃ (., .) is continuous at the terminal points in Ẽ1 in the sense that:

∃ lim
Ẽ0�(s,y)→(τ,ξ)

W̃ (s, y) = W̃ (τ, ξ) = g(τ, ξ) ∀ (τ, ξ) ∈ Ẽ1 ; (4.2)
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(ii) the restriction W̃0(., .) := W̃ (., .)|Ẽ0 is differentiably stratified and its “strat-
ified derivatives” satisfy the following pair of differential inequalities:

inf
u∈UT (t,x;v), v∈Ṽ (t,x)

[
DW̃0(t, x).

(
1, f(x, u, v)

)
+ f0(t, x, u, v)

]
≥ 0 ; (4.3)

sup
v∈VT (t,x;u), u∈Ũ(t,x)

[
DW̃0(t, x).

(
1, f(t, x, u, v)

)
+ f0(t, x, u, v)

]
≤ 0 ; (4.4)

(iii) either W̃0(., .) is continuous and the admissible controls are regulated (i.e.,
Pα = Pr) or W̃0(., .) is locally Lipschitz.

Then Ũ(., .), Ṽ (., .) are bilaterally optimal in the sense of statement (B) in
Problem 2.3.

As in Lupulescu and Mirică [15], Mirică [24, 26], etc., this theorem fol-
lows from the “abstract verification Theorem” 3.1 proving that the inequalities
in (4.3), (4.4) imply corresponding differential inequalities for the real functions
ωu,v(.), ωu,v(.) in (3.5), (3.6) which, in turn, imply the corresponding monotonicity
properties using either a Corollary of the Zygmund’s Lemma (in the case W̃0(., .)
is continuous) or the Lebesgue monotonicity theorem in the case W̃0(., .) is locally
Lipschitz since in this case ωu,v(.), ωu,v(.) are locally AC.

Remark 4.2. One may note that at the points in the open strata (at which W̃0(., .)
is differentiable), the differential inequalities in (4.3), (4.4) are equivalent with
Isaacs’ basic Equation (4.2.1) in Isaacs [12]:

min
u∈U

max
v∈V

[
DW̃0(t, x).

(
1, f(t, x, u, v)

)
+ f0(t, x, u, v)

]
= max

v∈V
min
u∈U

[
DW̃0(t, x).

(
1, f(t, x, u, v)

)
+ f0(t, x, u, v)

]
= DW̃0(t, x).

(
1, f(t, x, u, v)

)
+ f0(t, x, u, v) = 0

which is usually written in the “compact” form

∂W̃

∂t
(t, x) + H

(
t, x,

∂W̃

∂x

)
= 0 , (t, x) ∈ Ẽ0 , W̃ (τ, ξ) = g(τ, ξ) , (τ, ξ) ∈ Ẽ1

(4.5)
where the Isaacs Hamiltonian H(., ., .) is the function defined by:

H(t, x, p) := min
u∈U

max
v∈V

[
< p, f(t, x, u, v) > +f0(t, x, u, v)

]
= max

v∈V
min
u∈U

[
< p, f(t, x, u, v) > +f0(t, x, u, v)

]
,

(t, x, p) ∈ Z := domH(., ., ) .

(4.6)

Obviously, Theorem 4.1 may be considered as a significant refinement of Isaacs’
(“elementary”) verification Theorem 4.4.1 in Isaacs [12], (see also Section 11.5 in
Subbotin [33]) in which the value function W̃ (., .) is assumed to be of class C1

on its open domain Ẽ = Ẽ0 ∪ Ẽ1; we recall that, besides a rather “loose” proof,
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Isaacs’ Theorem 4.4.1 has been used (in a rather improper way) to study problems
in which the value function does not satisfy its hypotheses; rigorous solutions of
the examples in Isaacs [12], in which the domain, Ẽ0 in (2.10) of the “proper”
value function W̃0(., .) is no more open and/or the restriction W̃0(., .) = W̃ (., .)|Ẽ0

is no more differentiable, may be obtained only using refinements and extensions
of Isaacs’ (“elementary”) theorem, like Theorem 4.1 above; such extensions and
refinements may be obtained using further concepts and results from non-smooth
Analysis.

Another significant extension of Isaacs’ theorem may be obtained in the case
the proper value function W̃0(., .) := W̃ (., .)|Ẽ0 is contingent differentiable; in
this case the “stratified derivatives” in Th. 4.1 are replaced by the “contingent
derivatives” and the “stratified tangent spaces” are replaced by the “contingent
cones” K±

(t,x)Ẽ0 while the proof remains practically the same.

It is interesting to note that in the case of locally-Lipschitz value functions,
the differential inequalities that should be satisfied by “contingent differentiable”
value functions may be replaced by much simpler conditions; using the following
notations for each (t, x) ∈ Ẽ0:

U±
K(t, x; v) :=

{
u ∈ U ;

(
1, f(t, x, u, v)

)
∈ K±

(t,x)Ẽ0

}
, v ∈ V ,

V ±
K (t, x;u) :=

{
v ∈ V ;

(
1, f(t, x, u, v)

)
∈ K±

(t,x)Ẽ0

}
, u ∈ U ,

UK(t, x; v) := U+
K(t, x; v) ∩ U−

K(t, x; v) , VK(t, x;u) := V +
K (t, x;u) ∩ V −

K (t, x;u)

we obtain the following:

Theorem 4.3 (Verification theorem for locally-Lipschitz value functions). Let
Ũ(., .), Ṽ (., .) be a pair of admissible feedback strategies in the sense of Problem 2.3
and assume that the associated value function W̃ (., .) in (2.10) has the following
properties:

(i) W̃ (., .) is continuous at the points in Ẽ1 in the sense of (4.2);
(ii) the restriction W̃0(., .) := W̃ (., .)|Ẽ0 is locally-Lipschitz and its extreme con-

tingent derivatives satisfy the following pair of differential inequalities:

inf
u∈UK(t,x;v), v∈Ṽ (t,x)

[
D

+

KW̃0

(
(t, x);

(
1, f(t, x, u, v)

))
+ f0(t, x, u, v)

]
≥ 0 ; (4.7)

sup
v∈VK(t,x;u), u∈Ũ(t,x)

[
D−

KW̃0

(
(t, x);

(
1, f(t, x, u, v)

))
+ f0(t, x, u, v)

]
≤ 0 . (4.8)

Then Ũ(., .), Ṽ (., .) are bilaterally optimal in the sense of statement (B) in Prob-
lem 2.3.

As in Lupulescu and Mirică [15], Mirică [24,26], etc., this theorem follows from
the “abstract verification Theorem” 3.1 proving that the inequalities in (4.8), (4.9)
imply corresponding differential inequalities for the real functions ωu,v(.), ωu,v(.) in
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(3.5), (3.6) which, in turn, imply the corresponding monotonicity properties using
the Lebesgue monotonicity theorem since in this case W̃0(., .) is locally Lipschitz.

In the case the associated value function W̃ (., .) in (2.10) it is only semi-
continuous (in particular, continuous), the possible verification theorems have more
complicated statements that depend essentially on the class Pα = Uα × Vα of
admissible control mappings specified in the statement of Problem 2.1; in the
general case of “bounded measurable” controls Pα = P∞ and semi-continuous
value functions, due to certain monotonicity conditions for semi-continuous real
functions (e.g., Mirică [18, 26], etc.) and to the “weak forms” of the chain rules for
the extreme contingent derivatives, we have to use the “u.s.c.-relaxed” differential
inclusions in Mirică [17, 28], etc. that contain the sets of contingent directions to
the admissible trajectories.

Moreover, using some more “sophisticated” monotonicity criteria in Mirică
[18], one may obtain similar verification theorems for arbitrary, “strongly discon-
tinuous” value functions, that are neither lower nor upper semi-continuous, as in
the case of the optimal control problems in Lupulescu and Mirică [15]; in such
cases, certain more restrictive differential inequalities should be added.

Remark 4.4. One may note also that the concepts and results above may be
extended to the case in which the “usual (AC) trajectories” are replaced by the KS-
trajectories in Remark 2.6; in this case, the corresponding differential inequalities
should be expressed in terms of the “directions” in the associated “u.s.c.-relaxed
multi-functions”

5. Construction of the value function, optimal strategies, and
optimal trajectories

The “playable solution” of Problem 2.3 obviously consists in the triplet (Ũ(., .),
Ṽ (., .), W̃ (., .)) satisfying the admissibility properties (A) as well as the optimality
properties (B), (C) in the statement of Problem 2.3, accompanied by the “optimal
trajectories” in (2.9).

Using the experience in optimal control (e.g., Mirică [26]) as well as Isaacs’
rather artisanal procedures in [12], we are suggesting the use of a suitable gen-
eralization of Cauchy’s Method of Characteristics for the (usually non-smooth)
Isaacs’ Hamiltonian in (4.6) in the following way:

1) Integrate “backwardly” (for t ≤ τ) a suitable generalized Hamiltonian
system:

(x′, p′) ∈ d#H(t, x, p) ,
(
x(τ), p(τ)

)
= (ξ, q) ∈ Z∗

1 (τ) (5.1)

where Z∗
1 (τ) is given by the usual “transversality conditions”, to construct a gen-

eralized Hamiltonian flow X∗(., .) = (X(., .), P (., .)), and a generalized Charac-
teristic flow C∗(., .) = (X∗(., .), C(., .)), where X∗(., a), a = (τ, ξ, q) is a solution
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of (5.1) and the function C(., .) is given by:

C(t, a) := g(τ, ξ) +
∫ t

τ

[〈
P (r, a), X ′(r, a)

〉
−H

(
r,X∗(r, a)

)]
dr

if a = (τ, ξ, q) ∈ Z∗
1 .

For instance, in the case H(., ., .) is differentiably-stratified, one may take:

d#H(t, x, p) = d#
s H(t, x, p) :=

{
(x′, p′) ∈ T(t,x,p)Z;x′ ∈ f

(
t, x, Û(t, x, p),

V̂ (t, x, p)
)
, 〈x′, p〉 − 〈p′, x〉 = DH(t, x, p).(0, x, p) ∀ (0, x, p) ∈ T(t,x,p)Z

}
which on open strata (at differentiability points) coincides with the classical Hamil-
tonian field :

d#
s H(t, x, p) =

{(
∂H(t, x, p)

∂p
,−∂H(t, x, p)

∂x

)}
;

in more general cases one may use either the extreme contingent derivatives or
Clarke’s generalized gradient to define (a possible larger) generalized Hamiltonian
field (e.g., Mirică [26, 29], etc.).

Similarly, in the case the “terminal payoff”, g(., .) : E1 → R is differentiably-
stratified, the sets of “terminal transversality points” are defined by:

Z∗
1 (τ) :=

{
(ξ, q); (τ, ξ, q) ∈ Z, (τ, ξ) ∈ E1, 〈q, ξ〉 − τH(τ, ξ, q) =

Dg(τ, ξ)(τ , ξ) ∀ (τ , ξ) ∈ T(τ,ξ)E1

}
while in the general case one may use the extreme contingent derivatives of g(., .)
to define similar sets.

The experience shows that the “optimal value function”, W̃ (., .) may be one
of the “minimal” or the “maximal” value functions:

Wm(s, y) := min
X(s;τ,ξ,q)=y

C(s; τ, ξ, q) ,

WM (s, y) := max
X(s;τ,ξ,q)=y

C(s; τ, ξ, q) .
(5.2)

While the pair of mutually-optimal feedback strategies, Ũ(., .),Ṽ (., .), is the corre-
sponding pair of feedback strategies, Um(., .),Vm(., .), respectively, UM (., .),VM (., .)
defined in a certain way by the corresponding (finite-dimensional) optimization
problem in (5.2); moreover, the first components, X(., a), of the Hamiltonian flow,
that correspond to the “optimal parameters”, a = (τ, ξ, q) in (5.2), define the opti-
mal trajectories in (2.9), generated by the chosen feedback strategies Ũ(., .),Ṽ (., .);
this procedure is presented in more detail in Mirică [29] in the case of autonomous
differential games.
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[22] Şt. Mirică, Hamilton–Jacobi equations on possibly non-symplectic differentiable man-
ifolds, Bull. Math. Soc. Sci. Math. Roumanie, 41 (87) (1998), 23–39.
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Abstract. The paper deals with dynamic optimization problems of the Bolza
and Mayer types for evolution systems governed by nonconvex Lipschitzian
differential inclusions in Banach spaces under endpoint constraints described
by finitely many equalities and inequalities with generally nonsmooth func-
tions. We develop a variational analysis of such problems mainly based on
their discrete approximations and the usage of advanced tools of generalized
differentiation. In this way we establish extended results on stability of dis-
crete approximations and derive necessary optimality conditions for noncon-
vex discrete-time and continuous-time systems in the refined Euler–Lagrange
and Weierstrass–Pontryagin forms accompanied by the appropriate transver-
sality inclusions. In contrast to the case of geometric endpoint constraints in
infinite dimensions, the necessary optimality conditions obtained in this paper
do not impose any nonempty interiority/finite codimension/normal compact-
ness assumptions.
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1. Introduction

The paper is devoted to the study of dynamic optimization problems governed by
differential inclusions in infinite-dimensional spaces. We pay the main attention to
variational analysis of the following generalized Bolza problem (P ) for differential
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inclusions in Banach spaces with endpoint constraints described by finitely many
equalities and inequalities.

Let X be a Banach state space with the initial state x0 ∈ X, and let T :=
[a, b] ⊂ IR be a fixed time interval. Given a set-valued mapping F : X × T →→ X
and real-valued functions ϕi : X → IR as i = 0, . . . , m+ r and ϑ : X×X×T → IR,
consider the problem:

minimize J [x] := ϕ0

(
x(b)

)
+
∫ b

a

ϑ
(
x(t), ẋ(t), t

)
dt (1.1)

subject to dynamic constraints governed by the differential inclusion [1]

ẋ(t) ∈ F
(
x(t), t

)
a.e. t ∈ [a, b] with x(a) = x0 (1.2)

with functional endpoint constraints of the inequality and equality types given by

ϕi

(
x(b)

)
≤ 0 , i = 1, . . . , m , (1.3)

ϕi

(
x(b)

)
= 0 , i = m + 1, . . . , m + r . (1.4)

Dynamic optimization problems for differential inclusions with the finite-
dimensional state space X = IRn have been intensively studied over the years,
especially during the last decade, mainly from the viewpoint of deriving necessary
optimality conditions; see [3,8,11,13,15,17] for various results, methods, and more
references. Dynamic optimization problems governed by infinite-dimensional evolu-
tion equations have also been much investigated, motivating mainly by applications
to optimal control of partial differential equations; see, e.g., the books [7, 9] and
the references therein. To the best of our knowledge, deriving necessary optimality
conditions in dynamic optimization problems for evolution systems governed by
differential inclusions in infinite-dimensional spaces has not drawn attention in the
literature till the very recent time.

In [13], the author developed the method of discrete approximations to study
optimal control problems of minimizing the Bolza functional (1.1) over appro-
priate solutions to evolution systems governed by infinite-dimensional differential
inclusions of type (1.2) with endpoint constrains given in the geometric form

x(b) ∈ Ω ⊂ X (1.5)

via closed subsets of Banach spaces satisfying certain requirements. The major as-
sumption on Ω made in [13] is the so-called sequential normal compactness (SNC)
property of Ω at the optimal endpoint x̄(b) ∈ Ω; see [12] for a comprehensive the-
ory for this and related properties, which play a major role in infinite-dimensional
variational analysis. Loosely speaking, the SNC property means that Ω should be
“sufficiently fat” around the reference point; e.g., it never holds for singletons un-
less X is finite-dimensional, where the SNC property is satisfied for every nonempty
set. For convex sets in infinite-dimensional spaces, the SNC property always holds
when int Ω 
= ∅. Furthermore, it happens to be closely related [13] to the so-called
“finite-codimension” property of convex sets, which is known to be essential for
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the fulfillment of an appropriate counterpart of the Pontryagin maximum principle
for infinite-dimensional systems of optimal control; see, e.g., [7, 9].

In this paper we show that the dynamic optimization problem (P ) formulated
above, with the functional endpoint constraints (1.3) and (1.4), admits necessary
optimality conditions in the extended Euler–Lagrange form accompanied by the
corresponding Weierstrass–Pontryagin/maximum and transversality relations with
no SNC and similar assumptions imposed on the underlying endpoint constraint
set in infinite dimensions. Moreover, the case of endpoint constraints (1.3) and (1.4)
allows us to partly avoid some other rather restrictive assumptions (like “strong
coderivative normality,” which may not hold in infinite-dimensional spaces; see
Sections 6, 7 for more details) imposed in [13] in the general case of geometric con-
straints (1.5). Our approach is based, in addition to [13], on refined properties of ap-
propriate subdifferentials of locally Lipschitzian functions on infinite-dimensional
spaces, as well as on dual/coderivative characterizations of Lipschitzian and metric
regularity properties of set-valued mappings.

The rest of the paper is organized as follows. In Section 2 we formulate
the standing assumptions on the initial data of (P ), and discuss the relaxation
procedure used for some results and proofs in the paper. The main attention in
this paper is paid to the so-called intermediate local minimizers, which occupy an
intermediate position between the classical weak and strong minima.

In Section 3 we construct a sequence of the well-posed discrete approximations
(PN ) to the original Bolza problem (P ) involving consistent perturbations of the
endpoint constraints in the discrete approximation procedure. Then we present a
major result on the strong stability of discrete approximations that justifies the
W 1,2-norm convergence of optimal solutions for (PN ) to the fixed local minimizer
for the original problem (P ).

Section 4 contains an overview of the basic tools of generalized differentia-
tion needed to perform the subsequent variational analysis of the discrete-time
and continuous-time evolution systems under consideration in infinite-dimensional
spaces. Most of the material in this section is taken from the author’s book [12],
where the reader can find more results and commentaries in this direction and
related topics.

Section 5 is devoted to deriving necessary optimality conditions for the con-
strained discrete-time problems arising from the discrete approximation proce-
dure. These problems are reduced to constrained problems of mathematical pro-
gramming in infinite dimensions, which happen to be intrinsically nonsmooth and
involve finitely many functional and geometric constraints generated by those
in (1.2)–(1.4) via the discrete approximation procedure. Variational analysis of
such problems requires applications of the full power of the generalized differential
calculus in infinite-dimensional spaces developed in [12].

In Section 6 we derive necessary optimality conditions of the extended Euler–
Lagrange type for relaxed intermediate minimizers to the original Bolza problem
(P ) by passing to the limit from those obtained for discrete-time problems. It
worth emphasizing that the realization of the limiting procedure requires not only
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the strong convergence of optimal trajectories to discrete approximation problems
but also justifying an appropriate convergence of adjoint trajectories in necessary
optimality conditions for discrete-time systems. The latter becomes passible due
to specific properties of the basic generalized differential constructions reviewed
in Section 4, which include complete dual characterizations of Lipschitzian and
metric regularity properties of set-valued mappings.

The concluding Section 7 concerns necessary optimality conditions for arbi-
trary (non-relaxed) intermediate minimizers to problem (P ) that are established in
terms of the extended Euler–Lagrange inclusion accompanied by the Weierstrass–
Pontryagin/maximum and transversality relations without imposing any SNC as-
sumptions on the target/endpoint constraint set. The approach is based on an ad-
ditional approximation procedure that allows us to reduce (P ) to an unconstrained
Bolza problem of the type treated in Section 6 for which any intermediate local
minimizer happens to be a relaxed one.

Our notation is basically standard; cf. [12,13]. Unless otherwise stated, all the
spaces considered are Banach with the norm ‖ · ‖ and the canonical dual pairing
〈·, ·〉 between the space in question, say X, and its topological dual X∗ whose
weak∗ topology is denoted by w∗. We use the symbols IB and IB∗ to signify the
closed unit balls of the space under consideration and its dual, respectively. Given
a set-valued mapping F : X →→ X∗, its sequential Painlevé-Kuratowski upper/outer
limit at x̄ is defined by

Lim sup
x→x̄

F (x) :=
{

x∗ ∈ X∗
∣∣∣ ∃ sequences xk → x̄, x∗

k
w∗
→ x∗ with

x∗
k ∈ F (xk) as k ∈ IN := {1, 2, . . .}

}
.

(1.6)

2. Bolza problem for differential inclusions

Just for brevity and simplicity, we consider in this paper the Bolza problem (P )
with autonomous (time-independent) data. By a solution to inclusion (1.2) we
understand (as in [1, 6] a mapping x : T → X, which is Fréchet differentiable for
a.e. t ∈ T satisfying (1.2) and the Newton–Leibniz formula

x(t) = x0 +
∫ t

a

ẋ(s) ds for all t ∈ T ,

where the integral in taken in the Bochner sense.
Recall that a Banach space X is Asplund if any of its separable subspaces

has a separable dual. This is a major subclass of Banach spaces that particularly
includes every space with a Fréchet differentiable renorm off the origin (i.e., every
reflexive space), every space with a separable dual, etc.; see [4] for more details,
characterizations, and references. There is a deep relationship between spaces hav-
ing the Radon-Nikodým property (RNP) and Asplund spaces, which is used in what
follows: given a Banach space X, the dual space X∗ has the RNP if and only if X
is Asplund.
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It has been well recognized that differential inclusions (1.2), which are cer-
tainly of their own interest, provide a useful generalization of control systems
governed by differential/evolution equations with control parameters:

ẋ = f(x, u) , u ∈ U , (2.1)

where the control sets U(·) may also depend on time and state variables via
F (x, t) = f(x,U(x, t), t). In some cases, especially when the sets F (·) are convex,
the differential inclusions (1.2) admit parametric representations of type (2.1), but
in general they cannot be reduced to parametric control systems and should be
studied for their own sake; see [1]. Note also that the ODE form (2.1) in Ba-
nach spaces is strongly related to various control problems for evolution partial
differential equations of parabolic and hyperbolic types, where solutions may be
understood in some other appropriate senses [7, 9].

In what follows, we pay the main attention to the study of intermediate local
minimizers for problem (P ) introduced in [11]. Recall that a feasible arc to (P ) is
a solution to the differential inclusion (1.2) for which J [x] < ∞ in (1.1) and the
endpoint constraints (1.3) and (1.4) are satisfied.

Definition 2.1 (Intermediate local minimizers). A feasible arc x̄(·) is an interme-

diate local minimizer (i.l.m.) of rank p ∈ [1,∞) for (P ) if there are numbers
ε > 0 and α ≥ 0 such that J [x̄] ≤ J [x] for any feasible arcs to (P ) satisfying the
relationships

‖x(t)− x̄(t)‖ < ε for all t ∈ [a, b] and (2.2)

α

∫ b

a

‖ẋ(t)− ˙̄x(t)‖p dt < ε . (2.3)

In fact, relationships (2.2) and (2.3) mean that we consider a neighborhood
of x̄(·) in the Sobolev space W 1,p

(
[a, b];X

)
with the norm

‖x(·)‖W 1,p := max
t∈[a,b]

‖x(t)‖+

(∫ b

a

‖ẋ(t)‖p dt

)1/p

,

where the norm on the right-hand side is taken in the space X. If there is only the
requirement (2.2) in Definition 2.1, i.e., α = 0 in (2.3), then we get the classical
strong local minimum corresponding to a neighborhood of x̄(·) in the norm topol-
ogy of C

(
[a, b];X

)
. If instead of (2.3) one puts the more restrictive requirement

‖ẋ(t)− ˙̄x(t)‖ < ε a.e. t ∈ [a, b] ,

then we have the classical weak local minimum in the framework of Definition 2.1.
Thus the introduced notion of i.l.m. takes, for any p ∈ [1,∞), an intermediate
position between the classical concepts of strong (α = 0) and weak (p = ∞) local
minima, being indeed different from both classical notions; see various examples
in [13, 18]. Clearly all the necessary conditions for i.l.m. automatically hold for
strong (and hence for global) minimizers.
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Considering the autonomous Bolza problem (P ) in this paper, we impose the
following standing assumptions on its initial data along a given intermediate local
minimizer x̄(·):
(H1) There are a open set U ⊂ X and a number �F > 0 such that x̄(t) ∈ U for all

t ∈ [a, b], the sets F (x) are nonempty and compact for all x ∈ U and satisfy
the inclusion

F (x) ⊂ F (u) + �F ‖x− u‖IB whenever x, u ∈ U , (2.4)

which implies the uniform boundedness of the sets F (x) on U , i.e., the exis-
tence of some constant γ > 0 such that

F (x) ⊂ γIB for all x ∈ U .

(H2) The integrand ϑ is Lipschitzian continuous on U × (γIB).
(H3) The endpoint functions ϕi, i = 0, . . . , m + r, are locally Lipschitzian around

x̄(b) with the common Lipschitz constant � > 0.
Observe that (2.4) is equivalent to say that the set-valued mapping F is

locally Lipschitzian around x̄(·) with respect to the classical Hausdorff metric on
the space of nonempty and compact subsets of X. In what follows, along with
the original problem (P ), we consider its “relaxed” counterpart significantly used
in some results and proofs of the paper. Roughly speaking, the relaxed problem
is obtained from (P ) by a convexification procedure with respect to the velocity
variable. It follows the route of Bogolyubov and Young in the classical calculus of
variations and of Gamkrelidze and Warga in optimal control; see the books [1,13]
and the references therein for more details and commentaries.

To construct an appropriate relaxation of the Bolza problem (P ) under con-
sideration, we first consider the extended-real-valued function

ϑF (x, v) := ϑ(x, v) + δ
(
v;F (x)

)
,

where δ(·; Ω) is the indicator function of the set Ω. Denote

ϑ̂F (x, v) :=
(
ϑF )∗∗v (x, v) , (x, v) ∈ X ×X ,

the biconjugate/bypolar function to ϑF (x, ·), i.e., the greatest proper, convex, and
lower semicontinuous (l.s.c.) function with respect to v that is majorized by ϑF .
Then the relaxed problem (R) to (P ), or the relaxation of (P ), is defined as follows:

minimize Ĵ [x] := ϕ
(
x(b)

)
+
∫ b

a

ϑ̂F

(
x(t), ẋ(t)

)
dt (2.5)

over a.e. differentiable arcs x : [a, b] → X that are Bochner integrable on [a, b]
together with ϑF

(
x(t), ẋ(t)

)
, satisfy the Newton–Leibniz formula and the endpoint

constraints (1.3), (1.4).
Note that the feasibility requirement Ĵ [x] < ∞ in (2.5) is fulfilled only if x(·)

is a solution to the convexified differential inclusion

ẋ(t) ∈ clco F
(
x(t), ẋ(t)

)
a.e. t ∈ [a, b] with x(a) = x0 , (2.6)
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where “clco” stands for the convex closure of a set in X. Thus the relaxed problem
(R) can be considered under explicit dynamic constraints given by the convexified
differential inclusion (2.6). Any trajectory for (2.6) is called a relaxed trajectory
for (1.2), in contrast to the ordinary (or original) trajectories for the latter inclu-
sion.

There are deep relationships between relaxed and ordinary trajectories for
differential inclusions, which reflect the fundamental hidden convexity inherent in
continuous-time (nonatomic measure) dynamic systems defined by differential and
integral operators. In particular, any relaxed trajectory of (1.2) under assumption
(H1) can be uniformly approximated (in the C

(
[a, b];X

)
-norm) by a sequence of

ordinary trajectories; see, e.g., [1, 6, 16]. We need the following version [5] of this
approximation/density property involving not only differential inclusions but also
minimizing functionals.

Lemma 2.2 (Approximation property for the relaxed Bolza problem). Let x(·)
be a relaxed trajectory for the differential inclusion (1.2) with a separable state
space X, where F and ϑ satisfy assumptions (H1) and (H2), respectively. Then
there is sequence of the ordinary trajectories xk(·) for (1.2) such that xk(·) → x(·)
in C

(
[a, b];X

)
as k →∞ and

lim inf
k→∞

∫ b

a

ϑ
(
xk(t), ẋk(t)

)
dt ≤

∫ b

a

ϑ̂F

(
x(t), ẋ(t)

)
dt .

Note that Theorem 2.2 does not assert that the approximating trajectories
xk(·) satisfy the endpoint constraints (1.3) and (1.4). Indeed, there are examples
showing that the latter may not be possible and, moreover, the property of relax-
ation stability

inf(P ) = inf(R) (2.7)

is violated; in (2.7) the infima of the cost functionals (1.1) and (2.5) are taken over
all the feasible arcs in (P ) and (R), respectively.

An obvious sufficient condition for the relaxation stability is the convexity
of the sets F (x, t) and of the integrand ϑ in v. However, the relaxation stability
goes far beyond the standard convexity due to the hidden convexity property of
continuous-time differential systems. In particular, Theorem 2.2 ensures the re-
laxation stability of nonconvex problems (P ) with no constraints on the endpoint
x(b). There are various efficient conditions for the relaxation stability of nonconvex
problems with endpoint and other constraint; see [13, Subsection 6.1.2] with the
commentaries therein for more details, discussions, and references.

A local version of the relaxation stability property (2.7) regarding intermedi-
ate minimizers for the Bolza problem (P ) is postulated as follows.

Definition 2.3 (Relaxed intermediate local minimizers). A feasible arc x̄(·) to the
Bolza problem (P ) is a relaxed intermediate local minimizer (r.i.l.m.) of
rank p ∈ [1,∞) for (P ) if it is an intermediate local minimizer of this rank for the
relaxed problem (R) providing the same value of the cost functionals: J [x̄] = Ĵ [x̄].
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It is not hard to observe that, under the standing assumptions formulated
above, the notions of intermediate local minima and relaxed intermediate local
minima do not actually depend on rank p. In what follows we always take (unless
otherwise stated in Section 7) p = 2 and α = 1 in (2.3) for simplicity.

The principal method of our study in this paper involves discrete approxima-
tions of the original Bolza problem (P ) for constrained continuous-time evolution
inclusions by a family of dynamic optimization problems of the Bolza type gov-
erned by discrete-time inclusions with endpoint constraints. We show that this
method generally leads to necessary optimality conditions for relaxed intermediate
local minimizers of (P ). Then an additional approximation procedure allows us to
establish necessary optimality conditions for arbitrary (non-relaxed) intermediate
local minimizers by reducing them to problems, which are automatically stable
with respect to relaxation.

3. Discrete approximations

In this section we present basic constructions of the method of discrete approxi-
mations in the theory of necessary optimality conditions for differential inclusions
following the scheme of [11, 13] developed for the case of geometric constraints,
with certain modifications required for the functional endpoint constraints (1.3)
and (1.4).

For simplicity we use the replacement of the derivative by the uniform Euler
scheme:

ẋ(t) ≈ x(t + h)− x(t)
h

, h → 0 .

To formalize this process, we take any natural number N ∈ IN and consider the
discrete grid/mesh on T defined by

TN :=
{
a, a + hN , . . . , b− hN , b

}
, hN := (b− a)/N ,

with the stepsize of discretization hN and the mesh points tj := a + jhN as j =
0, . . . , N , where t0 = a and tN = b. Then the differential inclusion (1.2) is replaced
by a sequence of its finite-difference/discrete approximations

xN (tj+1) ∈ xN (tj) + hNF
(
xN (tj)

)
, j = 0, . . . , N − 1 , x(t0) = x0 . (3.1)

Given a discrete trajectory xN (tj) satisfying (3.1), we consider its piecewise
linear extension xN (t) to the continuous-time interval T = [a, b], i.e., the Euler
broken lines. We also define the piecewise constant extension to T of the corre-
sponding discrete velocity by

vN (t) :=
xN (tj+1)− xN (tj)

hN
, t ∈ [tj , tj+1) , j = 0, . . . , N − 1 .

It follows from the very definition of the Bochner integral that

xN (t) = x0 +
∫ t

a

vN (s) ds for t ∈ T .
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The next result establishes the strong W 1,2-norm approximation of any tra-
jectory for the differential inclusion (1.2) by extended trajectories of the sequence
of discrete inclusions (3.1). Note that the norm convergence in W 1,2

(
[a, b];X

)
im-

plies the uniform convergence of the trajectories on [a, b] and the pointwise, for
a.e. t ∈ [a, b], convergence of (some subsequence of) their derivatives. The latter is
crucial for the study of nonconvex-valued differential inclusions. The proof of this
result in given in [13, Theorem 6.4], which is an infinite-dimensional counterpart
of the one in [11, Theorem 3.1].

Lemma 3.1 (Strong W 1,2-approximation by discrete trajectories). Let x̄(·) be an
arbitrary solution to the differential inclusion (1.2) under the assumptions in (H1),
where X is a general Banach space. Then there is a sequence of solutions x̂N (tj) to
the discrete inclusions (3.1) such that their extensions x̂N (t), a ≤ t ≤ b, converge
to x̄(t) strongly in the space W 1,2

(
[a, b];X

)
as N →∞.

Now fix an intermediate local minimizer x̄(·) for the Bolza problem (P ) and
construct a sequence of discrete approximation problems (PN ), N ∈ IN , admitting
optimal solutions x̄N (·) whose extensions converge to x̄(·) in the norm topology of
W 1,2

(
[a, b];X

)
as N →∞.

To proceed, we take a sequence of the discrete trajectories x̂N (·) approximat-
ing by Lemma 3.1 the given local minimizer x̄(·) to (P ) and denote

ηN := max
j∈{1,...,N}

‖x̂N (tj)− x̄(tj)‖ → 0 as N →∞ . (3.2)

Having ε > 0 from relations (2.2) and (2.3) for the intermediate minimizer
x̄(·) with p = 2 and α = 1, we always suppose that

x̄(t) + ε/2 ∈ U for all t ∈ [a, b] ,

where U is a neighborhood of x̄(·) from (H1). Let � > 0 be the common Lipschitz
constant of ϕi, i = 1, . . . , m + r, from (H3). Construct problems (PN ), N ∈ IN , as
follows: minimize

JN [xN ] : = ϕ0

(
xN (tN )

)
+ hN

N−1∑
j=0

ϑ

(
xN (tj),

xN (tj+1)− xN (tj)
hN

)

+
N−1∑
j=0

∫ tj+1

tj

∥∥∥xN (tj+1)− xN (tj)
hN

− ˙̄x(t)
∥∥∥2

dt

(3.3)

over discrete trajectories xN = xN (·) =
(
x0, xN (t1), . . . , xN (tN )

)
for the difference

inclusions (3.1) subject to the constraints

ϕi

(
xN (tN )

)
≤ �ηN for i = 1, . . . , m , (3.4)

−�ηN ≤ ϕi

(
xN (tN )

)
≤ �ηN for i = m + 1, . . . , m + r , (3.5)

‖xN (tj)− x̄(tj)‖ ≤
ε

2
for j = 1, . . . , N, and (3.6)
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N−1∑
j=0

∫ tj+1

tj

∥∥∥xN (tj+1)− xN (tj)
hN

− ˙̄x(t)
∥∥∥2

dt ≤ ε

2
. (3.7)

Considering in the sequel (without mentioning any more) piecewise linear
extension of xN (·) to the whole interval [a, b], we observe the relationships:⎧⎪⎪⎨⎪⎪⎩

xN (t) = x0 +
∫ t

a

ẋN (s) ds for all t ∈ [a, b] and

ẋN (t) = ẋN (tj) ∈ F
(
xN (tj)

)
, t ∈ [tj , tj+1), j = 0, . . . , N − 1 .

(3.8)

In the next theorem, we establish that the given relaxed intermediate local
minimizer (r.i.l.m.) x̄(·) to (P ) can be strongly in W 1,2 approximated by opti-
mal solutions to (PN ); the latter implies the a.e. pointwise convergence of the
derivatives significant for the main results of the paper. To justify such an ap-
proximation, we need to impose the Asplund structure on both X and its dual X∗,
which is particularly the case when X is reflexive.

Theorem 3.2 (Strong convergence of discrete optimal solutions). Let x̄(·) be an
r.i.l.m. for the Bolza problem (P ) under the standing assumptions (H1)–(H3) in
the Banach state space X, and let (PN ), N ∈ IN , be a sequence of discrete approx-
imation problems built above. The following hold:

(i) Each (PN ) admits an optimal solution.
(ii) If in addition both X and X∗ are Asplund, then any sequence {x̄N (·)} of

optimal solutions to (PN ) converges to x̄(·) strongly in W 1,2
(
[a, b];X).

The proof of this theorem follows the arguments in [12, Theorem 6.13] and
the estimates∣∣ϕi

(
x̂N (tN )

)
− ϕi

(
x̄(b)

)∣∣ ≤ � ‖x̂(tN )− x̄(tN )‖ ≤ �ηN for all i = 1, . . . , m + r

due to (3.2), which are needed for (3.4) and (3.5).
The strong convergence result of Theorem 3.2 makes a bridge between the

original continuous-time dynamic optimization problem (P ) and its discrete-time
counterparts (PN ), which allows us to derive necessary optimality conditions for
(P ) by passing to the limit from those for (PN ). The latter ones are intrinsically
nonsmooth and require appropriate tools of generalized differentiation for their
variational analysis.

4. Generalized differentiation

In this section, we define the main constructions of generalized differentiation
used in what follows. Since our major framework in this paper is the class Asplund
spaces, we present simplified definitions and some properties held in this setting.
All the material reviewed and employed below is taken from the author’s book [12],
where the reader can find more details and references.
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We start with generalized normals to closed sets Ω ⊂ X. Given x̄ ∈ Ω, the
(basic, limiting) normal cone to Ω at x̄ is defined by

N(x̄; Ω) := Lim sup
x→x̄

N̂(x; Ω) , (4.1)

where “Lim sup” stands for the sequential upper/outer limit (1.6) of the Fréchet
normal cone (or the prenormal cone) to Ω at x ∈ Ω given by

N̂(x; Ω) :=
{

x∗ ∈ X∗
∣∣∣ lim sup

u
Ω→x

〈x∗, u− x〉
‖u− x‖ ≤ 0

}
, (4.2)

where x
Ω→ x̄ signifies that x → x̄ with x ∈ Ω, and where N̂(x; Ω) := ∅ for x /∈ Ω.

Given a set-valued mapping F : X →→ Y of closed graph

gphF :=
{
(x, y) ∈ X × Y

∣∣ y ∈ F (x)
}

,

define its normal coderivative and Fréchet coderivative at (x̄, ȳ) ∈ gphF by, re-
spectively,

D∗F (x̄, ȳ)(y∗) :=
{

x∗ ∈ X∗∣∣ (x∗,−y∗) ∈ N
(
(x̄, ȳ); gph F

)}
, (4.3)

D̂∗F (x̄, ȳ)(y∗) :=
{

x∗ ∈ X∗∣∣ (x∗,−y∗) ∈ N̂
(
(x̄, ȳ); gph F

)}
. (4.4)

If F = f : X → Y is strictly differentiable at x̄ (in particular, if f ∈ C1), then

D∗f(x̄)(y∗) = D̂∗f(x̄)(y∗) =
{
∇f(x̄)∗y∗} , y∗ ∈ Y ∗ ,

i.e., both coderivatives (4.3) and (4.4) are positively homogeneous extensions of
the classical adjoint derivative operator to nonsmooth and set-valued mappings.

Finally, consider a function ϕ : X → IR locally Lipschitzian around x̄; in this
paper we do not use more general functions. Then the (basic, limiting) subdiffer-
ential of ϕ at x̄ is

∂ϕ(x̄) := Lim sup
x→x̄

∂̂ϕ(x) , (4.5)

where the sequential outer limit (1.6) of the Fréchet subdifferential mapping ∂̂ϕ(·)
is

∂̂ϕ(x) :=
{

x∗ ∈ X∗
∣∣∣ ϕ(u)− ϕ(x)− 〈x∗, u− x〉

‖u− x‖ ≥ 0
}

. (4.6)

We are not going to review in this section appropriate properties of the gen-
eralized differential constructions (4.1)–(4.6) used in Sections 5–7: these properties
will be invoked with the exact references to [12] in the corresponding places of the
proofs in the subsequent sections. Just note here that our basic/limiting construc-
tions (4.1), (4.3), and (4.5) enjoy full calculus in the framework of Asplund spaces,
while the Fréchet-like ones (4.2), (4.4), and (4.6) satisfy certain rules of “fuzzy
calculus.”
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5. Necessary conditions for discrete inclusions

In this section we derive necessary optimality conditions for the sequence of discrete
approximation problems (PN ) defined in (3.1) and (3.3)–(3.7). We only present re-
sults in the “fuzzy” form, which are more convenient to derive necessary conditions
for the original problem (P ) by the limiting procedure in Section 6.

Observe first that each discrete optimization problem (PN ) can be equiva-
lently written in a special form of constrained mathematical programming (MP):⎧⎪⎪⎨⎪⎪⎩

minimize ψ0(z) subject to
ψj(z) ≤ 0 , j = 1, . . . , s ,
f(z) = 0 ,
z ∈ Θj ⊂ Z , j = 1, . . . , l ,

where ψj are real-valued functions on some Banach space Z, where f : Z → E is
a mapping between Banach spaces, and where Θj ⊂ Z. To see this, we let

z := (x1, . . . , xN , v0, . . . , vN−1) ∈ Z := X2N ,

E := XN , s := N + 2 + m + 2r , l := N − 1

and rewrite (PN ) as an (MP ) problem (5) with the following data:

ψ0(z) := ϕ0(xN ) + hN

N−1∑
j=0

ϑ(xj , vj) +
N−1∑
j=0

∫ tj+1

tj

‖vj − ˙̄x(t)‖2 dt ,

ψj(z) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

‖xj−1 − x̄(tj−1)‖ − ε/2 , j = 1, . . . , N + 1 ,

N−1∑
i=0

∫ ti+1

ti

‖vi − ˙̄x(t)‖2 dt− ε/2 , j = N + 2 ,

ϕi(xN )− �ηN , j = N + 2 + i , i = 1, . . . , m + r ,
−ϕi(xN )− �ηN , j = N + 2 + m + r + i , i = m + 1, . . . , m + r ;{

f(z) =
(
f0(z), . . . , fN−1(z)

)
with

fj(z) := xj+1 − xj − hNvj , j = 0, . . . , N − 1 ,

Θj :=
{

z ∈ X2N
∣∣∣ vj ∈ F (xj)

}
for j = 0, . . . , N − 1 .

The next theorem establishes necessary optimality conditions for each prob-
lem (PN ) in the approximate/fuzzy form of refined Euler–Lagrange and transver-
sality inclusions expressed in terms of Fréchet-like normals and subgradients. The
proof is based on applying the corresponding fuzzy calculus rules and neighborhood
criteria for metric regularity and Lipschitzian behavior of set-valued mappings;
cf. [13, Theorem 6.19].

Theorem 5.1 (Fuzzy Euler–Lagrange conditions for discrete approximations). Let
x̄N (·) = {x̄N (tj)| j = 0, . . . , N} be local optimal solutions to problems (PN ) as
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N → ∞ under the assumptions (H1)–(H3) with the Asplund state space X. Con-
sider the quantities

θNj := 2
∫ tj+1

tj

∥∥∥ x̄N (tj+1)− x̄N (tj)
hN

− ˙̄x(t)
∥∥∥ dt , j = 0, . . . , N − 1 .

Then there exists a sequence εN ↓ 0 along some N →∞, and there are sequences
of Lagrange multipliers λiN , i = 0, . . . , m + r, and adjoint trajectories pN (·) =
{pN (tj) ∈ X∗| j = 0, . . . , N} satisfying the following relationships:-

– the sign and nontriviality conditions

λiN ≥ 0 for all i = 0, . . . , m + r ,

m+r∑
i=0

λiN = 1 ;

– the complementary slackness conditions

λiN

[
ϕi

(
x̄N (tN )

)
− �ηN

]
= 0 for i = 1, . . . , m ;

– the extended Euler–Lagrange inclusion in the approximate form(
pN (tj+1)− pN (tj)

hN
, pN (tj+1)− λ0N

θNj

hN
b∗Nj

)
∈ λ0N ∂̂ϑ

(
x̄N (tj),

x̄N (tj+1)− x̄N (tj)
hN

)
+ N̂

((
x̄N (tj),

x̄N (tj+1)− x̄N (tj)
hN

)
; gph F

)
+ εIB∗ with

b∗Nj ∈ IB∗, j = 0, . . . , N − 1 ;

– the approximate transversality inclusion

− pN (tN ) ∈
m∑

i=0

λiN ∂̂ϕi

(
x̄N (tN )

)
+

m+r∑
i=m+1

λiN

[
∂̂ϕi

(
x̄N (tN )

)⋃
∂̂
(
− ϕi

)(
x̄N (tN )

)]
+ εIB∗ .

6. Euler–Lagrange conditions for relaxed minimizers

This section contains necessary optimality conditions in the refined forms of the
extended Euler–Lagrange and transversality inclusions for relaxed intermediate lo-
cal minimizers of the original problem (P ). The proof is based on the passing
to the limit from the necessary optimality conditions for discrete approximation
problems obtained in Section 5 and on the usage of the strong stability of discrete
approximations established in Section 3. A crucial part of the proof involves the
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justification of an appropriate convergence of adjoint arcs; the latter becomes pos-
sible due to the coderivative characterization of Lipschitzian set-valued mappings;
cf. [13, Theorem 6.21]

Theorem 6.1 (extended Euler–Lagrange and transversality inclusions for relaxed
intermediate minimizers). Let x̄(·) be a relaxed intermediate local minimizer for
the Bolza problem (P) given in (1.1)–(1.4) under the standing assumptions of Sec-
tion 2, where the spaces X and X∗ are Asplund. Then there are nontrivial Lagrange
multipliers 0 
= (λ0, . . . , λm+r) ∈ IRm+r+1 and an absolutely continuous mapping
p : [a, b] → X∗ such that the following necessary conditions hold:
– the sign conditions

λi ≥ 0 for all i = 0, . . . , m + r , (6.1)

– the complementary slackness conditions

λiϕi

(
x̄(b)

)
= 0 for i = 1, . . . , m , (6.2)

– the extended Euler–Lagrange inclusion, for a.e., t ∈ [a, b] ,

ṗ(t) ∈ clco
{

u ∈ X∗
∣∣∣ (u, p(t)

)
∈ λ0∂ϑ

(
x̄(t), ˙̄x(t)

)
+ N

((
x̄(t), ˙̄x(t)

)
; gph F

)}
,

(6.3)

– and the transversality inclusion

−p(b)
)
∈

m∑
i=0

λi∂ϕi

(
x̄(b)

)
+

m+r∑
i=m+1

λi

[
∂ϕi

(
x̄(b)

)⋃
∂
(
− ϕi

)(
x̄(b)

)]
. (6.4)

Note that the results obtained in Theorem 6.1 are different from those derived
in [13, Subsection 6.1.5] not only by the absence of any SNC-like assumptions on
the target/constraint set but also by not imposing the “coderivative normality”
property on F needed in [13] in similar settings. Observe also that the arguments
developed above allow us to provide the correspondent improvements in the case of
Lipschitzian endpoint constraints of the Euler–Lagrange type necessary optimality
conditions derived in [14] for evolution models governed by semilinear inclusions

ẋ(t) ∈ Ax(t) + F
(
x(t), t

)
, (6.5)

where A is an unbounded infinitesimal generator of a compact C0-semigroup on X,
and where continuous solutions to (6.5) are understood in the mild sense.

7. Necessary conditions without relaxation

In this section we establish necessary optimality conditions for intermediate local
minimizers x̄(·) of evolution inclusions without any relaxation. It can be done under
certain more restrictive assumptions on the initial data in comparison with those
in Theorem 6.1. For simplicity, consider here the Mayer version (PM ) of problem
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(P ) with ϑ = 0 in (1.1). In this case, the Euler–Lagrange inclusion (6.3) admits
the coderivative form

ṗ(t) ∈ clco D∗F
(
x̄(t), ˙̄x(t)

)(
− p(t)

)
a.e. t ∈ [a, b] , (7.1)

which easily implies, due to the extremal property for coderivatives of convex-
valued mappings given in [12, Theorem 1.34], the Weierstrass–Pontryagin maxi-
mum condition 〈

p(t), ˙̄x(t)
〉

= max
v∈F (x̄(t))

〈
p(t), v

〉
a.e. t ∈ [a, b] (7.2)

provided that the sets F (x) are convex near x̄(t) for a.e. t ∈ [a, b]. Our goal is to
justify the above Euler–Lagrange and Weierstrass–Pontryagin conditions, together
with the other necessary optimality conditions of Theorem 6.1, for intermediate
minimizers of the Mayer problem (PM ) subject to the Lipschitzian endpoint con-
straints (1.3) and (1.4), without any convexity or relaxation assumptions and with
no SNC-like requirements imposed on the endpoint constraint set. To accomplish
this goal, we employ a certain approximation technique involving Ekeland’s vari-
ational principle combined with other advanced results of variational analysis and
generalized differentiation, which allow us to reduce the constrained problem un-
der consideration to an unconstrained (and thus stable with respect to relaxation)
Bolza problem studied in Section 6. However, this requires additional assumptions
on the initial data of (PM ) imposed in what follows.

Recall that a set-valued mapping F : X →→ Y is strongly coderivatively normal
at (x̄, ȳ) ∈ gphF if its normal coderivative (4.3) admits the representation

D∗F (x̄, ȳ)(y∗) =
{

x∗ ∈ X∗
∣∣∣ ∃ sequences (xk, yk) → (x̄, ȳ), x∗

k
w∗
→ x∗, and

y∗
k → y∗ with yk ∈ F (xk) and x∗

k ∈ D̂∗F (xk, yk)(y∗
k) as

k →∞
}

=: D∗
MF (x̄, ȳ)(y∗) , (7.3)

where D∗
MF (x̄, ȳ) is called the mixed coderivative of F at (x̄, ȳ). Observe that the

only difference between the normal and mixed coderivatives of F at (x̄, ȳ) is that

the mixed weak∗ convergence of x∗
k

w∗
→ x∗ and the norm convergence of y∗

k → y∗

is used for D∗
MF (x̄, ȳ) in (7.3), in contrast to the weak∗ convergence of both com-

ponents (x∗
k, y∗

k) w∗
→ (x∗, y∗) for D∗F (x̄, ȳ) in (4.3) via (4.1). Besides the obvious

case of dim Y < ∞, the strong coderivative normality holds in many important
infinite-dimensional settings, and the property is preserved under various compo-
sitions; see [12, Proposition 4.9] describing major classes of mappings satisfying
this property.

A mapping F : X →→ Y is called sequentially normally compact (SNC) at

(x̄, ȳ) ∈ gphF if for any sequences (xk, yk)
gph F→ (x̄, ȳ) and (x∗

k, y∗) ∈ N̂
(
(xk, yk);

gphF
)

one has

(x∗
k, y∗

k) w∗
→ 0 =⇒ ‖(x∗

k, y∗
k)‖ → 0 as k →∞ .
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As discussed in Section 1, this property is a far-going extension of the “finite-
codimension” and other related properties of sets and mappings. It always holds
in finite dimensions, while in reflexive spaces agrees with the“compactly epi-
Lipschitzian” property by Borwein and Strójwas; see [12] for more details, dis-
cussions, and calculus.

Finally, recall that the given norm on a Banach space X is Kadec if the strong
and weak convergences agree on the boundary of the unit sphere of X. It is well
known that every reflexive space admits an equivalent Kadec norm.

Theorem 7.1 (Euler–Lagrange and Weierstrass–Pontryagin conditions for inter-
mediate local minimizers with no relaxation). Let x̄(·) be an intermediate local
minimizer for the Mayer problem (PM ) in (1.1)–(1.4) under the standing hypothe-
ses (H1) and (H3) on F and ϕi. Assume in addition that:
(a) the state space X is separable and reflexive with the Kadec norm on it;
(b) the velocity mapping F is SNC at

(
x̄(t), ˙̄x(t)

)
and strongly coderivatively nor-

mal with weakly closed graph around this point for a.e. t ∈ [a, b].
Then there are nontrivial Lagrange multipliers 0 
= (λ0, . . . , λm+r) ∈ IRm+r+1 and
an absolutely continuous mapping p : [a, b] → X∗ satisfying the following relation-
ships:
– the sign and complementarity slackness conditions in (6.1) and (6.2);
– the Euler–Lagrange inclusion (7.1), where the closure operation is redundant;
– the Weierstrass–Pontryagin maximum condition (7.2); and
– the transversality inclusion (6.4).

Proof. Denote

ϕ+
0 (x, ν) := max

{
ϕ0(x)− ν, 0

}
, ϕ+

i (x) := max
{
ϕi(x), 0

}
, i = 1, . . . , m , (7.4)

and, by the method of metric approximations [10], consider the parametric cost
functional

θν [x] :=
[(

ϕ+
0 )2
(
x(b), ν

)
+

m∑
i=1

(
ϕ+

i

)2(
x(b)

)
+

m+r∑
i=m+1

ϕ2
i

(
x(b)

)]1/2

, ν ∈ IR , (7.5)

over trajectories for (1.1) with no endpoint constraints. Since x̄(·) is an intermediate
local minimizer for (PM ) and due to the constructions in (7.4) and (7.5), we have

θν [x] > 0 for any ν < ν̄ := ϕ0

(
x̄(b)

)
provided that x(·) is a trajectory for (1.2) belonging to the prescribed W 1,1-
neighborhood of the given intermediate local minimizer and such that x(t) ∈ U
for all t ∈ [a, b], where the open set U ⊂ X is taken from the requirements in (H1)
imposed on x̄(·).

Then following the proof of [13, Theorem 6.27], we find an absolute continuous
arc xε(·) satisfying the estimate∫ b

a

‖ ˙̄x(t)− ẋε(t)‖ dt ≤ ε
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and such that xε provides an intermediate minimum to the unconstrained Bolza
problem with Lipschitzian data:

minimize ϕε

(
x(b)

)
+
∫ b

a

ϑε

(
x(t), ẋ(t), t

)
dt (7.6)

over absolutely continuous arcs x(·) satisfying x(a) = x0 and lying in a W 1,1-
neighborhood of x̄(·), where the functions ϕε : X → IR and θε : X×X× [a, b] → IR
are given by

ϕε(x) :=
[(

ϕ+
0 )2(x, νε) +

m∑
i=1

(
ϕ+

i

)2(x) +
m+r∑

i=m+1

ϕ2
i (x)

]1/2

, (7.7)

ϑε(x, v, t) := η
√

1 + �2F dist
(
(x, v); gph F

)
+
√

ε‖v − ẋε(t)‖ . (7.8)

Applying the optimality conditions of Theorem 6.1 to problem (7.6) with the
initial data (7.7) and (7.8), for all small ε > 0 we find an absolutely continuous
adjoint arc pε : [a, b] → X∗ satisfying

ṗε(t) ∈ co
{

u ∈ X∗
∣∣∣ (u, pε(t)

)
∈ μ ∂dist

((
xε(t), ẋε(t)

)
; gph F

)
+
√

ε
(
0, IB∗)}(7.9)

for a.e. t ∈ [a, b] with μ := η
√

1 + �2F and

−pε(b) ∈ ∂
[(

ϕ+
0 )2(·, νε) +

m∑
i=1

(
ϕ+

i

)2(·) +
m+r∑

i=m+1

ϕ2
i (·)
]1/2(

xε(b)
)
. (7.10)

Passing to the limit in (7.9), (7.10) and using the calculus rules of generalized dif-
ferentiation as in the proof of [13, Theorem 6.27], we arrive at the Euler–Lagrange
and transversality conditions of the theorem without any relaxation.

Observe that in the general nonconvex setting the Euler–Lagrange inclu-
sion (7.1) does not automatically imply the maximum condition (7.2). To es-
tablish the latter condition supplementing the other necessary conditions of the
theorem, we follow the proof of [17, Theorem 7.4.1] given for a Mayer problem
of the type (PM ) involving nonconvex differential inclusions in finite-dimensional
spaces; it holds with minor changes in infinite-dimensions under the assumptions
imposed. The proof of the latter theorem is based on reducing the constrained
Mayer problem for nonconvex differential inclusions to an unconstrained Bolza
(finite Lagrangian) problem, which in turn is reduced to a problem of optimal
control with smooth dynamics and nonsmooth endpoint constraints first treated
in [10] via the nonconvex normal cone (4.1) and the corresponding subdifferen-
tial (4.5) introduced therein to describe the appropriate transversality conditions
in the maximum principle. �
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Abstract. In the paper we describe basin of attraction of the p-adic dynam-
ical system f(x) = x3 + ax2. Moreover, we also describe the Siegel discs of
the system, since the structure of the orbits of the system is related to the
geometry of the p-adic Siegel discs.
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1. Introduction

It is known that the p-adic numbers were first introduced by the German math-
ematician K. Hensel. During a century after their discovery they were considered
mainly objects of pure mathematics. Starting from 1980s various models described
in the language of p-adic analysis have been actively studied. Applications of p-
adic numbers in p-adic mathematical physics [6,12,20,30], quantum mechanics [16]
and many others [17] stimulated increasing interest in the study of p-adic dy-
namical systems. In [17, 29] p-adic field have arisen in physics in the theory of
superstrings, promoting questions about their dynamics. Also some applications
of p-adic dynamical systems to some biological, physical systems were proposed
in [3,4,18,31]. Other studies of non-Archimedean dynamics in the neighborhood of
a periodic and of the counting of periodic points over global fields using local fields
appeared in [9, 13, 19, 25]. Certain rational p-adic dynamical systems were inves-
tigated in [14, 21] which appear from problems of p-adic Gibbs measures [22–24].
In [7, 8] the Fatou set of a rational function defined over some finite extension
of Qp has been studied. Besides, an analogue of Sullivan’s no wandering domains
theorem for p-adic rational functions, which have no wild recurrent Julia critical
points, was proved.
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The most studied discrete p-adic dynamical systems (iterations of maps) are
the so called monomial systems, i.e., f(x) = xn. In [5] an asymptotic behavior of
such a dynamical system over p-adic and Cp was investigated. In [18] perturbated
monomial dynamical systems defined by fq(x) = xn+q(x), where the perturbation
term q(x) was a polynomial whose coefficients had small p-adic absolute value,
was studied. There it was shown a connection between monomial and perturbated
monomial systems. Formulas for the number of cycles of a specific length to a given
system and the total number of cycles of such dynamical systems were provided.
These investigations show that the study of perturbated dynamical systems is
important. Even for a quadratic function f(x) = x2+c, c ∈ Qp its chaotic behavior
is complicated (see [28, 29]). In [28] the Fatou and Julia sets of such a p-adic
dynamical system were found. Unique ergodicity and ergodicity of monomial and
perturbated dynamical systems have been considered in [1, 11].

The aim of this paper is to investigate the asymptotic behavior of a cubic
p-adic dynamical system f(x) = x3+ax2 at |a|p 
= 1. Note that globally attracting
sets play an important role in dynamics, restricting the asymptotic behavior to
certain regions of the phase space. However, descriptions of the global attractor
can be difficult as it may contain complicated chaotic dynamics. Therefore, in
the paper we will investigate the basin of attraction of such a dynamical system.
Moreover, we also describe the Siegel discs of the system, since the structure of the
orbits of the system is related to the geometry of the p-adic Siegel discs (see [2]).

2. Preliminaries

2.1. p-adic numbers

Let Q be the field of rational numbers. Throughout the paper p will be a fixed prime
number. Every rational number x 
= 0 can be represented in the form x = pr n

m ,
where r, n ∈ Z, m is a positive integer and p, n,m are relatively prime. The p-adic
norm of x is given by |x|p = p−r and |0|p = 0. This norm satisfies so called the
strong triangle inequality

|x + y|p ≤ max{|x|p, |y|p} .

From this inequality one can infer that

if |x|p 
= |y|p , then |x− y|p = max{|x|p, |y|p} (2.1)

if |x|p = |y|p , then |x− y|p ≤ |2x|p . (2.2)

This is a ultrametricity of the norm. The completion of Q with respect to
p-adic norm defines the p-adic field which is denoted by Qp. Note that any p-adic
number x 
= 0 can be uniquely represented in the canonical series:

x = pγ(x)(x0 + x1p + x2p
2 + · · · ) , (2.3)

where γ = γ(x) ∈ Z and xj are integers, 0 ≤ xj ≤ p − 1, x0 > 0, j = 0, 1, 2, . . .

(see more detail [10, 15]). Observe that in this case |x|p = p−γ(x).
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We recall that an integer a ∈ Z is called a quadratic residue modulo p if the
equation x2 ≡ a(mod p) has a solution x ∈ Z.

Lemma 2.1 ([30]). In order that the equation

x2 = a , 0 
= a = pγ(a)(a0 + a1p + · · · ) , 0 ≤ aj ≤ p− 1 , a0 > 0

has a solution x ∈ Qp, it is necessary and sufficient that the following conditions
are satisfied:

(i) γ(a) is even;
(ii) a0 is a quadratic residue modulo p if p 
= 2, if p = 2 besides a1 = a2 = 0.

For any a ∈ Qp and r > 0 denote

B̄r(a) = {x ∈ Qp : |x− a|p ≤ r} , Br(a) = {x ∈ Qp : |x− a|p < r} ,

Sr(a) = {x ∈ Qp : |x− a|p = r} .

A function f : Br(a) → Qp is said to be analytic if it can be represented by

f(x) =
∞∑

n=0

fn(x− a)n , fn ∈ Qp ,

which converges uniformly on the ball Br(a).
Note the basics of p-adic analysis, p-adic mathematical physics are explained

in [10,15,27,30]

2.2. Dynamical systems in Qp

In this section we recall some known facts about dynamical systems (f,B) in Qp,
where f : x ∈ B → f(x) ∈ B is an analytic function and B = Br(a) or Qp.

Recall some standard terminology of the theory of dynamical systems (see
for example [26]). Let f : B → B be an analytic function. Denote x(n) = fn(x(0)),
where x0 ∈ B and fn(x) = f ◦ · · · ◦ f(x)︸ ︷︷ ︸

n

. If f(x(0)) = x(0) then x(0) is called a

fixed point. A fixed point x(0) is called an attractor if there exists a neighborhood
U(x(0)) of x(0) such that for all points y ∈ U(x(0)) it holds limn→∞ y(n) = x(0),
where y(n) = fn(y). If x(0) is an attractor then its basin of attraction is

A
(
x(0)

)
=
{

y ∈ Qp : y(n) → x(0), n →∞
}

.

A fixed point x(0) is called repeller if there exists a neighborhood U(x(0)) of x(0)

such that |f(x)−x(0)|p > |x−x(0)|p for x ∈ U(x(0)), x 
= x(0). For a fixed point x(0)

of a function f(x) a ball Br(x(0)) (contained in B) is said to be a Siegel disc if
each sphere Sρ(x(0)), ρ < r is an invariant sphere of f(x), i.e., if x ∈ Sρ(x(0))
then all iterated points x(n) ∈ Sρ(x(0)) for all n = 1, 2 . . . . The union of all Siegel
discs with the center at x(0) is said to a maximum Siegel disc and is denoted by
SI(x(0)).
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Remark 2.2. In non-Archimedean geometry, a center of a disc is nothing but a
point which belongs to the disc, therefore, in principle, different fixed points may
have the same Siegel disc.

Let x(0) be a fixed point of an analytic function f(x). Set

λ =
d

dx
f
(
x(0)

)
.

The point x(0) is called attractive if 0 ≤ |λ|p < 1, indifferent if |λ|p = 1, and
repelling if |λ|p > 1.

3. The map f : x → x3 + ax2 and its fixed points

In this section we consider dynamical system associated with the function f :
Qp → Qp defined by

f(x) = x3 + ax2 , a ∈ Qp . (3.1)

Throughout the paper we will consider only the case |a|p 
= 1, since the case
|a|p = 1 requires more investigations and it will be considered elsewhere.

Direct checking shows that the fixed points of the function (3.1) are the
following ones

x1 = 0 and x2,3 =
−a±

√
a2 + 4

2
. (3.2)

Here it should be noted that x2,3 are the solutions of the following equation

x2 + ax− 1 = 0 . (3.3)

Note that these fixed points are formal, because, basically in Qp the square
root does not always exist, but a full investigation of behavior of the dynamics of
the function needs the existence of the fixed points x2,3. To do end this it is enough
to verify when

√
a2 + 4 does exist. So, by verifying the conditions of Lemma 2.1

one can prove the following

Proposition 3.1. The following assertions hold

(i) Let |a|p < 1, then the expression
√

a2 + 4 exists in Qp if and only if either
p ≥ 3 or p = 2 and |a|p ≤ 1/p3.

(ii) Let |a|p > 1, then the expression
√

a2 + 4 exists in Qp.

4. Attractors and Siegel discs

In this section we will establish behavior of the fixed points of the dynamical
system. After, we are going to describe size of the attractors and Siegel discs of
the system.

Before going to details let us formulate certain useful results.
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Let us assume that x(0) be a fixed point of f . Then f can be represented as
follows

f(x) = f
(
x(0)

)
+ f ′(x(0)

)(
x− x(0)

)
+

f ′′(x(0)
)

2
(
x− x(0)

)2
+

f ′′′(x(0)
)

6
(
x− x(0)

)3
.

(4.1)

From the above equality putting γ = x− x0 we obtain

|f(x)− f
(
x(0)

)
|p = |γ|p

∣∣∣∣f ′(x(0)
)

+
f ′′(x(0)

)
2

γ +
f ′′′(x(0)

)
6

γ2

∣∣∣∣
p

. (4.2)

Lemma 4.1. Let x(0) be a fixed point of the function f given by (3.1). If

max
{
|3x(0) + a|p|x− x(0)|p, |x− x(0)|2p

}
< |f ′(x(0)

)
|p

then
|f(x)− f

(
x(0)

)
|p = |f ′(x(0)

)
|p|x− x(0)|p . (4.3)

The proof immediately follows from (4.2) and

f ′(x) = 3x2 + 2ax

f ′′(x) = 6x + 2a , f ′′′(x) = 6 .
(4.4)

From Lemma 4.1 we get

Corollary 4.2. [5] Let x(0) be a fixed point of the function f given by (3.1). The
following assertions hold:

(i) if x(0) is an attractive point of f , then it is an attractor of the dynamical
system. If r > 0 satisfies the inequality

max
{
|3x(0) + a|pr, r2

}
< 1 (4.5)

then Br(x(0)) ⊂ A(x(0));
(ii) if x(0) is an indifferent point of f then it is the center of a Siegel disc. If r

satisfies the inequality (4.5) then Br(x(0)) ⊂ SI(x(0));
(iii) if x(0) is a repelling point of f then x(0) is a repeller of the dynamical system.

Now we are going to calculate norms of the fixed points and their behavior.
Consider several distinct cases with respect to the parameter a.

From (4.4) one can easily conclude that the fixed point x1 is attractive.
Therefore, furthermore we will deal with x2,3.

Taking into account that the fixed points x2 and x3 are the solutions of (3.3)
from (4.4) we find

f ′(xσ) = 3− axσ , σ = 2, 3 (4.6)
and

x2 + x3 = −a , x2x3 = −1 . (4.7)
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Case |a|p > 1. In this case from (4.7) one gets that |x2+x3|p = |a|p, |x2|p|x3|p = 1.
These imply that either |x2|p > 1 or |x3|p > 1. Without loss of generality we may
assume that |x2|p > 1, which means that |x3|p < 1. From the condition |a|p > 1
one finds that |x2|p = |a|p and |x3|p = 1/|a|p.

From (4.6) we infer that

|f ′(x2)|p = |a|p|x2|p = |a|2p > 1 (4.8)

which implies that x2 is repelling. Now (4.4) with |x3|p = 1/|a|p implies that
|f ′(x3)|p = 1, hence x3 is a indifferent point.

Now let us find the basin of attraction of x1, i.e., A(x1).
Denote

rk =
1
|a|kp

, k ≥ 0 .

Consider several steps along the description of A(x1).
(I) From Corollary 4.2 and (4.5) we find that Br1(0) ⊂ A(x1). Now take x ∈

Sr1(0), i.e., |x| = r1. Then one gets

|f(x)|p = |x|2p|x + a|p = |x|2p|a|p = r1 ,

whence we infer that |f (n)(x)|p = r1 for all n ∈ N. This means that x 
∈
A(x1), hence A(x1) ∩ Sr1(0) = ∅. As a consequence we have f(Sr1(0)) ⊂
Sr1(0).

In the sequel we will assume that
√
|a|p /∈ {pk, k ∈ N}. Denote

A(∞) =
{

x ∈ Qp : |f (n)(x)|p →∞ as n →∞
}

.

It is evident that A(x1) ∩A(∞) = ∅.
(II) Let us take x ∈ Sr(0) with r > |a|p. Then we have

|f(x)|p = |x|2p|x + a|p = |x|2p|x|p = |x|3p ,

which means that x ∈ A(∞), i.e., Sr(0) ⊂ A(∞) for all r > |a|p.
(III) Now assume that x ∈ Sr(0) with r ∈ (r1, r0) ∪ (r0, |a|p). Then we have

f(Sr(0)) ⊂ Sr2|a|p(0). If r ∈ (r0, |a|p) then r2|a|p > |a|p, hence we have
Sr(0) ⊂ A(∞). If r ∈ (r1, r0) then according to our assumption we have
r2n |a|1+2+···+2n−1

p 
= 1 for every n ∈ N, hence there is n0 ∈ N such that
f (n0)(Sr(0)) ⊂ A(∞), from this we infer that Sr(0) ⊂ A(∞). Consequently,
we have Sr(0) ⊂ A(∞) for all r ∈ (r1, r0) ∪ (r0, |a|p).

(IV) If x ∈ Sr0(0), then one gets f(Sr0(0)) ⊂ S|a|p(0).
(V) Therefore, we have to consider x ∈ S|a|p(0). From (3.1) we can write

|f(x)|p = |a|2p|x + a|p . (4.9)

From the last equality and the following decomposition

S|a|p(0) =
|a|p⋃
r=0

Sr(−a) . (4.10)
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one concludes that we have to investigate behavior of f on spheres Sr(−a)
(r ∈ [0, |a|p]).

(VI) Let x ∈ Br3(−a), i.e., |x + a|p < r3, then the equality (4.9) implies that
|f(x)|p < r1 which means x ∈ A(x1). Hence Br3(−a) ⊂ A(x1). Moreover,
taking into account (I) one gets f(Sr3(−a)) ⊂ Sr1(0).

(VII) If x ∈ Sr1(−a) then from (4.9) we find that f(x) ∈ S|a|p(0).
(VIII) If x ∈ Sr2(−a) then again using (4.9) one gets that f(x) ∈ Sr0(0). This

with (IV) implies that f (2)(Sr1(−a)) ⊂ S|a|p(0).
(IX) If x ∈ Sr(−a) with r ∈ (r3, r2) ∪ (r2, r1) ∪ (r1, |a|p]. Then from (4.9) we

obtain that f(x) ∈ Sρ(0), ρ ∈ (r1, r0)∪ (r0, |a|p)∪ (|a|p, |a|3p]. Hence thanks
to (II) and (III) we infer that f(x) ∈ A(∞).

Let us introduce some more notations. Given sets A,B ⊂ Qp put

Tf,A,B(x) = min
{

k ∈ N : f (k)(x) ∈ B
}

, x ∈ A , (4.11)

D[A,B] =
{
x ∈ A : Tf,A,B(x) < ∞

}
. (4.12)

Taking into account (II)–(IX) and (4.11), (4.12) we can define D[Sr0(0) ∪
S|a|p(0), Br3(−a)], which is non empty, since from (VI) one sees that Br3(−a) ⊂
D[Sr0(0) ∪ S|a|p(0), Br3(−a)]. Thus from (I)–(IX) we have A(x1) = Br1(0) ∪
D[Sr0(0) ∪ S|a|p(0), Br3(−a)] .

Now consider the other xσ (σ = 2, 3) fixed points. We already have known
from above calculations that |x2|p = |a|p and|x3|p = r1, this means x3 is indifferent,
so Corollary 4.2 with (4.5) yields that Br1(x3) ⊂ SI(x3). It is clear that 0 /∈ SI(x3),
therefore SI(x3) = Br1(x3). From (I) we infer that SI(x3) ⊂ Sr1(0).

Thus we have proved the following

Theorem 4.3. Let |a|p > 1 and
√
|a|p /∈ {pk, k ∈ N}. Then x1 is attractor and

A(x1) = Br1(0)∪D[Sr0(0)∪S|a|p(0), Br3(−a)]. For the other fixed points we have
|x2|p = |a|p and |x3|p = r1, hence x3 is indifferent and SI(x3) = Br1(x3).

Case |a|p < 1. Let p ≥ 3 then from (3.2) and (4.7) one finds that |xσ|p = 1.
Let p = 2 then Proposition 3.1 implies that a = pkε for some k ≥ 3 and

|ε|p = 1. From this and taking into account (3.2) we have

|xσ|p = |pk−1ε±
√

p2(k−1)ε2 + 1|p = 1 ,

since |p2(k−1)ε2 + 1|p = 1 and k ≥ 3.
Now let us compute |f ′(xσ)|p. If p 
= 3, then using (4.6) one gets

|f ′(xσ)|p = |3− axσ|p = 1 , σ = 2, 3 .

This means that the fixed points xσ,(σ = 2, 3) are indifferent.
If p = 3 then from (4.6) we easily obtain that |f ′(xσ)|p < 1, σ = 2, 3, which

implies that the fixed points are attractive.
Let us first consider x1. According to Corollary 4.2 we immediately find that

B1(0) ⊂ A(x1). Take x ∈ S1(0) then |f(x)|p = |x|2p|x + a|p = |x|3 = 1, hence
|f (n)(x)|p = 1 for all n ∈ N. This yields that x 
∈ A(x1), hence A(x1) = B1(0).
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In the sequel according to the above done calculations we will consider two
possible situations when p 
= 3 and p = 3.

Assume p 
= 3. In this case x2 and x3 are indifferent, so Corollary 4.2 implies
that B1(xσ) ⊂ SI(xσ), σ = 2, 3.

Let us take x ∈ Sr(xσ), r ≥ 1, then put γ = x− xσ. It is clear that |γ|p = r.
By means of (4.2) and (3.3) we find

|f(x)− f(xσ)|p = |γ|p|3x2
σ + 2axσ + (3xσ + a)γ + γ2|p

= r|γ2 + 3xσγ + 3 + a(γ − xσ)|p .
(4.13)

If r > 1 then from we easily obtain that

|f(x)− f(xσ)|p = |γ|3p
since |γ2 + 3xσγ + 3|p = |γ|2p, |a(γ − xσ)|p = |a|p|γ|p. This implies that SI(xσ) ⊂
B̄1(xσ).

Lemma 4.4. Let |a|p < 1 and p 
= 3. The equality SI(xσ) = B̄1(xσ) holds if and
only if for every γ ∈ S1(0) the equality

|γ2 + 3xσγ + 3| = 1 (4.14)

is valid.

Proof. If (4.14) is satisfied for all γ ∈ S1(0) then from (4.13) we infer that
f(S1(xσ)) ⊂ S1(xσ), since |a(γ − xσ)|p < 1. This proves the assertion. Now sup-
pose that SI(xσ) = B̄1(xσ) holds. Assume that (4.14) is not valid, i.e., there is
γ0 ∈ S1(0) such that

|γ2
0 + 3xσγ0 + 3| < 1 . (4.15)

The last one with (4.13) implies that |f(x0)−xσ|p < 1 for an element x0 = xσ +γ0.
But this contradicts to SI(xσ) = B̄1(xσ). This completes the proof. �

From the proof of Lemma 4.4 we immediately obtain that if there is γ0 ∈
S1(0) such that (4.15) is satisfied then SI(xσ) = B1(xσ).

Lemma 4.5. Let |a|p < 1 and p 
= 3. The following conditions are equivalent:
(i) SI(xσ) = B1(xσ);
(ii) there is γ0 ∈ S1(0) such that (4.15) is satisfied;
(iii)

√
−3 exists in Qp.

Proof. The implication (i)⇔(ii) immediately follows from the proof of Lemma 4.14.
Consider the implication (ii)⇒(iii). The condition (4.15) according to the Hensel
Lemma yields that existence of the solution z ∈ Qp of the following equation

z2 + 3xσz + 3 = 0 (4.16)

such that |z − γ0| < 1 which implies that |z|p = 1. Now assume that there is a
solution z1 ∈ Qp of (4.16). Then from Vieta’s formula we infer the existence of the
other solution z2 ∈ Qp such that

z1 + z2 = −3xσ , z1z2 = 3 .
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From these equalities we obtain that |z1 + z2|p = 1, |z1z2|p = 1 which imply
z1, z2 ∈ S1(0). So putting γ0 = z1 one gets (4.15).

Let us now analyze when (4.16) has a solution belonging to Qp. We know
that a general solution of (4.16) is given by

z1,2 =
−3xσ ±

√−3− 9axσ

2
, (4.17)

here we have used (3.3). But it belongs to Qp if
√−3− 9axσ exists in Qp. Since

| − 9axσ|p = |a|p < 1 implies that −9axσ = pkε for some k ≥ 1 and |ε|p = 1.
Hence, −3 − 9axσ = −3 + pkε. Therefore according to Lemma 2.1 we conclude
that

√−3− 9axσ exists if and only if
√
−3 exists in Qp. The implication (iii)⇒(ii)

can be proven along the reverse direction in the previous implication. �

From Lemmas 4.4 and 4.5 we conclude that SI(xσ) is either B1(xσ) or
B̄1(xσ). The equality (3.2) yields that

|x2 − x3|p = |
√

a2 + 4|p = |2|p , (4.18)

which implies that SI(x2) ∩ SI(x3) = ∅ when p ≥ 5 and SI(x2) = SI(x3) when
p = 2, since any point of a ball is its center in non-archimedean setting.

Now consider the case p = 3. Then, we know that both fixed points x2 and x3

are attractive. Taking into account |xσ|p < 1 and |a|p < 1 from Corollary 4.2 one
finds that B1(xσ) ⊂ A(xσ), σ = 2, 3. From the equality (4.18) we have |x2−x3|p =
1 which implies that S1(xσ) is not a subset of A(xσ).

Let us take x ∈ Sr(xσ) with r ≥ 1, then putting γ = x−xσ from (4.13) with
|3xσγ + 3 + a(γ − xσ)|p < |γ|p we get

|f(x)− xσ|p = |γ||γ2 + 3xσγ + 3 + a(γ − xσ)|p = r3 ,

which implies that f(Sr(xσ)) ⊂ Sr3(xσ) for every r ≥ 1. Hence, in particular, we
obtain f(S1(xσ)) ⊂ S1(xσ).

Consequently we have the following

Theorem 4.6. Let |a|p < 1. The following assertions hold:
(i) The fixed point x1 is attractor and A(x1) = B1(0);
(ii) If p 
= 3 the fixed points xσ,σ = 2, 3 are indifferent and SI(xσ) = B1(xσ) is

valid if and only if
√
−3 exists in Qp. Otherwise SI(xσ) = B̄1(xσ) holds.

(iii) If p ≥ 5 then SI(x2) ∩ SI(x3) = ∅, if p = 2 then SI(x2) = SI(x3).
(iv) If p = 3 then the fixed points xσ, σ = 2, 3 are attractors and A(xσ) = B1(xσ).

Note that if we consider our dynamical system over p-adic complex field Cp

we will obtain different result from the formulated theorem, since
√
−3 always

exists in Cp.

Acknowledgments

F. Mukhamedov thanks the FCT (Portugal) grant SFRH/BPD/17419/2004.
J. F. F. Mendes acknowledges projects POCTI/FAT/46241/2002, POCTI/MAT/
46176/2002 and European research NEST project DYSONET/ 012911.



314 F. Mukhamedov and J. F. F. Mendes

References

[1] V. Anashin, Ergodic Transformations in the Space of p-adic Integers, in: p-adic
Mathematical Physics (2nd International Conference, Belgrade, 15–21 September
2005), AIP Conference Proceedings, Vol. 826, Melville, New York, 2006, pp. 3–24.

[2] D.K. Arrowsmith and F. Vivaldi, Geometry of p-adic Siegel discs. Physica D 71
(1994), 222–236.

[3] V.A. Avetisov, A.H. Bikulov, S.V. Kozyrev, V.A. Osipov, p-adic modls of ultra-
metric diffusion constrained by hierarchical energy landscapes, J. Phys. A: Math.
Gen. 35(2002), 177–189.

[4] S. Albeverio, A. Khrennikov, P. E. Kloeden, Memory retrieval as a p-adic dynamical
system, BioSys. 49(1999), 105–115.

[5] S. Albeverio, A. Khrennikov, B. Tirozzi, S. De Smedt, p-adic dynamical systems,
Theor. Math. Phys. 114(1998), 276–287.

[6] I. Ya. Aref’eva, B. Dragovich, P.H. Frampton, I. V. Volovich, Wave function of the
universe and p-adic gravity, Int. J. Mod. Phys. A. 6(1991) 4341–4358.

[7] R. Benedetto, Hyperbolic maps in p-adic dynamics, Ergod. Th.& Dynam.
Sys. 21(2001), 1–11.

[8] R. Benedetto, p-adic dynamics and Sullivan’s no wandering domains theorem, Com-
posito Math. 122(2000), 281–298.

[9] G. Call and J. Silverman, Canonical height on varieties with morphisms, Composito
Math. 89(1993), 163–205.

[10] F.Q. Gouvea, p-adic Numbers, Springer, Berlin, 1991.

[11] V.M. Gundlach, A. Khrennikov, K.O. Lindahl, On ergodic behavior of p-adic dynam-
ical systems, Infin. Dimen. Anal. Quantum Probab. Relat. Top. 4(2001), 569–577.

[12] P.G.O. Freund and E. Witten, Adelic string ampletudes, Phys. Lett. B 199(1987)
191–194.

[13] M. Herman and J.-C. Yoccoz, Generalizations of some theorems of small divisors tp
non-Archimedean fields, in: Geometric Dynamics (Rio de Janeiro, 1981), Lec. Notes
in Math. 1007, Springer, Berlin, 1983, pp. 408–447.

[14] M. Khamraev and F. M. Mukhamedov, On a class of rational p-adic dynamical sys-
tems, Jour. Math. Anal. Appl. 315(2006), 76–89.

[15] N. Koblitz, p-adic Numbers, p-adic Analysis and Zeta-Function, Springer, Berlin,
1977.

[16] A.Yu. Khrennikov, p-adic Valued Distributions in Mathematical Physics, Kluwer,
Dordreht, 1994.

[17] A.Yu. Khrennikov, Non-Archimedean Analysis: Quantum Paradoxes, Dynamical
Systems and Biological Models, Kluwer, Dordreht, 1997.

[18] A.Yu. Khrennikov and M. Nilsson, p-adic Deterministic and Random Dynamical
Systems, Kluwer, Dordreht, 2004.

[19] J. Lubin, Nonarchimedean dynamical systems, Composito Math. 94(1994), 321–346.

[20] E. Marinary and G. Parisi, On the p-adic five point function, Phys. Lett. B 203(1988)
52–56.



p-adic Chaos 315

[21] F.M. Mukhamedov, On a recursive equation over p-adic field, Appl. Math. Lett. 20
(2007), 88–92 .

[22] F.M. Mukhamedov and U.A. Rozikov, On Gibbs measures of p-adic Potts model on
the Cayley tree, Indag. Math. N. S. 15(2004), 85–100.

[23] F.M. Mukhamedov and U.A. Rozikov, On inhomogeneous p-adic Potts model on a
Cayley tree. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 8(2005), 277–290.

[24] F.M. Mukhamedov, U.A. Rozikov, J. F. F. Mendes, On phase transitions for p-adic
Potts model with competing interactions on a Cayley Tree, in: p-adic Mathemati-
cal Physics (2nd International Conference, Belgrade, 15–21 September 2005), AIP
Conference Proceedings, Vol. 826, Melville, New York, 2006, pp. 140–150.

[25] T. Pezda, Polynomial cycles in certain local domains, Acta Arith. 66 (1994), 11–22.

[26] H.-O. Peitgen, H. Jungers, D. Saupe, Chaos Fractals, Springer, Heidelberg, New
York, 1992.

[27] A.M. Robert, A Course of p-adic Analysis, Springer, New York, 2000.

[28] B. Shabat, p-adic entropies of logistic maps, Proc. Steklov Math. Inst. 245(2004),
257–263.

[29] E. Thiran, D. Verstegen, J. Weters, p-adic dynamics, J. Stat. Phys. 54(3/4)(1989),
893–913.

[30] V. S. Vladimirov, I. V. Volovich, E. I. Zelenov, p-adic Analysis and Mathematical
Physics, World Scientific, Singapour, 1994.

[31] C. F. Woodcock and N.P. Smart, p-adic chaos and random number generation, Exp.
Math. 7:4(1998), 333–342.

Farrukh Mukhamedov and José F. F. Mendes
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1. Introduction and basic notation

The idea of dimension of sets and measures has a long story. In 1911, H. Lebesgue
proposed a first definition of a dimension of set, using some properties of covers.
In 1912, Poincaré formulated a framework of the theory known actually as the
theory of topological dimension. A precise definition of the topological dimension
was formulated in 1922–1923 by P. Uryshon and K. Menger. In the next years this
notion was intesively studied and in 1941 appeared the monography Dimension
Theory by W. Hurewicz and P. Wallman, which contains rather complete the-
ory of (inductive) topological dimension for separable metric spaces. In the next
40–50 years this theory was generalized to arbitrary metric spaces and the results
was presented in several books (J. Nagata (1965), K. Nagami (1970), A. R. Pears
(1975), R. Engelking (1977) and others).

The quite different approach to the dimension theory was proposed by F. Hau-
dorff in 1919. He used some properties of measures which are satisfyied for arbi-
trary metric space. The Hausdorff dimension has the important property, by mean
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of similarities with scale s, the measure of image of d-dimension set changes sd

times. Unfortunately, this dimension is very difficult to be calculated even for
simple sets. Moreover, the Hausdorff dimension is not invariant with respect to
the homeomorphismes. For that reason for long time the Hausdorff approach was
rather undervalued.

The situation radically changed after 1975, when B. Mandelbrot introduced
a new class of sets, so called fractals, defined as the sets for which the Hausdorff
dimension is strictle greater then the topological dimension. On the other hand in
course of time, the dimension became a very important characteristic of attractors
in the theory of dynamical systems. Since the Hausdorff dimension was not suffi-
cient to cover all situation, the various notions of dimensions have been proposed:
box dimension, packing dimension, correlation dimension, informatic dimension,
entropy, capacity. All these concepts were very widely investigated and used, but
unfortunately all of them are rather hard to calculate.

Recently two other concepts of dimensions have been proposed by A. Lasota,
the concentration dimension and the thin dimension. The concentration dimension
is defined by using the Lévy concentration function. This dimension is relatively
easy to be calculated. Moreover, it is strongly related to the mass distribution
principle and often simplified the calculation of the Hausdorff dimension of sets.
The thin dimension is based on the notion of the thin function which is a kind of
anti-concetration function to Lévy function. The thin dimension is related to the
fractal dimension.

Through this paper X denotes a metric space with metric ρ. By B(x, r) we
denote the open ball with centre x ∈ X and radius r > 0. For A ⊂ X and x ∈ X,
A stands for the closure of A, diamA for the diameter of A, ∂A for the boundary
of A and ρ(x,A) for the distance from x to A. As usual, by R we denote the set
of reals, by N the set of all positive integers, by Q the set of all rational numbers
and R+ = [0,∞).

By B(X) we denote the σ-algebra of Borel subsets of X and by M(X) the
family of all finite Borel measures on X. By M1(X) we denote the space of all
μ ∈ M(X) such that μ(X) = 1. The elements of M1(X) are called probability
measures. Finally, by B(X) we denote the space of all bounded Borel measurable
functions f : X → R and by C(X) the subspace of all continuous functions.

2. Some classical notions of dimensions

a) Hausdorff dimension. For A ⊂ X and s, δ > 0 we define

Hs
δ(A) = inf

∞∑
i=1

(
diamUi

)s
,

where the infimum is taken over all countable covers {Ui} of the set A such that
diamUi ≤ δ. Then

Hs(A) = lim
δ→0

Hs
δ(A)
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is a Hausdorff s-dimensional measure. Note that all Borel sets are Hs-measurable.
For s sufficienly large Hs(A) = 0 and for s sufficiently small Hs(A) = ∞. The
Hausdorff dimension of the set A is defined by

dimHA = inf
{
s > 0 : Hs(A) < ∞

}
.

Observe that Hausdorff dimension is well defined for every subset of X.
The Hausdorff dimension of the measure μ ∈M1(X) is defined by the formula

dimHμ = inf
{
dimHA : A ∈ B(X), μ(A) = 1

}
.

It is easy to see that the Hausdorf dimension satisfies the following properties:

(i) dimHA ≤ dimHB if A ⊂ B;
(ii) dimH

⋃∞
n=1 An = sup

n∈N

dimHAn;

(iii) dimHA = 0 if A is a countable set;
(iv) If f : X → X is lipschitzian function, then dimHf(A) ≤ dimHA.

b) Fractal dimension. The lower and upper fractal (or box ) dimension of the
set A is defined by

dimF A = lim inf
r→0

log N(r)
−log r

, dimF A = lim sup
r→0

log N(r)
−log r

where N(r) denotes the smallest number of closed balls of radius r needed to cover
A. Note that in the above definitions N(r) can be replaced by M(r) – the smallest
number of sets of diameter less then or equal to r needed to cover A.

If dimF A = dimF A then this common value is called the fractal dimension
of A. It is easy to verify the following properties of fractal dimensions:

(i) dimHA ≤ dimFA for arbitrary A ⊂ X;
(ii) dimFA = 0 if A is a finite set;
(iii) dimF

⋃N
n=1 An = max {dimFAn : n = 1, . . . ,N}.

Example 2.1. Let A = {1/n : n ∈ N}, B = {1/(log n) : n ∈ N,n ≥ 2}, C =
Q ∩ [0, 1]. Then dimHA = dimHB = dimHC = 0, dimFA = 1/2, dimFB = 1 and
dimFC = 1.

c) Correlation dimension. Given a Borel probability measure μ the lower and
upper correlation dimension of μ are given by

dimCμ = lim inf
r→0

log Cμ(r)
log r

, dimCμ = lim sup
r→0

log Cμ(r)
log r

,

where

Cμ(r) =
∫
X

μ
(
B(x, r)

)
μ(dx) .
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d) Information dimension. The lower and upper information dimension of the
measure μ ∈M1(X) is given by

Iμ(r) = lim inf
r→0

∫
X

log μ
(
B(x, r)

)
log r

μ(dx) , Iμ(r) = lim sup
r→0

∫
X

log μ
(
B(x, r)

)
log r

μ(dx) .

If Iμ = Iμ then this common value is called information dimension of μ
and it is denoted by Iμ. These dimensions are special cases of generalized Rényi
dimensions introduced by Hentchel and Procacia (see [14]).

e) Packing dimension. Let A ⊂ X. A family
{
B
(
xi, ri

)
: i ∈ N

}
is called a centered

δ-packing of A if it is pairwise disjoint, xi ∈ A and 0 < ri ≤ δ. Define

P̃s
δ (A) = sup

∞∑
i=1

(2ri)s ,

where the supremum is taken over all centered δ-packing of A. Set

P̃s(A) = inf
δ>0

P̃s
δ (A) .

The last function is not necessarily countably subadditive, but it allows us to define
the countably subadditive function Ps by formula

Ps(A) = inf
A⊂⋃∞

i=1 Ai

∑
P̃s(Ai)

where the supremum is taken over all countable coverings of A. The function Ps(A)
is called the s-dimensional packing measure. The packing dimension of A is defined
by the formula

dimPA = inf
{
s > 0 : Ps(A) < ∞

}
.

The packing dimension was introduced by Taylor and Tricot (see [48]).

Remark 2.2. If X is a separable metric space, then for each s > 0 we have Hs(A) ≤
Ps(A) for every subset A of X. It follows immediately that

dimHA ≤ dimPA .

f ) Local and average dimension. The local upper dimension of the measure μ at
the point x is defined by

dμ(x) = lim sup
r→0

log μ
(
B(x, r)

)
log r

.

The upper average dimension of a measure μ ∈M1(X) is defined by the formula

dμ =
∫
X

dμ(x)μ(dx) .

The lower local dimension and the lower average dimension are defined in the
same way replacing lim sup by lim inf.
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It is known that

dμ(x) ≤ dimHsuppμ and dμ(x) ≤ dimP suppμ .

Moreover, Cutler proved (see [4]) that if the measure μ has compact support then

Iμ ≤ dμ ≤ dμ ≤ Iμ .

Theorem 2.3. Let μ be a finite Borel measure on Rn. Assume that there exist
positive constants M and γ such that∫

Rn

log1+γ
(
1 + ‖x‖

)
μ(dx) ≤ M .

Then the upper information dimension Iμ is finite and we have Iμ ≤ dμ. Moreover,
if average information dμ exists then the information dimension Iμ exits and we
have Iμ = dμ.

The proof of the last theorem can be found in [33].

Theorem 2.4. Let μ and ν be finite Borel measures on Rn and α and β positive
numbers. Then

dαμ+βν = αdμ + βdν .

Proof. First, one can verify that

dμ+ν = min
{
dμ, dν

}
.

Now, set

A1 =
{
x ∈ Rn : dμ(x) < dν(x)

}
,

A2 =
{
x ∈ Rn : dμ(x) > dν(x)

}
,

A0 = Rn \ (A1 ∪A2) .

Simple calculation shows that

dμ+ν =
∫

Rn

dμ+ν(x)(μ + ν)(dx)

=
∫

A0

dμ(x)μ(dx) +
∫

A0

dν(x)ν(dx) +
∫

A1

dμ(x)μ(dx) +
∫

A2

dν(x)ν(dx)

= dμ + dν .

Since equality dαμ = αdμ, α > 0 is obvious, the proof is complete. �

We end this section with two important classical results which will be fre-
quently used in the sequel: Frostman lemma and mass distribution principle
(see [10,43]).

Theorem 2.5. (Frostman Lemma). Let A be a subset of a metric space X. Assume
that there are d > 0, c > 0 and a Borel measure μ supported on A such that for
almost all x ∈ A and r > 0 we have

μ
(
B(x, r)

)
≤ crd .
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Then
dimHA ≥ d .

Theorem 2.6. (Mass Distribution Principle). Let E ⊂ Rn and let μ be a finite
Borel measure such that μ(E) > 0. Suppose that there exist s > 0, c > 0 and
r0 > 0 such that

μ(U) ≤ c
(
diam U

)s
for all sets U with diam U ≤ r0. Then

dimHE ≥ s .

3. Concentration dimension

Given a Borel measure μ ∈ M1(X) the lower and upper concentration dimension
of μ are given by formulae

dimLμ = lim inf
r→0

log Qμ(r)
log r

, dimLμ = lim sup
r→0

log Qμ(r)
log r

,

where
Qμ(r) = sup

x∈X
μ
(
B(x, r)

)
. (3.1)

If dimLμ = dimLμ then this common value is called concentration or Lasota
dimension of μ and it is denoted by dimLμ.

The function Qμ is called the Lévy concentration function and it is frequently
used in the theory of stochastic processes (see [15,23]).

It is easy to verify that for every μ ∈M1(X) we have

dimLμ ≤ dimCμ ≤ 2dimLμ .

Analogous inequalities hold for the corresponding upper dimensions.

Theorem 3.1. Let μ ∈M1(X) and let A ∈ B(X) be such that μ(A) > 0. Then

dimHA ≥ dimLμ .

.

Proof. Set d = dimLμ. Suppose d > 0. (If d = 0 the assertion is obvious). Choose
s ∈ (0, d). Then there exists r0 > 0 such that

μ
(
B(x, r)

)
≤ rs for r ∈ (0, r0) and x ∈ X .

According to Frostman Lemma we have dimHA ≥ s. Since s < d was arbitrary,
the statement of theorem follows. �

The concentration dimension of a closed set A is defined by the formula

dimLA = sup
{
dimLμ : μ ∈M1(X), suppμ ⊂ A

}
.

From Theorem 3.1 follows immediately that

dimHX ≥ dimLX .
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4. Thin dimension

For μ ∈M1(X) we define the lower and upper thin dimension of μ by

dimT μ = lim inf
r→0

log Tμ(r)
log r

, dimT μ = lim sup
r→0

log Tμ(r)
log r

,

where
Tμ(r) = inf

{
μ
(
B(x, r)

)
: x ∈ suppμ

}
.

If dimT μ = dimT μ then this common value is called thin dimension of the
measure μ and it is denoted by dimT μ (see [19]).

The function Tμ : (0,∞) → [0, 1] is called the thin function corresponding to
the measure μ. Obviously, if suppμ is a compact set, the values of Tμ are positive.
In general Tμ is only nonnegative. For convenience we make log 0 = −∞.

Theorem 4.1. If A ⊂ suppμ, A ∈ B(X) then

dimF A ≤ dimT μ and dimF A ≤ dimT μ .

Proof. Let d = dimT μ, A ⊂ suppμ, A 
= ∅, d < ∞. Choose s ∈ (d,∞). Obviously
there exists a sequence {rn} of positive numbers such that rn → 0 and

Tμ(rn) ≥ rs
n , n ∈ N . (4.1)

For fixed n ∈ N let In = NA(rn/2) be the smallest number of closed balls of radius
rn/2 needed to cover A. Let {B(xi, rn/2) : i ∈ In} be the corresponding covering.
Obviously we can find yi ∈ A such that the family {B(yi, rn) : i ∈ In} covers A.
Let Jn ⊂ In be such that {B(xi, rn) : i ∈ Jn} are pairwise disjoint and the family
{B(xi, 4rn) : i ∈ Jn} covers A. Consequently NA(4rn) ≤ cardJn. On the other
hand ∑

i∈Jn

μ
(
B(yi, rn)

)
= μ

( ⋃
i∈Jn

B(yi, rn)

)
≤ 1 .

Since yi ∈ A we have μ
(
B(yi, rn)

)
≥ Tμ(rn) which implies that Tμ(rn)·cardJn ≤ 1.

Consequently NA(4rn) ≤ r−s
n . From the last inequality it follows that dimF A ≤ s.

Since s ∈ (d,∞) was arbitrary, the first inequality of Theorem 4.1 follows. The
proof of the second one is similar. �

5. Variational principles

It is well known that the dimension of a measure allows us to estimate the dimen-
sion of its support. Moreover, the estimation of a set A can be obtained either as
the greatest lower bound or as the least upper bound of the dimensions of measures
supported on A. Such results are called variationals principles. They are closely
related with Frostman Lemma and Mass Distribution Principle.

In particular variational pinciple for the Hausdorff and packing dimension
of sets and the point dimension of measures were proved by C. Tricot [48] and
C. D. Cutler [5]. The variational principle for the Hausdorff dimension and packing
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dimension of sets and Rényi dimension of measures were found by C. D. Cutler
and L. Olsen [6]. Here we recall the variational principles for Hausdorf and fractal
dimensions of sets and concentration and thin dimension of measures (see [19,23])

Theorem 5.1. Let K ⊂ X be a nonempty compact set. Then

dimHK = sup dimLμ ,

where the supremum is taken over all μ ∈M1(X) such that suppμ ⊂ K.

Proof. From Theorem 3.1 it follows that

dimHK ≥ sup dimLμ ,

where the supremum is taken over all μ ∈M1(X) such that suppμ ⊂ K.
We need to prove the opposite inequality. Let d = dimHK. Suppose d > 0

(for d = 0 the assertion is obvious). Choose s ∈ (0, d). Obviously Hs(K) > 0. It
can prove that there is a measure μ ∈ M1(X) and constants c > 0 and r0 > 0
such that

μ
(
B(x, r)

)
≤ crs for 0 < r < r0 .

Consequently dimLμ ≥ s. Since s ∈ (0, d) was arbitrary, dimHK ≥ d. �
Theorem 5.2. Let K be a nonempty compact subset of X. Then there exists a Borel
probability measure μ such that suppμ = K and

dimF K = dimT μ , dimF K = dimT μ .

The proof can be found in [19].

6. Iterated Function Systems

An Iterated Function System (shortly IFS) is given by a family of continuous
functions

wi : X → X , i ∈ I ,

where I={1, . . . ,N}.
For A ⊂ X set

F (A) =
N⋃

i=1

wi(A) . (6.1)

Obviously F maps compact sets in compact sets. If all wi are strictly contractive,
then there exists a unique compact set such that

K =
N⋃

i=1

wi(K) . (6.2)

Moreover, for every compact set A ⊂ X, Fn(A) → K in Hausdorff distance. The
set K is called attractor or fractal corresponding to IFS {wi : i ∈ I}.

We say that given IFS {wi : i ∈ I} satisfies the Moran condition if the sets
w1(K), . . . , wn(K) are pairwise disjoint, where K is the attractor corresponding
to this system (see [27]).
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Let IFS {wi : i ∈ I} satisfies the Moran condition and

ρ
(
wi(x), wi(y)

)
≥ liρ(x, y) for x, y ∈ X , i ∈ I , (6.3)

then the Hausdorff dimension of the attractor K is greater then or equal to the
unique positive number d such that

ld1 + · · ·+ ldn = 1 . (6.4)

Moreover, if wi are lipschitzian function with Lipschitz constants li, then dimHK ≤
d, where d is the unique solution of Moran equation (6.4). In particular, if wi are
similarities with the scaling factors li, i = 1, . . . , N , then dimHK = d.

An operator P : M1 →M1 is called Markov, if:
(i) P (λ1μ1 + λ2μ2) = λ1P (μ1) + λ2P (μ2) for λ1, λ2 ∈ R+, μ1, μ2 ∈M1;
(ii) Pμ(X) = μ(X).

A measure μ∗ ∈ M1(X) is called invariant with respect to operator P if
Pμ∗ = μ∗. If in addition∫

X

f(x)Pnμ(dx) →
∫

X

f(x)μ∗(dx) for every f ∈ C(X) , (6.5)

then operator P is called asymptotically stable.
The family {(wi, pi) : i ∈ I}, where wi : X → X, pi : X → (0, 1), i ∈ I,

are continuous functions and
∑

i∈I pi(x) = 1 for all x ∈ X, is called IFS with
probabilities.

Given an IFS {(wi, pi) : i ∈ I} we can define a Markov operator P :
M1 → M1 by

Pμ(A) =
∑
i∈I

∫
w−1(A)

pi(x)μ(dx) , A ∈ B(X) .

We say that IFS {(wi, pi) : i ∈ I} is asymptotically stable if the corresponding
Markov operator is asymptotically stable.

Remark 6.1. Assume that all functions wi are lipschitzian with corresponding
Lipschitz constants Li. If ∑

i∈I

piLi < 1 ,

then IFS {(wi, pi) : i ∈ I} is asymptotically stable.

Remark 6.2. Let IFS {(wi, pi) : i ∈ I} be such that all functions wi are strictly
contractive. Then

A∗ = suppμ∗ ,

where A∗ is the attractor of IFS {wi : i ∈ I} and μ∗ is the invariant measure with
respect to IFS {(wi, pi) : i ∈ I}.

Now we will give a generalizaton of above notion of attractor. For this purpose
we recall the notion of convergence in Kuratowski’s sence of sequence of sets.

Let {An} be a sequence of subsets of a metric space X. The lower bound
LiAn and the upper bound LsAn are defined by the following conditions. A point x
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belongs to LiAn if there exists a sequence {xn}, xn ∈ Xn, such that xn → x. A
point x belongs to LsAn if there exists a sequence {xnk

}, xnk
∈ Xnk

, such that
xnk

→ x. Obviously LiAn ⊂ LsAn. If LiAn = LsAn, we say that the sequence
{An} is topologically convergent and we denote this common limits by LtAn.

In the case when X is a compact set, LtAn = A if and only if {An} converges
to A in the Hausdorff distance.

Given an IFS {wi : i ∈ I} we define

H(A) =
⋃
i∈I

wi(A) .

A set A0 such that H(A0) = A0 is called invariant with respect to IFS {wi : i ∈ I}.
If in addition, for every nonempty bounded subset A of X, LtHn(A) = A, the IFS
is called asympotically stable (on sets) and the set A0 is called attractor of IFS
{wi : i ∈ I}.

Note that, if we consider H on the class of compact sets, this definition of
attractor coincides with that used before.

We said that IFS {wi : i ∈ I} is regular if there is a nonempty subset I0 of I
such that IFS {wi : i ∈ I0} is asymptotically stable. The attractor corresponding
to IFS {wi : i ∈ I0} will be called nucleous.

Theorem 6.3. Let {wi : i ∈ I} be a regular IFS and A0 be a nucleous of this system.
Let

A∗ =
∞⋃

n=1

Hn(A0) .

Then,
(i) A∗ does not depend on the choice of the nucleous A0;
(ii) A∗ is the smallest nonempty set such that H(A∗) = A∗;
(iii) LtHn(A) = A∗ for every nonempty set A ⊂ A∗.

The set A∗ is called semiattractor or semifractal corresponding to regular IFS
{wi : i ∈ I}.

Theorem 6.4. Let X be a Polish space. Assume that IFS {(wi, pi) : i ∈ I} is
asymptotically stable and {wi : i ∈ I} is regular. Then

A∗ = suppμ∗ ,

where A∗ is the semiattractor of IFS {wi : i ∈ I} and μ∗ is the invariant measure
with respect to IFS {(wi, pi) : i ∈ I}.

For proofs and further results see [21,22].

7. Upper and lower bound for concentration dimension

We start with the following technical lemma.
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Lemma 7.1. Let αi, βi, Li ∈ (0, 1) for i ∈ J . Let Φ : R+ → R+ be a bounded
increasing function. Suppose that

Φ(r) ≥ sup
J

αiΦ(r/Li) for r ∈ (0, a) , a > 0 . (7.1)

Then, there exists c > 0 such that

Φ(r) ≥ crs for r ∈ (0, a) ,

where

s = min
J

log αi

log Li
.

Proof. For i ∈ J define
ci = a−siΦ(aLi) ,

where
si = log αi/(log Li) .

We claim that for arbitrary n ∈ N we have

Φ(r) ≥ cir
si for r ∈

[
Ln

i a, a
)
. (7.2)

Indeed, for r ∈
[
Lia, a

)
by the definition of ci we have

Φ(r) ≥ Φ(Lia) = cia
si ≥ cir

si .

Suppose that (7.2) holds for some n ≥ 1. Since r/Li∈ [Ln
i a, a) for r∈ [Ln+1

i a, Ln
i a),

from (7.1), (7.2) and the definition of si we have

Φ(r) ≥ αiΦ(r/Li) ≥ αici

(
r/Li

)si = cir
si for r ∈

[
Ln+1

i a, Ln
i a
)
.

By virtue of the induction principle the condition (7.2) holds for every n ∈ N.
Since Li < 1 this implies that

Φ(r) ≥ cir
si for r ∈ (0, a) .

Since i ∈ J is arbitrary, the statement of Lemma 7.1 follows. �

Theorem 7.2. Suppose that IFS {(wi, pi) : i ∈ I} has an invariant measure μ.
Assume that all functions wi are lipschitzian with Lipschitz constants Li and the
set J = {i ∈ I : Li < 1} is nonempty. Then

dimLμ ≤ inf
J

log αi

log Li
,

where
αi = inf

X
pi(x) .

Proof. Since the measure μ is invariant, for arbitrary i ∈ J we have

μ
(
B(x, r)

)
≥ αiμ

(
w−1

i

(
B(x, r)

))
for x ∈ X , r > 0 .

Substituting x = wi(y) we obtain

μ
(
B(wi(y), r)

)
≥ αiμ

(
B(y, r/Li)

)
for x ∈ X , r > 0 .
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This implies that

Qμ(r) ≥ αiQμ(r/Li) for r > 0 , i ∈ J ,

where Qμ is given by (3.1). Consequently the function Qμ satisfies the inequality

Qμ(r) ≥ sup
J

αiQμ(r/Li) for r > 0 .

From the last inequality and Lemma 7.1 it follows that

Qμ(r) ≥ crs ,

for some c > 0. Consequently
dimLμ ≤ s ,

which completes the proof of Theorem 7.1. �

To obtain a lower estimate of concentration dimension of measure we need
more restrictive assumptions on transformations wi. Let I1, . . . , Im be a partition
of I and let K ⊂ X be a nonempty set. Define

Kj =
⋃
i∈Ij

wi(K) for j = 1, . . . , m . (7.3)

We say that the family {wi : i ∈ I} satsfies the mixed Moran condition with
respect to the set K and the partition I1, . . . , Im, if Kj ⊂ K for j = 1, . . . , m and

dist
(
Kj1 ,Kj2

)
= inf

{
ρ(x, y) : x ∈ Kj1 , y ∈ Kj2

}
> 0

for arbitrary j1, j2 ∈ {1, . . . , m}, j1 
= j2.
Similarly as Lemma 7.1 one can prove the following lemma.

Lemma 7.3. Let mj ∈ (0, 1) and βj > 0 for j = 1, . . . , m, be given. Suppose that
Φ : R+ → R+ be a bounded increasing function such that

Φ(r) ≤ max
1≤j≤m

βjΦ(r/mj) for r ∈ (0, a) .

Then, there is c > 0 such that

Φ(r) ≤ crs for r ∈ (0, a) ,

where

s = min
1≤j≤m

log βj

log mj
.

Theorem 7.4. Suppose that IFS {(wi, pi) : i ∈ I} has an invariant measure μ.
Assume that the family {wi : i ∈ I} satisfies the mixed Moran condition with
respect to the set K = suppμ and a partition I1, . . . , Im. Moreover, assume that
the functions wi satisfy the condition

ρ
(
wi(x), wi(y)

)
≥ liρ(x, y) for x, y ∈ X , i ∈ I , (7.4)

where li are constants such that

0 < inf
Ij

< 1 for j = 1, . . . m .
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Then,

dimLμ ≥ min
1≤j≤m

log βj

log mj
,

where
βj =

∑
i∈Ij

sup
X

pi(x) and mj = inf
i∈Ij

li .

Proof. Let

a = min
{

dist
(
Kj1 ,Kj2

)
; j1, j2 ∈ {1, . . . , m}, j1 
= j2

}
,

where Kj are given by (7.3).
Obviously

w−1
i (x) ∩K = ∅ for i /∈ Ij and x ∈ X such that ρ(x,Kj) < a . (7.5)

Since μ is invariant, from (6.6) it follows that

μ(A) ≤
m∑

j=1

∑
i∈Ij

γiμ
(
w−1

i (A)
)

for A ∈ B(X) , (7.6)

where γi = supx∈X pi(x). Set

A0 = X \
m⋃

j=1

Kj .

From (7.5) it follows that μ
(
w−1

i (A0)
)

= 0 for i ∈ I. Thus A0 ∩ K = ∅ and so
K ⊂ ⋃m

j=1 Kj .
Let A ∈ B(X) be such that diamA ≤ r < a and μ(A) > 0. Then A ∩Kj = ∅

for some j ∈ {1, . . . , m}. Since diamA < a, by virtue of (7.5) we have

w−1
i (A) ∩K = ∅ for i /∈ Ij .

Consequently, the inequality (7.6) reduces to

μ(A) ≤
∑
i∈Ij

γiμ
(
w−1

i (A)
)

for A ∈ B(X) ,

From (7.4) it follows that diamw−1
i (A) ≤ li diam A ≤ r/mj for i ∈ Ij . Thus for

A ∈ B(X) with diamw−1
i (A) ≤ r < a there is j ∈ {1, . . . , m} such that

μ(A) ≤
∑
i∈Ij

γiQμ(r/mj) = βjQμ(r/mj) .

Consequently

Qμ(r) ≤ max
1≤j≤m

βjQμ(r/mj) for r ∈ (0, a)

and by Lemma 7.3
Qμ(r) ≤ crs ,
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where
s = min

1≤j≤m

log βj

log mj
.

From the last inequality the statement of Theorem 7.4 follows immediately. �

8. Small overlaps

The lower estimate of dimensions can be also obtained for some “small overlaps”.
We say that IFS {wi : i ∈ I} satisfies the open set condition if there exists an open
set G such that the sets w1(G), . . . , wN (G) are pairwise disjoint and wi(G) ⊂ G for
i = 1, . . . , N . Note that open set condition does not imply the Moran condition.

Lemma 8.1. Let li, pi ∈ (0, 1), for i = 1, . . . , N . Assume that p1 + · · · + pN = 1.
Let Λ be a family of sequences (i1, . . . , im), ik ∈ {1, . . . , N}, i1 < · · · < im.
Let Φ : R+ → R+ be a bounded function. Suppose that there exists a > 0 such that

Φ(r) ≤ max
Λ

m∑
k=1

pik
Φ(r/lik

) for r ∈ (0, a) .

Then there is c > 0 such that

Φ(r) ≤ crs , (8.1)

for r ∈ (0, a), where s is a positive solution of equation

max
Λ

m∑
k=1

pik

lsik

= 1 . (8.2)

Proof. Let s satisfies (8.2). Since Φ is bounded, there exists c > 0 such that (8.1)
holds for every r ≥ a. Let l = max{l1, . . . , lN}. We claim that (8.1) holds for every
r ≥ lna. Indeed, for n = 0 the condition (8.1) holds by the choice of c. Suppose
that (8.1) holds for r ≥ Lna. Let r ≥ ln+1a since r/li ≥ lna for i = 1, . . . , N , we
have

Φ(r) ≤ max
Λ

m∑
k=1

pik
Φ(r/lik

) ≤ max
Λ

m∑
k=1

pik

crs

lsik

≤ crs max
Λ

m∑
k=1

pik

lsik

= crs .

Since l < 1, the statement of Lemma 8.1 follows. �

Theorem 8.2. Let wi, i = 1, . . . , N , be strictly contractive functions and let K be
the corresponding attractor. Assume that

N⋂
i=1

wi(K) = ∅ .

Let Λ be the family of all sequences (i1, . . . , im), i1 < i2 < · · · < im , ik ∈
{1, . . . , N} such that

m⋂
i=1

wik
(K) 
= ∅ .



Some New Concepts of Dimension 331

Then,

dimHK ≥ s ,

where s is the solution of equation

max
Λ

m∑
k=i

ld−s
ik

= 1 . (8.3)

Proof. For x ∈ K define

ϕ(x) = max
y∈K

min
i∈Iy

ρ
(
x,wi(K)

)
,

where Iy =
{
i ∈ {1, . . . , N} : y /∈ wi(K)

}
. It is easy to verify that ϕ is continuous

and positive. Thus

a = inf
x∈K

ϕ(x) > 0 .

Let μ be an invariant measure of IFS {(wi, pi) : i = 1, . . . , N}, where pi = ldi with d
given by (6.4). By virtue of Theorem 6.4 we have K = suppμ. Simple calculation
shows that

μ
(
B(x, r)

)
≤
∑
i=1

ldi μ
(
B(w−1

i (x), r/li)
)

for r ∈ (0, a] .

Consequently

Qμ(r) ≤ max
Λ

m∑
k=1

pik
Qμ(r/lik

) ,

where Qμ is the Lévy function given by Formula (3.1). By Lemma 8.1

Qμ(r) ≤ crs for r > 0 ,

where s is given by (8.2). From the last inequality and mass distribution principle
the statement of Theorem 8.2 follows immediately. �

Corollary 8.3. Let w1, . . . , wn be strictly contractive mappings satisfying the Moran
condition. Let K be the attractor of this system. Moreover, suppose that condition
(6.3) holds. Then,

dimHK ≥ d ,

where d is given by Moran equation (6.4).

Proof. It is enough to note that Λ =
{
{1}, . . . , {N}

}
. �

For proofs and related results see [36,39,47].
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9. Condensation systems

The sequence of lipschitzian functions wi : X → X, i = 1, . . . , N together with
the probability vector (p0, p1, . . . , pN ) and a probability measure ν is called a
condensation system (on measures) and it is denoted by {(wi, pi), ν}.

Given a condensation system we define a Markov operator P : M1 → M1

by fomula

Pμ(A) = p0ν(A) +
N∑

i−1

piμ
(
w−1

i (A)
)

for A ∈ B(X) .

Let Li be a Lipschitz constant of wi. If pi and Li satisfy the condition
N∑

i=1

piLi < 1 ,

then P has a unique invariant pobability measure μ∗ and {Pnμ∗} converges to μ∗
for every μ ∈M1(X).

Moreover, if C = supp ν is a compact set and all wi are strictly contractive,
then K = suppμ∗ is also a compact set and

K = C ∪
N⋃

i=1

wi(K) . (9.1)

Theorem 9.1. Let a condensation system on measures {(wi, pi), ν} be given. As-
sume that all functions wi, i = 1, . . . , N , are strictly contractive. Let μ∗ be the
corresponding invariant measure. Then

dimT μ∗ ≤ max
{

dimT ν, max
1≤i≤N

log pi

log Li

}
.

Sketch of the proof. First we can show that for arbitrary s > dimT ν there
is r0 such that

Tν(r) ≥ rs for r ∈ (0, r0] .
Now, let ϕ, ψ : R+ → R+ be such that

ϕ(r) ≤ min
{

p0r
s, min

1≤i≤N
piϕ(r/Li) for 0 < r ≤ r0

}
(9.2)

and

ψ(r) ≥ min
{

p0r
s, min

1≤i≤N
piψ(r/Li) for 0 < r ≤ r0

}
. (9.3)

Put L = infI Li. Using similar argument as in the proof of Lemma 7.1 one can
show that if inequality ϕ(r) ≤ ψ(r) holds for r ∈ [Lr0, r0), then it holds for every
r ∈ (0, r0].

Observe that functions ϕ(r) = crs (c ≤ p0) and ψ(r) = Tμ(r) satisfies the
condition (9.2) and (9.3). Consequently, for c sufficietly small Tμ(r) ≥ crs for
r ∈ (0, r0], whence the statement of Theorem 9.1 follows.
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A system of functions {w1, . . . , wN} together with a nonempty compact set C
is called an iterated function system with condensation (on sets) and will be denoted
{wi, C}.

Given an condensation system {wi, C} we define the operator F acting on
the space of sets by

F (A) = C ∪
N⋃

i=1

wi(A) .

It is easy to verify that, if all functions wi are strictly contractive, then there
exists a unique nonempty set K which satisfy condition (9.1). Moreover, for every
nonempty compact subset A of X the sequence {Fn(A)} converges to K in the
Hausdorff metric.

Theorem 9.2. Let a condensation system {wi, C} be given. Assume that all func-
tions {wi} are strictly contractive. Let K be the attractor of this system. Then

dimF K ≤ max {d0, d} ,

where d0 = dimF C and d is the unique solution of (6.4).

Proof. Let maxi∈I Li < θ < 1 and let d(θ) be the solution of equation

Ld
1 + · · ·+ Ld

N = θ .

Define
p0(θ) = 1− θ, pi(θ) = L

d(θ)
i for i = 1, . . . , N .

According to Theorem 5.2 there exists a probability measure ν such that C =
supp ν and dimT ν = dimF C.

Consider the condensation system {(wi, pi(θ), C}. Let μθ be the correspond-
ing invariant measure. By Theorem 9.1

dimT μθ ≤ max
{

dimT ν, max
1≤i≤N

log pi(θ)
log Li

}
= max

{
d0, d(θ)

}
.

By Theorem 4.1
dimF K ≤ dimT μθ ≤ max

{
d0, d(θ)

}
.

Since θ ∈ (c, 1) is arbitrary and limθ−>1 d(θ) = d, the statement of Theorem 9.2
follows. �

10. Systems with the squeezing property

Let A be a nonempty bounded subset of X. Consider two families of functions

wi : A → A and Pi : A → Rki , i ∈ I .

We assume that

‖Pi(x)− Pi(y)‖i ≤ ρ(x, y) for x, y ∈ X , i ∈ I , (10.1)

where ‖ · ‖i denotes the norm in Rki .
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Moreover, assume that the function wi satisfies the following squeezing pro-
perty:

ρ
(
wi(x), wi(y)

)
≤ max

{
Liρ(x, y), ci‖Pi(x)− Pi(y)‖i

}
, x, y ∈ X , (10.2)

for some Li ∈ (0, 1) and ci ≥ 0.
The following covering condition is essential for further results:

Condition A. Let L ∈ (0, 1), c ≥ 0 and (Rk, ‖ · ‖) be given. Then there exists an
integer m ≥ 1 such that for arbitrary set B ⊂ Rk with diamB < c there exist sets
Δ1, . . . ,Δm such that

B ⊂
m⋃

j=1

Δj and diam Δj < L , for j = 1, . . . , m .

Theorem 10.1. Let transformation wi, Pi, i ∈ I satisfying conditions (10.1) and
(10.2) be given. Moreover, for each Li ∈ (0, 1), ci > 0 and Rki let integer mi be
chosen according to Condition A. Let A be such that

A =
N⋃

i=1

wi(A) .

Then,
dimF A ≤ d ,

where d is the unique solution of equation
N∑

i=1

miL
d
i = 1 . (10.3)

Sketch of the proof. Let r > 0. One can show that for every i ∈ I and B ⊂ A
with diamB ≤ r there exist sets Dj ⊂ A, j = 1, . . . , mi, such that

wi(B) ⊂
N⋃

j=1

Dj and diamDj ≤ rLi for j = 1, . . . , mi .

Let s = diamA and L = minILi. One can construct a covering of the set A by
sets of the diameter less then or equal to rs, such that

A ⊂
⋃
T (r)

m1⋃
j1=1

· · ·
mk⋃

jk=1

Di1,...,ik

j1,...,jk
,

where
T (r) =

{
(i1, . . . , ik) : Li1 · · ·Lik

< r ≤ Li1 · · ·Lik−1

}
.

Observe that number of sets of this covering is given by the formula

N (r) =
∑
T (r)

mi1 · · · mik
.
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It can be proved that

N (r) =
N∑

i=1

miN (r/Li) for r ∈ (0, L2) .

Simple calculation shows that the last equation is satisfied by

N (r) = cr−d for r ∈ (0, L2) ,

where d is given by (10.3). Consequently

dimF A ≤ lim sup
r→0

logN (r)
−log (rs)

= d .

Corollary 10.2. Let X be a Hilbert space and let A be the attractor of an iterated
function system {w1, . . . , wN ;C}, where all functions wi are strictly contractive.
Then,

dimF A ≤ max{d, k} ,

where d is the unique solution of the Moran equation (6.4) and k is the dimension
of linear subspace Xk ⊂ X spanned by C.

Theorem 10.3. Suppose that hypotheses of Theorem 10.1 are satisfied. Moreover
assume that are given numbers pi > 0, i = 1, . . . , N such that

∑N
i=1 pi = 1 and

that IFS {(wi, pi) : i = 1, . . . , N} admits an invariant measure μ∗, i.e.,

μ∗(A) =
N∑

i=1

piμ∗
(
w−1

i (A)
)

for A ∈ B(X) .

Then,

dimLμ∗ ≤ min
i∈I

log(pi/mi)
log(Li)

.

Remark 10.4. If in addition of hypotheses of Theorem 10.3 we assume that pi =
miL

d
i , then

dimLμ∗ ≤ d ,

where d is the solution of (10.3).

In Theorem 10.1 we assumed that all coefficients Li are positive. Now we
extend this theorem to the case when some of the constants Li can be equal to
zero. Let I = {1, . . . , N + M}, N ≥ 1, M ≥ 1.

Theorem 10.5. Suppose that Pi satisfy condition (10.1) for i = 1, . . . , N + M and
condition (10.2) for i = 1, . . . , N . In addition assume that

ρ
(
wi(x), wi(y)

)
≤ ci‖Pi(x)− Pi(y)‖i , for i = N, . . . , N + M . (10.4)

Moreover assume that the integers mi, i = 1, . . . , N , are chosen according to the
Condition A. Let A be such that

A =
N+M⋃
i=1

wi(A) .
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Then,
dimF A ≤ max

{
d, kN=1, . . . , kN+M

}
,

where d is the unique positive solution of (10.3) and ki denote the dimension of
the space Rki, i = N + 1, . . . , N + M .

Theorem 10.6. Suppose that hypotheses of Theorem 10.5 are satisfied. Moreover
assume that are given numbers pi > 0, i = 1, . . . , N + M such that

∑N+M
i=1 pi = 1

and that IFS {(wi, pi) : i = 1, . . . , N + M} admits an invariant measure μ∗. Then

dimLμ∗ ≤ min
{

log(p1/m1)
log L1

, . . . ,
log(pN/mN )

log LN
, kN+1, . . . , kN+M

}
.

For details and further generalisation see [11,25].

11. Some generic properties of dimensions

Recall that a subset of a metric space X is called residual, if its complement is of
the first Baire category. If the set of all elements of X satisfying some property P
is residual in X, then the property P is called generic or typical. We say also that
typical elements from X has property P .

For f ∈ B(X) and μ ∈M(X) we write

〈f, μ〉 =
∫

X

f(x)μ(dx) .

We assume that the space M1(X) is endowed with the Fortet–Mourier dis-
tance dFM defined by the formula

dFM (μ, ν) = sup
{∣∣〈f, μ〉 − 〈f, ν〉

∣∣ : f ∈ L
}

,

where L is the set of all f ∈ C(X) such that |f(x)| ≤ 1 and |f(x)−f(y)| ≤ ρ(x, y),
for x, y ∈ X.

We say that a sequence {μn} ⊂ M1(X) converges weakly to a measure
μ ∈M1(X), if

lim
n→∞

〈f, μn〉 = 〈f, μ〉 for every f ∈ C(X) .

It is well known that the convergence in the Fortet–Mourier metric is equiva-
lent to the weak convergence. Moreover (M1(X), dFM ) is a complete metric space.

Finally, assume that the space of compact subsets of X is equipped with the
Hausdorff distance (see [7]). It is well known that it is a complete metric space.

The following results is well known (see [8, 13,29])

Theorem 11.1. A typical compact subset of a complete metric space X has Haus-
dorff and fractal dimension zero.
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The smallest local lower and upper fractal dimension of a set A ⊂ X are
defined by the formulae

sl− dimF A = inf
{

dimF

(
B(x, r) ∩A

)
: x ∈ A, r > 0

}
,

sl− dimF A = inf
{

dimF

(
B(x, r) ∩A

)
: x ∈ A, r > 0

}
.

Theorem 11.2. For a typical compact subset A of a complete metric space X we
have

sl− dimF A ≥ sl− dimF X

The lower and the upper fractal dimension of a measure μ ∈M1(X) is defined
by the formulae

dimF μ = lim inf
ε→0

{
dimF A : A ∈ B(X), μ(A) ≥ 1− ε

}
dimF μ = lim inf

ε→0

{
dimF A : A ∈ B(X), μ(A) ≥ 1− ε

}
Theorem 11.3. Let X be a complete metric space. For a typical measure μ ∈
M1(X) we have:

(i) dimF μ = 0 ;

(ii) inf
{

dimF A : A ∈ B(X), μ(A) > 0
}
≥ sl− dimF X ;

(iii) dimF μ ≥ sl− dimF X .

Theorem 11.4. Let X be a complete separable metric space. Then for a typical
measure μ ∈M1(X) we have:

(i) suppμ = X ;

(ii) dimCμ = 0 ;

(iii) dimF A = dimF X and dimF A = dimF X , for every A ∈ B(X) such that
μ(A) = 1 ;

(iv) sl− dimFX ≤ dimCμ ≤ sl− dimFX

Theorem 11.5. Let K be a compact fractal set. Then for a typical measure μ ∈
M1(K) we have:

(i) dimLμ = 0 ;

(ii) dimLμ = dimHK .

For details and connected results see [12,28–33,40,46].
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12. Relationship with topological dimension

Recall that for a separable metric space the three principal topological dimensions
(small inductive dimension, large inductive dimension and covering dimension)
coincide. We denote this common value by dimtX and we call it topological di-
mension of X. The value dimtX is an integer greater then or equal to −1, or ∞.
It can be defined by the following recurent scheme:

(i) dimtX = −1, if and only if, X = ∅;
(ii) dimtX ≤ n, n = 0, 1, . . . , if for every x ∈ X and every neighbourhood U of x

there is a neighbourhood V of x such that V ⊂ U and dimt∂V ≤ n− 1;
(iii) dimtX = n, if and only if, dimtX ≤ n and it is not true that dimtX ≤ n− 1;
(iv) dimtX = ∞, if and only if, dimtX ≥ n for every n ∈ N.

The relationship between the Hausdorff and the topological dimension in the
case of Rn was made in evidence by V. G. Nöbeling and in a more general setting
by Szpilrajn in 1937 (see [49]). Namely, he proved that if X is a separable metric
space then dimHX ≥ dimtX and

dimtX = inf
{
dimHX ′ : X ′ is homeomorphic to X

}
. (12.1)

The similar results for topological and packing dimension was proved by H. Joyce.
Since dimP X ≥ dimHX then dimP X ≥ dimtX. Joyce [17] proved that For-
mula (12.1) holds with dimP X ′ in the place of dimHX ′.

Here we will give a result of this type for topological and concentration di-
mension.

The following lemma (see [37]) is essential for further results.

Lemma 12.1. Suppose that dimtX ≥ d, where d ∈ N ∪ {0}. Then there exists a
Borel measure ν such that

ν
(
B(x, r)

)
≤ crd for x ∈ X and r > 0 , (12.2)

where c > 0 is a positive constant independent on x and r.

Theorem 12.2. Let X be a Polish space with dimtX < ∞. Then there exists a
measure ν ∈M1(X) such that

dimLν ≥ dimtX .

Proof. Set d = dimtX, X 
= ∅. Let μ be a measure given by Lemma 12.1. Define
ν = μ/(μ(X)). Clearly ν ∈M1(X) and

ν
(
B(x, r)

)
≤ crd/μ(X) for r > 0 .

Hence,
Qν(r) ≤ crd/μ(X) for r > 0 ,

where Qν is Lévy function given by (3.1). Consequently

dimLν = lim inf
r→0

log Qν(r)
log r

≥ lim inf
r→0

log crd − logμ(X)
log r

= d . �
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Corollary 12.3. Let X be a Polish space. Then

dimLX ≥ dimtX .

Indeed, if dimtX < ∞, the assertion is true by virtue of Theorem 12.2. If
dimtX = ∞, by Lemma 12.1 for every k ∈ N there exists νk ∈M1(X) such that

νk

(
B(x, r)

)
≤ ckrk for x ∈ X and r > 0 .

Hence, for μk = νk/νk(X) we have dimLμk ≥ k, whence it follows immediately
that dimLX = ∞.

Corollary 12.4. If dimtX = ∞, then there exists a measure μ ∈M1(X) such that
dimHμ = ∞.

Indeed, by above observation for k ∈ N there is μk ∈ M1(X) such that
dimLμk ≥ k. Define

μ =
∞∑

k=1

2−kμk .

Since dimHμ ≥ dimLμk ≥ dimLμk, n ∈ N, the assertion of Corollary 12.4 follows.

Theorem 12.5. Let X be a Polish space. Then

dimtX = inf {dimLX ′ : X ′ is homeomorhic to X} .

Proof. Let ν be a Borel measure given by Lemma 12.1 and let A be a compact set
such that ν(A) > 0 (such set there exists by virtue of Ulam Theorem). Obviously
The condition (12.2) holds for every x ∈ A and r > 0. Hence the assertion follows
from Frostman lemma. �

13. Applications to differential equations

Consider the Ważewska-Czyżewska equation
∂u

∂t
+ x

∂u

∂x
= λ , t ∈ R+ , x ∈ [0, 1] , (13.1)

with initial condition
u(0, x) = v(x) , (13.2)

where v is a given continuously differentiable function such that v(0) = 0.
This equation describes the process of the reproduction of the red blood

cells (see [20]). It is well known that solutions of this equation may exhibit quite
irregular behaviour.

Let
V =

{
v : v ∈ C

(
[0, 1]

)
, v(0) = 0

}
.

Assume that V is endowed with the norm

‖v‖ = max

{
sup
[0,1]

|v(x)|, sup
[0,1]

|v′(x)|
}

.
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Using the method of characteristics it is easy to see that the solution of Prob-
lem (13.1), (13.2) is given by

u(t, x) = St
(
(v(x))

)
= eλtv(xe−t) .

Obviously {St}t≥0 is the semigroup defined on the space V . If λ < 1, then ‖Stv‖ ≤
eλ−1 and so the system is asymptotically stable. It is well known that for λ > 2
the semigroup {St}t≥0 has a nontrivial invariant ergodic measure. We are going to
show that for λ > 1 the semigroup {St}t≥0 admits an invariant measure with large
concentration dimension. Note that according to G. Prodi [45] and C. Foias [9] the
chaotic dynamical system can be described by the dimension of invariant measure.

Recall that a measure μ is called invariant with respect to semigroup {St}t≥0

if
μ
(
S−t(A)

)
= μ(A) for A ∈ B(V ) , t ≥ 0 .

Theorem 13.1. Let λ > 1. Then for every m ∈ N there exists a probability mea-
sure μ̃ invariant with respect to semigroup {St}t≥0 such that

dimLμ̃ ≥ m.

Sketch of the proof. Fix N ∈ N and for i ∈ {1, . . . , N} consider the maps
Ti : V → V given by

Tiv(x) =

⎧⎪⎨⎪⎩
2λv(2x) , x ∈

[
0, 1

2

]
2λ
[
v(1) + v′(1)(2x− 1) + i(x− 1

2 )2
]
, x ∈

(
1
2 , 1
]
.

It easy to see that all transformations Ti are similarities with the same scaling
factor 21−λ < 1 and satisfies the Moran condition with respect to the set

{
v ∈ V :

‖v‖ ≤ N/(2λ−1 − 1)
}
.

Consider the IFS {(Ti, pi) : i = 1, . . . , N}, where pi = 1/N . Let μ∗ be the
corresponding invariant measure. By Theorem 7.2 and 7.4 (with Li = li = 21−λ,
pi = 1/N) we obtain

dimLμ∗ =
1

1− λ
log2N .

Now, define

μ̃(A) =
1

ln2

∫ ln2

0

μ∗
(
S−t(A)

)
dt .

It is easy to verify that the measure μ̃ is invariant with respect to the semigroup
{St}t≥0 and that for t > 0 the transformation S−tTi are similarities with scaling
factor e(λ−1)(t−t0). Hence

diam
(
(StTi)−1(A)

)
= e(λ−1)(t−t0)diamA ≤ cdiamA .

where c = e(λ−1)t0 . From the last inequality it follows that

Qμ̃(r) ≤ Qμ̃(cr) .

Consequently
dimLμ̃ ≥ dimLμ∗ .
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Since N was arbitrary, the statement of Theorem 13.1 follows.
Consider now the more general version of Ważewska-Czyżewska equation

∂u

∂t
+ c(x)

∂u

∂x
= f(x, u) , for (t, x) ∈ [0,∞)× [0, 1] , (13.3)

with initial condition

u(0, x) = v(x) , for x ∈ [0, 1] . (13.4)

We assume that c : [0, 1] → R and f : [0, 1] × [0,∞) → R are given continuously
differentiable functions satisfying c(0) = 0, c(x) > 0 for x ∈ (0, 1], f(x, y) ≤
k1y + k2, for (x, y) ∈ [0, 1]× R+ and f(x, 0) = 0, fy(x, 0) > 0 for x ∈ [0, 1].

Using the method of characteristics one can prove that the Cauchy Prob-
lem (13.3), (13.4) generates a semigroup {St}t≥0 of operators acting on the space
V+ =

{
v ∈ V : v is nonnegative

}
. A. Lasota [18] proved that under suitable con-

dition the semigroup {St}t≥0 is chaotic in the sense of Auslander–Yorke [1]. This
means that every point v ∈ V is unstable and that for some v ∈ V the trajectory
{Siv : t ≥ 0} is dense in V . Moreover, it was proved that the semigroup {St}t≥0

has invariant measures with interesting ergodic properties. Recently, using new
concepts on dimensions, A. Lasota and T. Szarek [24] obtained another charac-
terization of the asymptotic behaviour of the semigroup {St}t≥0. Namely they
obtained the following results.

Theorem 13.2. Let {St}t≥0 be semigroup generated by Problem (13.3), (13.4).
Then:

(i) For every m ∈ N there exists a probability measure μ̃ invariant with respect
to semigroup {St}t≥0 such that dimLμ̃ ≥ m and dimLμ̃ is finite.

(ii) There exists a probability measure μ̃ invariant with respect to semigroup
{St}t≥0 such that dimH μ̃ = ∞.

(iii) There exists a probability measure μ̃ invariant with respect to semigroup
{St}t≥0 such that dimLμ̃ = ∞.
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Abstract. Periodic boundary value problems can be reduced to fixed point
equations of integral type. After this reduction the Leray–Schauder degree
becomes an useful tool for proving the existence of periodic solutions. The
purpose of this paper is to discuss the analogous approach for almost peri-
odic problems and to show by means of examples that degree theory is not
applicable in this setting.
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1. Introduction

This paper deals with differential equations which are almost periodic in time.
Examples of these equations are

– the pendulum equation with quasi-periodic forcing

ü + cu̇ + sin u = sin t + sin
√

2t

– the limit-periodic Riccati equation

u̇ = u2 − 1 +
∞∑

n=1

3−n sin(2−nt) .

Since the beginning of the last century, the development of a theory for these
equations has been inspired by the known results in the simpler class of periodic
equations. This is shown in the following quotation, taken from the introduction
of the paper by Bohl [1],
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Les méthodes de détermination des solutions périodiques ont été
notablement perfectionées, ces derniers temps, grâce surtout aux
travaux bien connus de M. Poincaré. On ne peut pas en dire autant
à ce qu’il semble, des solutions trigonométriques plus générales.

By the time the paper [1] appeared, the notion of almost periodic function had
not been introduced and Bohl just referred to trigonometric solutions. After the
definition of almost periodicity by Bohr, many results for linear and nonlinear
equations were obtained. Information on many of these results can be found in [5,
8, 11].

Going back to the periodic problem, we notice that nowadays there are several
methods for proving the existence of periodic solutions. One of the most popular
consists in a combination of Functional Analysis and Degree Theory. After reducing
the periodic problem to a fixed point equation in a space of periodic functions, it
applies the theory of Leray and Schauder. We refer to the work by Krasnoselskii
and his school [9] and by Mawhin [10] for more information. The purpose of this
paper is to discuss what should be the analogous approach in the almost periodic
case and to present some examples which seem to indicate that the degree theory
is not applicable in this setting. In this context it is interesting to mention the
related discussion by Fink in [5] Chapter 8, Section 3.

The paper is organized in two parts. First we will consider a second order
equation of Newtonian type and transform the almost periodic problem in a fixed
point equation of the type

u = Ku , u ∈ AP ,

where AP is the Banach space of almost periodic functions. In general the oper-
ator K is not compact on bounded sets and so the Leray–Schauder theory is not
applicable. We will present an example where K has no fixed points and maps the
unit ball into its interior; that is

K(B) ⊂ B , B = {u ∈ AP : ||u||∞ < 1} .

This shows that K cannot belong to any class of maps for which it is possible to
define a degree with the standard properties. As a corollary it will be proved that
the well known homotopy method for periodic problems does not extend to the
almost periodic case.

The second part of the paper deals with a first order almost periodic equation
having a prescribed module of frequencies. Given an additive subgroup of R, which
will be denoted by Ω, the space AP (Ω) is composed by those almost periodic
functions having all their frequencies in Ω. The search of solutions in AP (Ω) leads
to a fixed point equation in this space. It will be shown that, unless Ω is cyclic, the
Schauder principle does not hold and so the degree is not applicable. The cases
of cyclic groups correspond to periodic functions of a fixed period and so this
result shows that periodic problems are rather special. At this point I would like
to express my gratitude to Professor Corduneanu, for these results on prescribed
frequencies were motivated by a question that he posed to me.
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All the proofs in this paper are based on previous results in [13] and [14].
These papers, which were joint work with M. Tarallo, were inspired by some of
the constructions by Opial [12], Fink and Frederickson [6], Zhikov and Levitan [15]
and Johnson [7].

Before ending this introduction it is worth mentioning that there are several
theories of weak almost periodic functions, leading to reinterpretations of the no-
tion of trigonometric solution. It is conceivable that the change of AP and AP (Ω)
by larger functional spaces could allow the use of degree theory.

2. Equations of the second order

For a fixed number c > 0 we consider the Newtonian equation with friction

ü + cu̇ = f(t, u) . (2.1)

We shall restrict to the scalar case and assume that f : R×R → R is continuous.
When f has the appropriate time dependence, the periodic and almost periodic
problems are well defined and can be transformed in fixed point equations.

2.1. The periodic problem

Fix the period T > 0 and assume that f is periodic in time, that is

f(t + T, u) = f(t, u) for each (t, u) .

We work with the Banach space

CT = {u : R → R/u is continuous and T -periodic} ,

endowed with the L∞-norm

||u||∞ = sup
t∈R

|u(t)| .

Given k > 0, the linear equation

ü + cu̇ = ku + p(t) , p ∈ CT

has a unique solution in CT . This solution can be expressed in terms of the Green
function as

u(t) = −
∫ T

0

G(t, s)p(s)ds .

We do not need the explicit form of G and just recall that G = G(t, s, k) is
continuous and positive. After fixing k (2.1) can be rewritten as

ü + cu̇ = ku + g(t, u) (2.2)

with g(t, u) = f(t, u) − ku. The search of T -periodic solutions of (2.1) or (2.2)
becomes equivalent to

u = Ku , u ∈ CT

where

K : CT → CT , Ku(t) = −
∫ T

0

G(t, s)g
(
s, u(s)

)
ds .
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It is well known that the operator K is compact on bounded sets and the Leray–
Schauder degree is applicable to id −K. Since G and g depend upon k, we have
a family of operators K = K(u, k). This is irrelevant from the point of view of
degree theory since the degree is independent of k. Indeed, all operators K(·, k)
have the same fixed points and the formula K = K(u, k) defines a homotopy on
any bounded and open set U ⊂ CT without fixed points on the boundary. This
implies that

deg
(
id−K(·, k1),U

)
= deg

(
id−K(·, k2),U

)
for all k1, k2 > 0.

2.2. The almost periodic problem

We start with the Banach spaces

BC = {u : R → R/u is continuous and bounded}
AP = {u : R → R/u is almost periodic}

endowed with the L∞-norm. For each T > 0, CT is contained in AP and this space
can be characterized as the smallest closed linear subspace of BC which contains⋃

T>0 CT . Alternatively AP can be characterized as the closure in BC of the space
of trigonometric polynomials

u(t) = a0 +
N∑

n=1

{an cos ωnt + sin ωnt}

where the frequencies ωn are arbitrary. We refer to [4] for more information on the
definition of almost periodic function.

The dependence of f with respect to t will be almost periodic. This means
that
(i) f(·, u) ∈ AP for each u ∈ R .

In order to apply the methodology of Functional Analysis we need the composition
property

u ∈ AP ⇒ f
(
·, u(·)

)
∈ AP .

However it is well known that the almost periodicity in t is not sufficient to guar-
antee this property (see [5], page 16). We say that f is in the class UAP if it
satisfies (i) and the additional condition
(ii) For each r > 0 the family of functions {f(t, ·)}t∈R is equicontinuous on [−r, r].
The composition property holds if f ∈ UAP (see [5], Chapter 2).

Our task will be to adapt the discussion on the periodic problem to this new
setting. Again we fix k > 0 and observe that the linear equation

ü + cu̇ = ku + p(t) , p ∈ AP

has a unique solution in AP . It can be expressed in terms of a Green function, but
this time the integral is extended over the whole real line. Namely,

u(t) = −
∫ ∞

−∞
G̃(t, s)p(s)ds
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with

G̃(t, s) =

{
1

r+−r−
er−(t−s) if t ≥ s

1
r+−r−

er+(t−s) if t ≤ s ,

and r± = −c±
√

c2+4k
2 .

We observe that G̃ is continuous and positive. It is interesting to observe that
the periodic Green function G can be obtained from G̃. Indeed,

G(t, x) =
∞∑

n=−∞
G̃(t, s + nT ) .

More information about linear almost periodic equations can be found in [3].
With the help of the Green function the search of almost periodic solutions

of (2.1) or (2.2) is equivalent to

u = Ku , u ∈ AP

with

K : AP → AP , Ku(t) = −
∫ ∞

−∞
G̃(t, s)g

(
s, u(s)

)
ds .

2.3. Non-applicability of Schauder’s Principle

Typically the operator K is not compact on bounded sets. We show this in the
particular case g(t, u) = u. Now K is linear and an easy computation leads to

K
(
eiωt

)
=

1
−(ω2 + k) + icω

eiωt

for each ω ∈ R. In this way we have obtained an uncountable set of eigenvalues
and so K cannot be compact. This observation explains why the theory of Leray
and Schauder is not applicable to id − K. Next we shall prove that a tentative
version of Schauder Fixed Point Theorem cannot hold for K. This excludes the
possibility of defining a degree of id−K.

Theorem 2.1. For each c > 0 there exists f ∈ UAP and k > 0 such that the
associated operator K has no fixed points and

K(B) ⊂ B

where
B = {u ∈ AP/ ||u||∞ < 1} .

The proof will be inspired by well known results for the periodic problem. In
the periodic case, the region of CT lying between a lower and an upper solution is
invariant under K and contains a fixed point. Here we are assuming that k is large
enough. We refer to [2] for more details. However it was proved in [13] that the
method of upper and lower solutions fails in the almost periodic case. This will be
the starting point for the proof.
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Proof of Theorem 2.1. Given u, v ∈ BC we introduce the notations

u < v if v(t)− u(t) > 0 for each t ∈ R ,
u � v if inft∈R

(
v(t)− u(t)

)
> 0 .

In the spaces CT both notions are equivalent but not in AP . Notice that the strong
inequality does not hold for the functions u(t) = sin t + sin

√
2t and v(t) = 2. We

observe that the unit ball in AP can be expressed as

B = {u ∈ AP/ − 1 � u � 1} .

According to Theorem 10 in [13] it is possible to find c > 0, f ∈ UAP and α < β
such that (2.1) has no almost periodic solutions and

f(·, α) � 0 � f(·, β) . (2.3)

This inequality means that the numbers α and β are strict lower and upper solu-
tions.

We must prove the Theorem for arbitrary c positive but it is enough to do
it for a concrete value c. This is sufficient because we can change the friction
coefficient by a re-scaling of time t �→ λt with λ > 0. Also, after translation and
dilation of u we can assume that α = −1 and β = 1. We do this but for convenience
we keep the notation α and β, which now represent the numbers −1 and 1.

According to [13] the function f is smooth and the derivative ∂f
∂u is also in

UAP . This implies that |∂f
∂u (t, u)| is uniformly bounded in regions of the type

t ∈ R, |u| ≤ M . We select k > 0 large enough so that the function u ∈ [α, β] �→
g(t, u) = f(t, u) − ku is decreasing for each t ∈ R. The definition of K and the
positivity of G̃ imply that K is monotone on B; that is

α ≤ u ≤ v ≤ β ⇒ Ku ≤ Kv .

Now we are going to use the condition (2.3). Given δ > 0 with f(t, α) ≤ −δ
everywhere,

Kα(t) = −
∫ ∞

−∞
G̃(t, s)

[
f(s, α)− kα

]
ds ≥ (δ + kα)

∫ ∞

−∞
G̃(t, s)ds =

δ

k
+ α .

This implies that Kα � α. In the same way one obtains Kβ � β. We are ready
to prove that K(B) ⊂ B. Indeed, given u ∈ B,

−1 = α � Kα ≤ Ku ≤ Kβ � Kβ = 1 .

We know that (2.1) has no almost periodic solutions and so K has no fixed points.
This remark completes the proof. �

2.4. The continuation method

A crucial property of the degree is the invariance under homotopies. The ap-
plication of this property to the periodic problem leads to general continuation
principles. As an example we consider the unit ball in CT ,

BT = {u ∈ CT / ||u||∞ < 1} ,
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and the family of equations

ü + cu̇ = λf(t, u) + (1− λ)u , λ ∈ [0, 1] . (2.4)

Our initial equation (2.1) appears for λ = 1 while the equation is linear and has the
unique T -periodic solution u = 0 for λ = 0. Assume that f is continuous and T -
periodic in t and there are no T -periodic solutions of (2.4) in ∂BT . The invariance
under homotopies implis that (2.1) has a T -periodic solution lying in BT .

As the reader probably expects, the analogous principle does not hold for
almost periodic problems. Going back to the proof of Theorem 2.1 we take the
same function f ∈ UAP with α = −1, β = 1 and observe that the functions

fλ(t, u) = λf(t, u) + (1− λ)u

are also in UAP and satisfy

fλ(·, α) � 0 � fλ(·, β) .

Moreover these strong inequalities are uniform in λ. This allows us to repeat the
strategy of the proof of Theorem 2.1 for each λ and conclude that

Kλ(B) ⊂ B for each λ ∈ [0, 1] .

The operator Kλ, defined on AP , refers to (2.4) for fixed λ. The choice of the
constant k is made independently of λ, this means that u ∈ [α, β] �→ fλ(t, u)− ku
is decreasing for all t and λ. We sum up the above discussions.

Corollary 2.2. There exist f ∈ UAP and k > 0 such that the operator Kλ associ-
ated to (2.4) satisfies

– K1 has no fixed points
– K0 is linear and has a unique fixed point at u = 0
– Kλ(B) ⊂ B for each λ ∈ [0, 1].

In the theory of almost periodic equations it is customary to impose the
assumptions not only on the original equation but on all the equations lying in the
hull. We will prove that this makes no difference, but first we recall the notion of
hull. Given f ∈ UAP we say that f	 : R× R → R is in the hull of f , denoted by
f	 ∈ H(f), if there exists a sequence of real numbers {hn} such that

f(t + hn, u) → f	(t, u) as n →∞ ,

and the convergence is uniform in (t, u) ∈ R × [−M,M ] for each M > 0. It is
easy to prove that H(f) is contained in UAP but the hull of a smooth function f
can contain non-smooth functions.1 By a passage to the limit we observe that the
following two properties are inherited by each f	 ∈ H(f),

f	(·, α) � 0 � f	(·, β)

u ∈ [α, β] �→ f	(t, u)− ku is monotone non-increasing.

1The function f(t) =
√

2 − sin t − sin
√

2t is smooth but f�(t) =
√

2 − cos t − cos
√

2t is not.
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This allows to improve the conclusion of Corollary 2.2 with

Kλ,f�

(
B
)
⊂ B

for each λ ∈ [0, 1] and f	 ∈ H(f). At this point one must observe that Kλ,f� has
fixed points in and only if Kλ,f does.

3. First order equations: prescribing the module of frequencies

3.1. The space AP (Ω)
Given Ω, an additive subgroup of R, the space AP (Ω) is defined as the closure in
AP of the class of trigonometric polynomials having frequencies in Ω. These are
polynomials of the type

a0 +
N∑

n=1

{an cos ωnt + bn sin ωnt}

with ω1, . . . , ωN ∈ Ω.
The space AP becomes a commutative Banach algebra with the standard

product of functions and each space AP (Ω) is a subalgebra. This can be deduced
from the additive formulas for trigonometric functions.

Given an almost periodic function u(t), the module mod(u) is the smallest
additive subgroup of R containing all the non vanishing Fourier coefficients of u.
With the help of Fourier analysis one can prove that

AP (Ω) =
{
u ∈ AP : mod(u) ⊂ Ω

}
.

Next we identify the space AP (Ω) for some groups.
– The trivial group Ω0 = {0}, AP (Ω0) = {constant functions}
– Cyclic groups Ω1 = TZ, T > 0, AP (Ω1) = CT

– A free group with two generators Ω2 = {n + m
√

2/n,m ∈ Z}, AP (Ω2) =
quasi-periodic functions with frequencies 1 and

√
2

– The rational numbers Ω3 = Q, AP (Ω3) = uniform limits of periodic functions
having periods commensurable with 2π.

3.2. The Ω-almost periodic problem

We will study the equation
u̇ = f(t, u) (3.1)

where f is in UAP and satisfies the additional condition

f(·, u) ∈ AP (Ω) for each u ∈ R . (3.2)

In this setting we discuss the existence of solutions in AP (Ω). We shall transform
this problem into a fixed point equation in AP (Ω) but first we go back to the
examples. For Ω0 the condition (3.2) says that f is independent of t and solutions
in AP (Ω0) are equilibria. For Ω1 we go back to the T -periodic problem. For Ω2

and Ω3 we have genuine almost periodic problems.
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3.3. The fixed point equation

We start with the composition property, which is important to make the problem
treatable with the methods of Functional Analysis.

Lemma 3.1. Assume that f ∈ UAP and the condition (3.2) holds. Then,

u ∈ AP (Ω) ⇒ f
(
·, u(·)

)
∈ AP (Ω) .

This property depends essentially on the algebraic structure of Ω. In principle
one could define AP (Ω) for any non-empty subset of the real numbers and it would
be a Banach space. The difference is that when Ω is not a group the space AP (Ω)
is not an algebra and the composition property does not hold.

There is a proof of this Lemma using Fourier Analysis and we refer to [5].
We present a more direct approach.

Proof of Lemma 3.1. The space AP (Ω) is an algebra and so the composition prop-
erty holds if f is a polynomial in u which is independent of t. Assume next that
f = f(u) is any continuous function, again independent of t. Given u ∈ AP (Ω)
we approximate f by polynomials fn converging uniformly to f in the range of u.
Then fn ◦ u converges in BC to f ◦ u and so f ◦ u ∈ AP (Ω). It remains to prove
that the composition property also holds when f depends on t.

Given ε > 0 we shall find pε ∈ AP (Ω) such that

||f
(
·, u(·)

)
− pε||∞ < ε .

Fix R > ||u||∞. As {f(t, ·)}t∈R is equicontinuous in [−R,R], we find δ > 0 such
that

|f(t, u)− f(t, v)| < ε if t ∈ R, |u− v| < δ, |u|, |v| ≤ R .

Next we find a partition u0 = −R < u1 < · · · < un = R such that ui+1−ui < δ for
each i. We can construct a partition of unity on [u0, un] as follows. The functions
χ0, χ1, . . . , χn are continuous on [−R,R] and satisfy

n∑
i=1

χi(u) = 1 , χ(u) ≥ 0 for each u ∈ [−R,R] ,

supp χi ⊂ [ui−1, ui+1] , with the convention u−1 = u0, un+1 = un .

Finally we define

pε(t) =
n∑

i=0

f(t, ui)χi

(
u(t)

)
.

From the above discussions we know that χi ◦ u belongs to AP (Ω). The structure
of algebra and the condition (3.2) imply that pε ∈ AP (Ω). The proof is complete,
for it is clear that ||f(·, u(·))− pε||∞ is less than ε. �

As in the case of second order equations we use an auxiliary linear equation.
Given k > 0 we consider

u̇ = −ku + p(t) , p ∈ AP (Ω) .
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This equation has a unique bounded solution given by

u(t) =
∫ ∞

−∞
G(t, s)p(s)ds

where

G(t, s) =
{

0 if t ≤ s
ek(s−t) if s ≤ t .

Now it is easy to prove that u ∈ AP (Ω). First we observe that if p1, p2 are two
functions in AP (Ω) then

||u1 − u2||∞ ≤ 1
k
||p1 − p2||∞ .

By direct computation we observe that if p(t) is a trigonometric polynomial with
frequencies in Ω then u(t) is in the same class.

The equation (3.1) is rewritten as

u̇ = −ku + g(t, u) , g(t, u) := f(t, u) + ku ,

and the Ω-problem becomes equivalent to

u = Fu ,

with

F : AP (Ω) → AP (Ω) , Fu(t) =
∫ ∞

−∞
G(t, s)g

(
s, u(s)

)
ds .

We know that degree theory can be applied to this operator when Ω is a cyclic
group. Next we show that this is the only possible case.

Theorem 3.2. Assume that Ω is not cyclic. Then there exist f ∈ UAP satisfy-
ing (3.2) and k > 0 such that the associated operator F has no fixed points and

F
(
B
)
⊂ B

where
B =

{
u ∈ AP (Ω)/||u||∞ < 1

}
.

We will find a function f and numbers α < β such that

f(·, α) � 0 � f(·, β)

and (3.1) has no solutions in AP . From there the rest of the proof follows along the
lines of Theorem 2.1. Yet we need to do some work to construct such an equation.

3.4. Primitives of functions in AP (Ω)

Given a function a ∈ CT the primitive can be expressed as A(t) = at + Ã(t),
where a is the average and Ã is T -periodic. The next result implies that such a
result cannot be extended to any group Ω which is not cyclic.

Lemma 3.3. Assume that Ω is not cyclic. Then there exists a ∈ AP (Ω) such that
its primitives satisfy

A(t) → −∞ as |t| → ∞ .
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Proof. It follows along the lines of Bohr’s example (see [15], page 157). As Ω is
not cyclic it must be dense in R. In particular, for each integer n ≥ 1 it is possible
to find ωn ∈ Ω with

n−2/3 ≤ ωn ≤ 2n−2/3 .

Define

a(t) =
∞∑

n=1

ω2
n sin ωnt .

The function is in AP (Ω) and the primitive with A(0) = 0 is given by

A(t) =
∞∑

n=1

ωn(1− cos ωnt) = 2
∞∑

n=1

ωn sin2

(
ωnt

2

)
.

The inequality | sin x| ≥ 1
2 |x| if |x| ≤ 1 imply that

A(t) ≥ t2

8

∑
n∈I(t)

ω3
n ,

where I(t) = {n ∈ N/n ≥ 1, ωn|t| ≤ 2}. The numbers satisfying n ≥ |t|3/2 are in
the set I(t) and so

A(t) ≥ t2

8

∑
n≥|t|3/2

1
n2

≥ t2

8

∫ ∞

|t|3/2+1

ds

s2
→∞ . �

3.5. Linear equations, homoclinic solutions, and proof of Theorem 3.2
The function a constructed in the previous lemma is such that all the solutions of

u̇ = a(t)u

are homoclinic to zero. This allows us to apply Theorem 2 in [14] and obtain the
following result.

Proposition 3.4. Assume that Ω is not cyclic. Then there exist functions a, b ∈
AP (Ω) such that for the linear equation

u̇ = a(t)u + b(t)

all the solutions are bounded but none of them is almost periodic.

We can now apply the ideas of Section 5 in [13] and construct an equation of
the type

u̇ = a(t)u + b(t) + D(u)

without almost periodic solutions. In this construction the function D is C∞ and
such that −D(u) dominates the linear part at infinity. This implies that h(t, u) :=
a(t)u + b(t) + D(u) satisfies

h(·,−R) � 0 � h(·, R)

for large R. Since h also satisfies (3.2) the proof of Theorem 3.2 follows.
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L∞-Energy Method, Basic Tools and Usage
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Dedicated to Professors Arrigo Cellina and James A. Yorke
on the occasion of their 65th birthday

Abstract. A new method called “L∞-Energy Method” is introduced. Several
basic tools for this method are prepared and a couple of typical ways of usage
of this method are exemplified for quasilinear parabolic equations.
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1. Introduction

It would be generally recognized that in the study of the nonlinear partial differen-
tial equations, the choice of the function spaces where one works is crucial for
its high achievement. Normally such suitable function spaces should be carefully
chosen according to the various nature of the equations to be considered and clearly
there is no almighty function space good for all equations.

As for the energy method for the nonlinear parabolic equations, L2-space or
Lp-space (1 ≤ p < ∞) is frequently used. On the other hand, L∞-space is not so
often direcly used and it would be widely believed that it possesses no advantage
over Lp-spaces because of its non-reflexivity and non-separability. So L∞-estimates
are usually derived from Wm,p-estimates via Sobolev’s embedding theorem.

However, the main purpose of this paper is to point out that as far as the
uniqueness and local existence of solutions (in time) are concerned, L∞-space could
be the most suitable space for a rather large class of nonlinear parabolic equations
and systems, if we are equipped with “L∞-Energy Method”.

Partially supported by Waseda University Grant for Special Research Projects #2003B-27 and
the Grant-in-Aid for Scientific Research, #16340043 and #18654031, the Ministry of Education,
Culture, Sports, Science and Technology, Japan.
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This ”L∞-Energy Method” is a device which makes it possible to derive
energy estimates directly in L∞-spaces even when any energy methods could not
work in Lr-spaces with 1 ≤ r < +∞.

The main objective of this paper is twofold. One is to fix some basic tools
needed in carrying out L∞-Energy Method concerning the fundamental property
of the L∞-norm and some implements to enable us to derive a priori bound or
a lower bound for the blowing-up rate of the L∞-norm for solutions. The other
one is to expose its basic idea and to exemplify its typical way of usage by using
simple examples, i.e., the perturbation problems for the porous medium equations
and the parabolic equations generated by the so-called p-Lapalacian.

Our L∞-Energy Method is quite useful not only for the case where the nonlin-
earity obstructing the energy estimates in Lr-spaces depends only on the solution
u itself but also for the case where the nonlinearity is composed of up to the
first derivatives with respect to space variables such as parabolic systems with the
nonlinearity similar to that of Navier-Stokes equations.

This method also provides us a very powerful tool in analyzing very complex
systems of nonlinear parabolic equations such as quasilinear system of Chemotaxis
and some doubly nonlinear parabolic equations.

These significant features will be discussed in our forthcoming paper [14].
(See also [13] and [9].)

In this paper we do not touch upon the technical aspects related with the
derivation of a priori bounds in L∞-spaces for the space derivatives of solutions.
However, such examples can be found in [12,15] and [16].

2. Basic tools for L∞-Energy Method

In this section, we collect some basic tools needed in the procedure of the per-
forming L∞-Energy Method.

In establishing the a priori bounds in L∞-spaces, our method provides the
scheme which enables us to obtain a priori bounds directly in L∞-spaces without
relying on any Wm,p-estimates nor Sobolev’s embedding theorems. To realize this
program, we utilize the following fact, which is well known for the case where the
total measure m(Ω) of the domain Ω is finite and the function u is known to be
in L∞(Ω), (see Theorem 1, §3, Capt.1 of [17]).

Lemma 2.1. Let Ω be any domain in RN and assume that there exist a number
r0 ≥ 1 and a constant C independent of r ∈ [r0,∞) such that

|u|Lr(Ω) ≤ C ∀r ∈ [r0,∞) , (2.1)

then u belongs to L∞(Ω) and the following property holds.

lim
r→∞

|u|Lr(Ω) = |u|L∞(Ω) . (2.2)

Conversely, assume that u ∈ Lr0(Ω) ∩ L∞(Ω) for some r0 ∈ [1,∞), then u
satisfies (2.2).
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Proof. We are going to show below that (2.1) assures (2.2).
Case 1: m(Ω) < +∞, u ∈ L∞(Ω).
For the completeness of the presentation, we here repeat the proof due to [17].
By the definition of |u|L∞ , for any ε > 0, there exists a null set e ∈ N such that
|u(x)| ≤ |u|L∞ + ε ∀x ∈ Ω\e. Then we get(∫

Ω

|u(x)|rdx

)1/r

≤
(∫

Ω\e

(|u(x)|L∞ + ε)r
dx

)1/r

≤ (|u|L∞ + ε) m(Ω)1/r .

Hence we obtain
lim sup

r→∞
|u|Lr ≤ |u|L∞ . (2.3)

Put Ωε = {x ∈ Ω; |u(x)| > |u|L∞ − ε}, then by definition m(Ωε) > 0 for any
ε ∈ (0, |u|L∞). Therefore(∫

Ω

|u(x)|rdx

)1/r

≥
(∫

Ωε

|u(x)|rdx

)1/r

≥
(
|u|L∞ − ε

)
m(Ωε)1/r .

(2.4)

Hence
lim inf
r→∞

|u|Lr ≥ |u|L∞ . (2.5)

Thus (2.3) and (2.5) yield (2.2).
Case 2: m(Ω) < +∞.
For the case that there is no knowing if u ∈ L∞(Ω), we fix n so that C < n and
put

[u]n(x) = gn(u) =

⎧⎪⎨⎪⎩
u(x) if |u(x)| ≤ n ,
n if u(x) ≥ n ,
−n if u(x) ≤ −n .

(2.6)

Since [u]n ∈ L∞(Ω) and |[u]n|Lr ≤ |u|Lr ≤ C, the argument above assures that∣∣[u]n
∣∣
L∞ = lim

r→∞

∣∣[u]n
∣∣
Lr ≤ C < n ,

which implies that [u]n(x) = u(x) for a.e. x ∈ Ω, whence follows u ∈ L∞(Ω).
Case 3: m(Ω) = +∞.
Let Ωn = Ω ∩ {x ∈ RN ; ||x|| < n}. Noting that |u|Lr(Ωn) ≤ |u|Lr(Ω) ≤ C and
applying the above result, we find that u ∈ L∞(Ωn) and |u|L∞(Ωn) ≤ C. Hence,
for any ε > 0 and n ∈ N, there exists en ∈ N such that

|u(x)| ≤ C + ε ∀x ∈ Ωn\en .

Consequently, we get

|u(x)| ≤ C + ε ∀x ∈ Ω\e =
∞⋃

n=1

(Ωn\en) , e =
∞⋃

n=1

en ∈ N ,
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which implies u ∈ L∞(Ω). Hence

|u|Lr(Ω) =

(∫
Ω\e

|u(x)|r−r0 |u(x)|r0dx

)1/r

≤ (|u|L∞ + ε)(r−r0)/r |u|r0/r
Lr0 .

Now letting r →∞, we again obtain (2.3).
Here, for any sufficiently small ε > 0, we put Ωε = {x ∈ Ω; |u(x)| > |u|L∞ −

ε > 0}. Then the fact that u ∈ Lr0(Ω) together with the definition of the L∞-norm
assures that 0 < m(Ωε) < +∞. Hence, by the same argument as in (2.4), we again
obtain (2.5). Thus combining (2.3) and (2.5), we conclude (2.2).
Conversely, assume that u ∈ Lr0(Ω) ∩L∞(Ω) for some r0 ∈ [1,∞), then we easily
get |u|Lr ≤ |u|r0/r

Lr0 |u|(r−r0)/r
L∞ ≤ C = max(|u|Lr0 , |u|L∞) ∀r ∈ [r0,∞], which

implies (2.1). Then the above arguments assure that (2.2) holds true. �

As will be exemplified in the next section, with the help of the above result,
it is often possible to see that y(t) = |u(t)|L∞ satisfies a certain type of integral
inequalities, which control the growth of y(t). The following result is the implement
which enables us to derive a priori bound for y(t) from such a type of integral
inequalities.

Lemma 2.2. Let y(t) be a bounded measurable non-negative function on [0, T ] and
suppose that there exist y0 ≥ 0 and a monotone non-decreasing function m(·) :
[0,+∞) → [0,+∞) such that

y(t) ≤ y0 +
∫ t

0

m
(
y(s)

)
ds a.e. t ∈ (0, T ) . (2.7)

Then there exists a number T0 = T0(y0,m(·)) ∈ (0, T ] such that

y(t) ≤ y0 + 1 a.e. t ∈ [0, T0] . (2.8)

Proof. Put z(t) = y0 +
∫ t

0
m(y(s))ds, then z(t) ∈ C([0, T ]; R1) and y(t) ≤ z(t). So

z(t) satisfies

z(t) ≤ y0 +
∫ t

0

m
(
z(s)

)
ds for all t ∈ [0, T ] . (2.9)

We here claim that

z(t) ≤ y0 + 1 for all t ∈ [0, T0] , T0 = min
(

1
2m(y0 + 1)

, T

)
. (2.10)

In fact, suppose that (2.10) does not hold, i.e., there exists t0 ∈ (0, T0] such that
z(t0) > y0 + 1, then since z(t) is continuous on [0, T ] and z(0) < y0 + 1, there
exists t1 ∈ (0, t0) such that z(t1) = y0 + 1 and z(t) < y0 + 1 ∀t ∈ [0, t1). Then,
by (2.9), we get

y0 + 1 = z(t1) ≤ y0 +
∫ t1

0

m
(
z(s)

)
ds

≤ y0 + m(y0 + 1)T0 ≤ y0 +
1
2

,
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which leads to a contradiction. Thus (2.10) is verified and hence (2.8) is derived
from the fact that y(t) ≤ z(t) for all t ∈ [0, T ]. �

If the function m(y) given in the above lemma turns out to have at most
linear growth order as y → +∞, we easily obtain time global a priori bound for
y(t) = |u(t)|L∞ , which would lead us to the global existence of solutions. On the
other hand, if it is not the case, the blowing-up of solution may occur at some finite
time Tm. Even for such a case, it is also posssible to obtain some information on
the blow up rate of solutions in terms of the L∞-norm within the framework of
our method by the following results.

Lemma 2.3. Let y(t) be a bounded measurable positive function on [0, T ] for any
T ∈ (0, Tm) and let limt→Tm

y(t) = +∞. Suppose that there exists a monotone
non-decreasing locally Lipschitz function g : [0,+∞) → [0,+∞) such that∫ +∞

0

1
g(τ)

dτ = +∞ , (2.11)∫ +∞

a

1
g(τ)

dτ < +∞ ∀a > 0 . (2.12)

Furthermore we assume

y(s) ≤ y(t) +
∫ s

t

g
(
y(τ)

)
dτ a.e. t, s ∈ [0, Tm) with t < s . (2.13)

Then the following estimate holds.

y(t) ≥ G−1(t− Tm) for a.e. t ∈ [0, Tm) , (2.14)

where G−1(·) is the inverse function of G(w) = −
∫ +∞

w

1
g(τ)

dτ.

Proof. Put z(t, s) = y(t) +
∫ s

t
g(y(τ))dτ.

Then by (2.13), we get y(s) ≤ z(t, s) ∀s ∈ [t, Tm) and

z(t, s) ≤ y(t) +
∫ s

t

g
(
z(t, τ)

)
dτ .

For any t ∈ [0, Tm), let t0 = t and let tn be the first time in (tn−1, Tm) such that
y(tn) = 2y(tn−1) for n ∈ N. Then it is clear that tn ↑ Tm as n → ∞. Here we
define another function wn(s) by the unique solution of the following problem.

dwn(s)/ds = g
(
wn(s)

)
s ∈ (tn, Tm) , wn(tn) = y(tn) . (2.15)

Since wn(s) satisfies wn(s) = y(tn)+
∫ s

tn
g(wn(τ))dτ, by comparison theorem,

it is easy to see that y(s) ≤ z(tn, s) ≤ wn(s) ∀s ∈ [tn, Tm). Denote by sn the
first time in (tn, Tm) such that wn(sn) = y(tn+1) = 2y(tn), then we find that
tn < sn ≤ tn+1. Here we put

G(w) = −
∫ +∞

w

1
g(τ)

dτ . (2.16)
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Then G is a strictly monotone increasing continuous function from [0,+∞] onto
[−∞, 0] such that G(0) = −∞, G(+∞) = 0 and G′(w) = 1/g(w).

Therefore, we can integrate (2.15) in terms of G on [tn, sn] and get

tn+1 − tn ≥ sn − tn = G
(
wn(sn)

)
−G

(
wn(tn)

)
= G

(
y(tn+1)

)
−G

(
y(tn)

)
. (2.17)

Summing up (2.17) from n = 0 up to n = ∞, we obtain Tm − t ≥ −G(y(t)), since
G(y(tn+1)) → G(∞) = 0 as n → +∞. Hence we get G(y(t)) ≥ (t − Tm), which
implies (2.14). �

The dual version of Lemma 2.3 is stated as follows.

Lemma 2.4. Let y(t) be a bounded measurable positive function on [0, T ] for any
T ∈ (0, Tm) and let limt→Tm

y(t) = +∞. Suppose that there exists a monotone
non-decreasing locally Lipschitz function g : [0,+∞) → [0,+∞) satisfying (2.11)
and (2.12). Furthermore we assume

y(s) ≥ y(t) +
∫ s

t

g
(
y(τ)

)
dτ a.e. t, s ∈ [0, Tm) with t < s . (2.18)

Then the following estimate holds.

y(t) ≤ G−1(t− Tm) for a.e. t ∈ [0, Tm) , (2.19)

where G−1(·) is the inverse function of G(w) = −
∫ +∞

w
1

g(τ)dτ.

Proof. Define z(t, s) and G(w) as in the proof of Lemma 2.3, and define w(t, s) by
the unique solution of the problem :

dw(t, s)/ds = g
(
w(t, s)

)
s ∈ (t, Tm) , w(t, t) = y(t) . (2.20)

Then (2.18) assures w(t, s) ≤ z(t, s) ≤ y(s) ∀s ∈ [t, Tm). Hence, in stead of (2.17),
by integrating (2.20) on (t, s), we now have

s− t = G
(
w(t, s)

)
−G

(
w(t, t)

)
≤ G

(
y(s)

)
−G

(
y(t)

)
∀s ∈ (t, Tm) . (2.21)

Then, by letting s → Tm in (2.21), we obtain (2.19). �

If we put g(r) = λ|r|q−2r with q ∈ (2,+∞), then clearly g is a monotone
increasing locally Lipschitz continuous function and it is easy to see that g satisfies
the required conditions (2.11) and (2.12) in Lemma 2.3. Furthermore, by a simple
calculation, we easily get G(w) = 1

λ(2−q)w
2−q and G−1(τ) = (λ(2− q)τ)

−1
q−2 . Thus

we have the following two corollaries of Lemma 2.3 and Lemma 2.4.

Corollary 2.5. Let y(t) be a bounded measurable positive function on [0, T ] for any
T ∈ (0, Tm) and let lim

t→Tm

y(t) = +∞. Suppose that y(·) satisfies

y(t) ≤ y(s) + λ

∫ t

s

y(τ)q−1dτ a.e. s, t ∈ [0, Tm) with s < t . (2.22)

Then the following estimate holds.

y(t) ≥
(
λ(q − 2)

) −1
q−2 (Tm − t)

−1
q−2 for a.e. t ∈ [0, Tm) . (2.23)
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Corollary 2.6. Let y(t) be a bounded measurable positive function on [0, T ] for any
T ∈ (0, Tm) and let lim

t→Tm

y(t) = +∞. Suppose that y(·) satisfies

y(t) ≥ y(s) + λ

∫ t

s

y(τ)q−1dτ a.e. s, t ∈ [0, Tm) with s < t . (2.24)

Then the following estimate holds.

y(t) ≤
(
λ(q − 2)

) −1
q−2 (Tm − t)

−1
q−2 for a.e. t ∈ [0, Tm) . (2.25)

Remark 2.7. Above results give informations not only on the asymptotic behavior
of y(t) near t = Tm but also on the a priori bounds for the blowing up time
Tm. In fact, by putting t = 0 in (2.14), (2.19), (2.23) and (2.25), we can derive
the estimates Tm ≥ −G(y(0)), Tm ≤ −G(y(0)), Tm ≥ 1/

(
(λ(q − 2)y(0)q−2)

)
and

Tm ≤ 1/
(
(λ(q − 2)y(0)q−2)

)
respectively.

3. What is L∞-Energy Method

In this section, in order to describe the basic idea of L∞-Energy Method, we
consider the following simple but typical quasilinear parabolic equations.

(P)

{
ut = div

(
|∇u|p−2∇u

)
+ |u|q−2u (x, t) ∈ Ω× (0,∞) ,

u|∂Ω = 0 t ∈ (0,∞) , u(x, 0) = u0(x) x ∈ Ω ,

(E)

{
ut = div

(
|u|�−2∇u

)
+ |u|q−2u (x, t) ∈ Ω× (0,∞) ,

u|∂Ω = 0 t ∈ (0,∞) , u(x, 0) = u0(x) x ∈ Ω ,

where 1 < p < ∞, 2 < q < ∞, 1 < � < ∞ and Ω is a general domain in RN .

Then our method can provide the following results.

Theorem 3.1. Suppose that u0 ∈ L2(Ω) ∩ L∞(Ω). Then there exists a positive
number T0 depending only on |u0|L∞ such that (P) admits a unique solution u
satisfying

u ∈ C
(
[0, T0];L2(Ω)

)
∩ L∞(0, T0;L∞(Ω)

)
∩ Lp

(
0, T0;W

1,p
0 (Ω)

)
∩W 1,2

loc

(
(0, T0];L2(Ω)

)
. (3.1)

Furthermore, the maximal existence time Tm = sup{T0 ∈ (0,+∞); (P) admits a
solution u on [0, T0] satisfying (3.1)} is finite if and only if limt→Tm

|u(t)|L∞(Ω) =
+∞, more precisely,

|u(t)|L∞(Ω) ≥ (q − 2)
−1

q−2 (Tm − t)
−1

q−2 for a.e. t ∈ [0, Tm) . (3.2)
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Theorem 3.2. Suppose that u0 ∈ L2(Ω) ∩ L�(Ω) ∩ L∞(Ω). Then there exists a
positive number T0 depending only on |u0|L∞ such that (E) admits a solution u
satisfying

u ∈ L∞(0, T0;L2(Ω) ∩ L�(Ω) ∩ L∞(Ω)
)
∩W 1,2

(
[0, T0];H−1(Ω)

)
and |u|(�−2)/2|∇u| ∈ L2

(
0, T0;L2(Ω)

)
,

(3.3)

where H−1(Ω) denotes the dual space of H1
0 (Ω).

Here if u0 ∈ L1(Ω) ∩ L∞(Ω), then u satisfies

u ∈ L∞(0, T0;L1(Ω) ∩ L∞(Ω)
)
∩W 1,2

(
[0, T0] : H−1(Ω)

)
and |u|(�−2)/2|∇u| ∈ L2

(
0, T0;L2(Ω)

)
.

(3.4)

Furthermore, the maximal existence time Tm = sup {T ∈ (0,+∞) ; (E) admits a
solution u on [0, T0] satisfying (3.3) } is finite if and only if lim

t→Tm

|u(t)|L∞ = +∞,

more precisely,

|u(t)|L∞ ≥ (q − 2)
−1

q−2 (Tm − t)
−1

q−2 for a.e. t ∈ [0, Tm) . (3.5)

As for the uniqueness of solutions of (E), the following result holds.

Theorem 3.3. Let u0 ∈ L1(Ω), then the solution of (E) satisfying (3.4) is unique.

3.1. Proof of Theorem 3.1
In carrying out L∞-Energy Method for degenerate or singular quasilinear parabolic
systems, we always need the approximate procedure, for which the following “cut-
off technic” is quite often found to be very useful.

By using the same notation [u]n = gn(u) as in (2.6), we introduce the follow-
ing approximate problem (P)n for (P).

(P)n

{
ut = div

(
|∇u|p−2∇u

)
+ |[u]n|q−2u (x, t) ∈ Ω× (0,∞) ,

u|∂Ω = 0 t ∈ (0,∞) , u(x, 0) = u0(x) x ∈ Ω .

Let

Xp :=
{

u ∈ L2(Ω);∇u ∈
(
Lp(Ω)

)N}
with

|u|Xp
:=
{
|u|pL2(Ω) + |∇u|pLp(Ω)

}1/p

for all u ∈ Xp. Moreover let Vp := C∞
0 (Ω)

Xp with | · |Vp
:= | · |Xp

. Then we find
that Vp is a uniformly convex Banach space, since Vp is a closed subspace of Xp

which is a uniformly convex Banach space (see [1, 1.21, 22]). Moreover from the
definition of Vp, it is easily seen that Vp is embedded in L2(Ω) with continuous
injection. Furthermore we can verify that Vp is dense in L2(Ω).
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We now define a function φp on L2(Ω) by setting

φp(u) =

{ 1
p

∫
Ω
|∇u(x)|pdx + 1

2

∫
Ω
|u(x)|2dx if u ∈ Vp ,

+∞ if u ∈ L2(Ω)\Vp .

Then φp is obviously convex and the reflexivity of Vp assures that φp is lower
semicontinuous from L2(Ω) into [0,+∞].

Furthermore, it follows that D(φp)
L2

= Vp
L2

= L2(Ω) and ∂φp(u) = −Δpu+
u = −div(|∇u|p−2∇u) + u (see [2, p.53, Example 1]).

Since the map B(u) : u �→ |[u]n|q−2u becomes Lipschitz continuous from
L2(Ω) into L2(Ω), (P)n can be regarded as the evolution equation in L2(Ω)
governed by the subdifferential operator ∂φp(u) with the Lipschitz perturbation
B(u)− u. Then, by the standard argument from the maximal monotone operator
theory, it is easy to see that for any u0 ∈ L2(Ω), (P)n admits the unique global
solution u satisfying (3.1) with T0 replaced by any T ∈ (0,+∞) (see [2] and [11]).

We here put vn(t) = e−nq−2tu(t), then vn satisfies

vn
t = e(p−2)nq−2tΔpv

n +
(
|gn(u)|q−2 − nq−2

)
vn , vn(0) = u0 .

Multiplying this equation by [vn(t)− n]+ = max(vn(t)− n, 0), we easily see that
|[vn(t)− n]+|L2 ≤ |[u0 − n]+|L2 for a.e. t ∈ [0,∞), since |gn(u)|q−2 ≤ nq−2. Hence
if u0 ∈ L∞(Ω), fixing n so that |u0|L∞ < n − 1, we find that |vn(t)| ≤ n, i.e.,
u(t) ≤ nenq−2t. In particular, we observe that u(t) ∈ L∞ for a.e. t ∈ [0,∞).

Noticing that |u|r−2u ∈ L2(Ω) and ||[u]n|q−2u| ≤ |u|q−1, we multiply (P)n

by |u|r−2u to obtain

1
r

d

dt
|u(t)|rLr + (r − 1)

∫
Ω

|∇u|p|u|r−2dx ≤
∫

Ω

|u|r+q−2dx , (3.6)

By factoring out |u|q−2
L∞ from the right-hand side of (3.6), we get

1
r

d

dt
|u(t)|rLr ≤ |u(t)|q−2

L∞ |u(t)|rLr .

Divide both sides by |u(t)|r−1
Lr and integrate with respect to t on [0, T ], then we

get

|u(t)|Lr ≤ |u0|Lr +
∫ t

0

|u(s)|q−2
L∞ |u(s)|Lrds .

Letting r tend to ∞, we deduce by Lemma 2.1,

|u(t)|L∞ ≤ |u0|L∞ +
∫ t

0

|u(s)|q−1
L∞ ds . (3.7)

Here it should be noted that it is impossible to derive the estimate such as (3.7)
in Lp-spaces(1 ≤ p < ∞) from (3.6).

Thus applying Lemma 2.2, we find that there exist a positive number T0

depending only on |u0|L∞ such that

|u(t)|L∞ ≤ |u0|L∞ + 1 ≤ n for a.e. t ∈ [0, T0] .
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Hence, by the definition of [u]n, u gives a solution of (P) on [0, T0].
As for the uniqueness of solutions, we multiply the difference of two equations

for two solutions u1 and u2 by w = u1−u2, then by the monotonicity of u �→ −Δpu
and a priori bound for |u|L∞ , we easily deduce that d|w(t)|2L2/dt ≤ C|w(t)|2L2 ,
whence follows the uniqueness at once.

Suppose here that limt→Tm
|u(t)|L∞ = +∞ does not hold, then there exist

C0 > 0 and {tn} such that tn ↑ Tm and |u(tn)|L∞ ≤ C0. Since the dependence of
T0 given in Theorem 3.2 on the initial value y0 = |u0|L∞ is monotone decreasing
(see (2.10)), there exists a T0 > 0 depending only on C0 and q but not on n such
that taking u(tn) as initial data, we can solve (E) in the interval [tn, tn +T0]. Note
that tn ↑ Tm implies that there exists a sufficient large n such that tn + T0 > Tm,
i.e., we can extend the solution to the right of Tm, which leads to the contradiction
to the definition of Tm.

In order to derive estimate (3.2), it suffices to apply Corollary 2.5 with y(t) =
|u(t)|L∞ to (3.7). �

3.2. Proof of Theorem 3.2
As for the application of L∞-Energy Method to (E), it requires a more compli-
cated approximation procedure than for (P). In fact, we prepare the approximate
sequences Ωn and un

0 such that Ωn is bounded and approximating Ω, ∂Ωn and un
0

are sufficiently smooth, un
0 → u0 in L2(Ω) and lim supn→∞ |un

0 |L∞(Ω) ≤ |u0|L∞(Ω).
We consider the following approximate equations.

(E)n

⎧⎪⎨⎪⎩ ut = Δ

((
1
n

+ ϕn(u)
)

u

)
+ |[u]n|q−2u (x, t) ∈ Ωn × (0,∞) ,

u|∂Ωn
= 0 t ∈ (0,∞) , u(x, 0) = un

0 (x) x ∈ Ωn ,

where ϕn(u) = 1
�−1

(
u2 + 1

n

) 
−2
2 .

Then the standard theory for quasilinear parabolic equations assures the ex-
istence of unique classical solutions un of (E)n denoted by u (see, e.g., [7, Theorem
12.14] or [6, Chapt. VI, §4]). In parallel with (3.6), multiplication of (E)n by |u|r−2u
gives

1
r

d

dt
|u(t)|rLr(Ωn) + (r − 1)

∫
Ωn

(
1
n

+ ϕn(u)
)
|u|r−2|∇u|2dx

+ (r − 1)
∫

Ωn

�− 2
�− 1

(u2 +
1
n

)

−4
2 |u|r|∇u|2dx

≤
∫

Ωn

|u|r+q−2dx .

(3.8)

Then as in the previous subsection, taking n so that |u0|L∞ < n − 1, we can
conclude that there exist a positive number T0 depending only on |u0|L∞(Ω) such
that

|u(t)|L∞(Ωn) ≤ |u0|L∞(Ω) + 1 ≤ n for a.e. t ∈ [0, T0] . (3.9)
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Hence, u gives a solution of (E)n with |[u]n|q−2[u]n replaced by |u|q−2u and (3.8)
with r = 2 implies

sup
0≤t≤T0

|u(t)|L2(Ωn) +
∫ T0

0

∫
Ωn

(
1
n

+ ϕn(u)
)
|∇u|2dxdt ≤ C0 , (3.10)

and (3.8) with r = � ∈ (1, 2) yields

sup
0≤t≤T0

|u(t)|L
(Ωn) +
∫ T0

0

∫
Ωn

(
u2 +

1
n

)�−2

|∇u|2dxdt ≤ C0 , (3.11)

where C0 is a constant depending only on |u0|L∞(Ω), |u0|L
(Ω) and |u0|L2(Ω) but
not on n.

Thus, in view of (3.9), (3.10) and (3.11), we find that

|u|L∞(0,T0;Lr(Ωn)) ≤ C0 ∀r ∈ [�∗,∞] , �∗ = min(�, 2) , (3.12)

|∇ (ϕn(u)u) |L2(0,T0;L2(Ωn)) ≤ C0 , (3.13)

|Δ(ϕn(u)u) |L2(0,T0;H−1(Ωn)) ≤ C0 , (3.14)

| 1
n

Δu|L2(0,T0;H−1(Ωn)) ≤ C0
1√
n

, (3.15)

|ut|L2(0,T0;H−1(Ωn)) ≤ C0 . (3.16)

In order to discuss the convergence of approximate solutions of (E)n denoted
by un, we here need the following lemma due to Dubinskii [4] (for a proof, see [8,
Theorem 12.1, Chapt. 1]).

Lemma 3.4. Let B and B1 be Banach spaces such that B is continuously embedded
in B1. Suppose that there exist a subset S of B and a function M(·) from S into
[0,+∞) such that M(λv) = |λ|M(v) ∀λ ∈ R ∀v ∈ S and the set{

v; v ∈ S,M(v) ≤ 1
}

(3.17)

is relatively compact in B.
Put

FC =

{
v ; v ∈ L1

loc

(
(0, T );B1

)
,

∫ T

0

M
(
v(t)

)p0
dt ≤ C, |vt|Lp1 (0,T ;B1) ≤ C

}
,

(3.18)
where p0, p1 ∈ (1,∞) and C ∈ (0,∞). Then FC ⊂ Lp0(0, T ;B) and FC is relatively
compact in Lp0(0, T ;B) and in C([0, T ];B1).

We apply this lemma with B = Lp(Ωn)(p ≥ �∗ = max(2, �)) , B1 = H−1(Ωn),
S = {v; |v| 
−2

2 v ∈ H1
0 (Ωn), v ∈ L∞(Ωn)}, p0 = p, p1 = 2 and T = T0.

Furthermore we put

M(v) =
(∫

Ωn

∣∣∇(|v| p−2
2 v
)∣∣2)1/p

+ |v|L∞(Ωn) . (3.19)

Then, to apply Lemma 3.4, it suffices to check (3.17).
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In fact, let M(vn) ≤ 1, then |vn|
p−2
2 vn forms a bounded set in H1

0 (Ωn), so
there exists a subsequence of vn denoted again by vn such that vn → v weakly
in L2(Ωn) and |vn|

p−2
2 vn → |v| p−2

2 v strongly in L2(Ωn). Hence there exists a
subsequence of vn denoted again by vn such that vn(x) → v(x) for a.e. x ∈ Ωn.
Then, since |vn|p ≤ 1 for a.e. x ∈ Ωn, the dominant convergence theorem of
Lebesgue assueres that vn → v strongly in Lp(Ωn), whence follows (3.17).

Thus there exists a subsequence {unk
} of {un} such that unk

(x) converges
for a.e. x ∈ Ωn. In view of (3.12) and (3.13), by the diagonal argument, we can
extract a subsequence of unk

denoted by uk such that

∀n, ∃k0(n) s.t. ûk = uk in Ωn × [0, T0] ∀k ≥ k0(n) , (3.20)

ûk → u weakly star in L∞(0, T0;Lr(Ω)
)

∀r ∈ [�∗,∞] , (3.21)

ûk → u strongly in Lp
(
0, T0;Lp(Ωn)

)
∀p ∈ [�∗,∞) ∀n ∈ N , (3.22)

ûk → u a.e. in Ω× [0, T0] , (3.23)

|ûk|r−2ûk → |u|r−2u weakly in L2
(
0, T0;L

2
r−1 (Ω)

)
∀r ∈ (1,∞) , (3.24)

ϕnk
(uk)uk =

(
û2

k +
1
nk

) 
−2
2

ûk → |u|�−2u weakly in L2
(
0, T0;L2(Ω)

)
, (3.25)

∇
((

û2
k +

1
n

) 
−2
2

ûk

)
→ ∇

(
|u|�−2u

)
weakly in L2

(
0, T0;L2(Ω)

)
, (3.26)

where ûk = [uk]∧ denotes the zero extension of uk into Ω× [0, T0].
Moreover, in view of (3.15), (3.20), (3.21) and (3.24), it is easy to see that

[(uk)t]∧ → ut, [ 1
nΔ(uk)]∧ → 0 and [Δ(ϕnk

(uk)uk]∧ → Δ(|u|�−2u) inD′(Ω×[0, T0]).
Hence, by (3.24), we find that u satisfies (E) in the sense of distribution. Here,

since (3.26) assures that |u|�−2∇u ∈ L2(0, T0;L2(Ω)), we find that ∇(|u|�−2∇u) ∈
L2(0, T0;H−1(Ω)), whence follows that ut ∈ L2(0, T0;H−1(Ω)), in particular u ∈
W 1,2(0, T0;H−1(Ω)) ⊂ C([0, T0];H−1(Ω)).

As for the case where u0 ∈ L1(Ω), by virtue of (3.8), we easily see that there
exists a constant C0 depending only on |u0|L∞(Ω) and |u0|L1(Ω) such that

sup
0≤t≤T0

|u(t)|Lr(Ωn) ≤ C0 ∀r ∈ (1,∞] . (3.27)

Here noting the relation

|u(t)|L1(Ωn) ≤ |u(t)|Lr(Ωn)|Ωn|
r−1

r ≤ C0|Ωn|
r−1

r for a.e. t ∈ [0, T0] ,

and letting r → 1, we can derive the estimate (3.12) for all r ∈ [1,∞]. �

3.3. Proof of Theorem 3.3
There are so many works already done for the uniqueness of weak solutions for
equations related with (E). However most of them treated the case where the
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perturbation term |u|q−2u is absent. As a matter of course, if the solutions are
assumed to be in W 1,∞(Ω), the standard arguments in L1(Ω)-space such as in [10]
and [16] assures the uniqueness. Here we do not need such a strong regularity for
solutions u but assume the weaker regularity |u| 
−2

2 ∇u ∈ L2(Ω). The crucial part
of our argument consists of Theorems 3.5 and 3.6 stated below, which would have
independent interest concerning the following equation.

(E)f

{
ut = div

(
|u|�−2∇u

)
+ f(x, t) (x, t) ∈ QT = Ω× (0, T ) ,

u|∂Ω = 0 t ∈ (0,∞) , u(x, 0) = u0(x) x ∈ Ω ,
(3.28)

where 1 < � < ∞, T ∈ (0,∞) and Ω is a general domain in RN .

Theorem 3.5. Let f ∈ L1
loc(QT ) and let u be a solution of (E )f satisfying

u ∈ L2(QT ) ∩ L�(QT ) ∩W 1,2
(
[0, T ] : H−1(Ω)

)
and

|u|(�−2)/2|∇u| ∈ L2(QT ) .

(3.29)

Then the solution u is uniquely determined by its initial data u0 ∈ L1(Ω).

Theorem 3.6. Let fi ∈ L1(0, T ;L1(Ω) ∩ L�∗(Ω)), u0,i ∈ L1(Ω) ∩ L�∗(Ω) (i = 1, 2)
with �∗ = max(2, �) and ui be solutions of (E )fi

with ui(0) = u0,i satisfying
ui ∈ L1(QT ) ∩ L�∗(QT ) ∩ W 1,2([0, T0];H−1(Ω)) and |ui|(�−2)/2|∇ui| ∈ L2(QT ),
then ui satisfy the following estimate for a.e. t ∈ (0, T ).

|u1(t)− u2(t)|L1(Ω) ≤ |u0,1 − u0,2|L1(Ω) +
∫ t

0

|f1(τ)− f2(τ)|L1(Ω)dτ . (3.30)

Once these theorems are proved, Theorem 3.3 follows easily.

Proof of Theorem 3.3. Let ui(i = 1, 2) be solutions of (E) satisfying ui ∈ L∞(0, T0;
L1(Ω)∩L∞(Ω))∩W 1,2([0, T0];H−1(Ω)) and |ui|(�−2)/2|∇ui| ∈ L2(QT ). Put fi(x, t)
= |ui|q−2ui(x, t), then fi ∈ L∞(0, T0;L1(Ω)∩L∞(Ω)) and so Theorem 3.5 assures
that ui give the unique solutions for (E)fi

. Hence, by Theorem 3.6, we find that
w = u1 − u2 satisfies

|w(t)|L1(Ω) ≤ |w(0)|L1(Ω) +
∫ t

0

||u1|q−2u1(τ)− |u2|q−2u2(τ)|L1(Ω)dτ

≤ |w(0)|L1(Ω) +
∫ t

0

(q − 1)||u1 + θ(u2 − u1)|q−2(τ)|L∞(Ω)|w(τ)|L1(Ω)dτ

≤ |w(0)|L1(Ω) + C

∫ t

0

|w(τ)|L1(Ω)dτ a.e. t ∈ (0, T ) ,

which together with Gronwall’s inequality concludes the uniqueness. �

Thus it suffices to prove Theorems 3.5 and 3.6.



370 M. Ôtani

Proof of Theorem 3.5. In order to derive the uniqueness of the solution, we are
going to work in the space H−1(Ω) as in [3], where the case where Ω = RN is
considered. Here we are concerned with general domains with Dirichlet boundary
condition, so we need some modifications. It should be noted that the method to
be introduced here works also for the other type of boundary conditions such as
Neumann boundary condition.

For each ε ∈ (0, 1), consider the following problem.

(L)ε

{
εwε −Δwε = w x ∈ Ω ,

wε = 0 x ∈ ∂Ω .

It is easy to see that for any w ∈ H−1(Ω), (L)ε has a unique solution wε ∈ H1
0 (Ω).

Put Bε : w �→ wε = Bεw, then Bε gives a homeomorphism from H−1(Ω)
onto H1

0 (Ω). Hence H1
0

< Bεu, v >H−1 can give the inner product of H−1(Ω) for
any ε > 0.

Let ui(i = 1, 2) be two solutions of (E)f , then w = u1 − u2 satisfies

wt = Δh, h =
(
ϕ(u1)− ϕ(u2)

)
, ϕ(u) =

1
�− 1

|u|�−2u .

Here, since w ∈ W 1,2([0, T ];H−1(Ω)), we note that gε(t) =< Bεw(t), w(t) >

is well defined and that < wt, Bεw(t) >= 1
2

dgε(t)
dt . Then, multiplying the equation

above by Bεw(t), with the aid of integration by parts, we obtain
d

dt
gε(t) = 2

〈
Δh(t), Bεw(t)

〉
= 2
〈
h(t),ΔBεw(t)

〉
= 2
〈
h(t), εBεw(t)− w(t)

〉
≤ 2

〈
h(t), εBεh(t)

〉
a.e. t ∈ [0, T ] ,

where we used the fact that h(t) ∈ H1
0 (Ω). Hence, we get

gε(t) ≤ 2
∫ t

0

(
h(s), εBεw(s)

)
ds = Iε(t) . (3.31)

Then in order to prove the uniqueness, it suffices to show that limε→0 Iε(t) = 0.
Indeed, (3.31) implies that gε(t) → 0 as ε → 0, so plugging the relation εBεw −
ΔBεw = w into gε, we have

gε(t) =
(
Bεw(t), εBεw(t)−ΔBεw(t)

)
= ε|Bεw(t)|2L2 + |∇(Bεw)|2L2 ,

whence follows εBεw(t) → 0 and ∇(Bεw(t)) → 0 strongly in L2(Ω) as ε → 0.
Therefore εBεw−ΔBεw = w → 0 inD′(Ω), which yields w(t) = 0 for a.e. t ∈ [0, T ].

In order to prove limε→0 Iε(t) = 0, we need the following lemma.

Lemma 3.7. Assume that w ∈ L2(QT ) ∩ Ls(QT ) (1 < s < ∞), then

εBεw = εwε → 0 weakly in L2(QT ) and Ls(QT ) . (3.32)

Indeed, the fact limε→0 Iε(t) = 0 follows directly from Lemma 3.7 with s = �

and the fact that h ∈ L




−1 (QT ). �

Thus we can complete the proof of Theorem 3.3 by verifying Lemma 3.7.
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Proof of Lemma 3.7
We first prepare the following estimates.

Lemma 3.8. Assume that w ∈ L2(Ω), then wε = Bεw satisfies

|εwε|Lr(Ω) ≤ |w|Lr(Ω) ∀w ∈ Lr(Ω) ∩ L2(Ω) ∀r ∈ [1,∞] . (3.33)

Proof. Case 1 : r ≥ 2. Since [wε]n = gn(wε) ∈ L∞(Ω) ∩ L2(Ω) (see (2.6)), we can
multiply (L)ε by |[wε]n|r−2[wε]n to get

ε|[wε]n|rLr + (r − 1)
∫
|[wε]n|r−2|∇wε|2g′n(wε)dx ≤ |w|Lr |[wε]n|r−1

Lr ,

whence follows ε|[wε]n|Lr ≤ |w|Lr . Since |[wε]n(x)| ↑ |w(x)| for a.e. x ∈ Ω, letting
n → ∞, we obtain (3.33) for 2 ≤ r < ∞. As for the case where r = ∞, noting

|w|Lr ≤ |w|
r−2

r

L∞ |w|
2
r

L2 and letting r → ∞ in (3.33), by Lemma 2.1, we get (3.33)
with r = ∞.
Case 2 : 1 ≤ r < 2. Multiplying (L)ε by (w2

ε + 1
n )

r−2
2 wε ∈ H1

0 (Ω), we get

ε

∫ (
w2

ε +
1
n

) r−2
2

w2
εdx +

∫ (
w2

ε +
1
n

) r−2
2

|∇wε|2dx

+ (r − 2)
∫ (

w2
ε +

1
n

) r−4
2

w2
ε |∇wε|2dx

≤
∫ (

w2
ε +

1
n

) r−2
2

wεw dx .

Hence

ε

∫ (
w2

ε +
1
n

) r−2
2

w2
εdx ≤

∫ (
w2

ε +
1
n

) r−2
2

wεw dx

≤ |w|Lr

⎛⎝∫ (|wε|
(

w2
ε +

1
n

) r−2
2
) r

r−1

dx

⎞⎠
r−1

r

≤ |w|Lr

⎛⎜⎝∫
⎛⎝|wε|

2(r−1)
r

(
w2

ε +
1
n

) (r−1)(r−2)
2r

⎞⎠ r
r−1

dx

⎞⎟⎠
r−1

r

≤ |w|Lr

(∫ (
w2

ε +
1
n

) r−2
2

w2
ε dx

) r−1
r

.

Then

ε

(∫ (
w2

ε +
1
n

) r−2
2

w2
ε dx

) 1
r

≤ |w|Lr .

Thus, since (w2
ε + 1

n )
r−2
2 w2

ε ↑ |wε|r as n ↑ ∞, we get (3.33) for r ∈ [1, 2). �
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Proof of Lemma 3.7(continued):

Since w ∈ L2(QT ), we have

|w|2L2(QT ) = |εwε −Δwε|2L2(QT )

= |εwε|2L2(QT ) + |Δwε|2L2(QT ) + 2ε|∇wε|2L2(QT ) ,
(3.34)

whence follows

|ε∇wε|L2(QT ) ≤
√

ε

2
|w|L2(QT ) . (3.35)

Here we recall the following embedding (see [1] or [5]):

|u|2L∞(Ω) ≤ 2|u|L2(Ω)|∇u|L2(Ω) for N = 1 , (3.36)

|u|4L4(Ω) ≤ 2|u|2L2(Ω)|∇u|2L2(Ω) for N = 2 , (3.37)

|u|L2∗ (Ω) ≤ C |∇u|L2(Ω) 2∗ =
2N

N − 2
for N ≥ 3 . (3.38)

Hence, by (3.33) and (3.35), there exists some r ∈ (2,∞] such that εwε → 0
strongly in L2(0, T ;Lr(Ω)). On the other hand, the fact that w ∈ L2(QT )∩Ls(QT )
together with Lemma 3.8 assures that εwε is bounded in L2(QT )∩Ls(QT ). There-
fore there exists a subsequence {wεk

} of {wε} such that εkwεk
→ χ weakly in

L2(QT ) ∩ Ls(QT ) as k → ∞, and hence χ = 0. Since this argument does not
depend on the choice of subsequences, (3.32) is verified. �

Proof of Theorem 3.6

We first introduce the following approximate equations for (E)fi
(i = 1, 2).

(E)i,n

⎧⎪⎨⎪⎩ (ui)t = Δ

((
1
n + ϕn(ui)

)
ui

)
+ fi,n(x, t) (x, t) ∈ Qn,T = Ωn× (0,∞) ,

ui|∂Ωn
= 0 t ∈ (0,∞) , ui(x, 0) = un

i,0(x) x ∈ Ωn ,

where ϕn(u) = 1
�−1

(
u2 + 1

n

) 
−2
2 and un

i,0, fi,n are sufficiently smooth such that
ûn

i,0 → ui,0 strongly in L1(Ω) ∩ L�∗(Ω) and f̂i,n → f strongly in L1(0, T ;L1(Ω) ∩
L�∗(Ω)) as n →∞. (Here ûn

i,0 and f̂i,n denote the zero extensions of un
i,0 and fi,n

into Ω and QT .)
Then the standard theory for quasilinear parabolic equations assures the

existence of unique classical solutions (ui)n (i = 1, 2) of (E)i,n dented by ui (see,
e.g., [6]). Now repeating the same arguments as in the proof of Theorem 3.2, we
easily find that there exists a constant C0 depending on |ui,0|L1(Ω)∩L
∗ (Ω) and
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|fi|L1(0,T ;L1(Ω)∩L
∗ (Ω)) but not on n such that

|ui|L∞(0,T ;Lr(Ωn)) ≤ C0 ∀r ∈ [1, �∗] , (3.39)

|∇ (ϕn(ui)ui) |L2(0,T ;L2(Ωn)) ≤ C0 , (3.40)

|Δ(ϕn(ui)ui) |L2(0,T ;H−1(Ωn)) ≤ C0 , (3.41)

| 1
n

Δui|L2(0,T ;H−1(Ωn)) ≤ C0
1√
n

, (3.42)

|(ui)t|L2(0,T ;H−1(Ωn)) ≤ C0 . (3.43)

Then again by Lemma 3.4, we can extract a subsequence {(ui)nk
} denoted by {uk

i }
such that

∀n, ∃k0(n) s.t. ûk
i = uk

i in Qn,T ∀k ≥ k0(n) , (3.44)

ûk
i → ui weakly star in L∞(0, T ;Lr(Ω)

)
∀r ∈ (1, �∗] , (3.45)

ûk
i → ui strongly in Lp

(
0, T ;Lp(Ωn)

)
∀p ∈ [1, �∗] ∀n ∈ N , (3.46)

ûk
i → ui a.e. in Qn,T , (3.47)

ϕnk

(
uk

i

)
uk

i =
((

ûk
i

)2 +
1
nk

) 
−2
2

ûk
i → |ui|�−2ui weakly in L




−1 (QT ) , (3.48)

∇
(((

ûk
i

)2 +
1
nk

) 
−2
2

ûk
i

)
→ ∇

(
|ui|�−2ui

)
weakly in L2

(
0, T ;L2(Ω)

)
,

(3.49)

where ûk
i denotes the zero extension of uk

i into QT . Then as in the proof of The-
orem 3.2, we find that ui gives a solution of (E)fi

with ui(0) = ui,0 satisfying
ui ∈ L1(QT ) ∩ L�∗(QT ) ∩ W 1,2(0, T ;H−1(Ω)) and |ui|(�−2)/2|∇ui| ∈ L2(QT ).
Hence, by Theorem 3.5, ui constructed above turn out to be the solutions given
in Theorem 3.6.
Let ui = (ui)n be solutions of (E)i,n with (ui)n(0) = un

i,0, then w = (u1)n − (u2)n

satisfies

wt = Δ
(
hn(u1)− hn(u2)

)
+ f1,n − f2,n , hn(u) =

(
1
n

+ ϕn(u)
)

u . (3.50)
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Put γε(u) = gε(u)/ε (see (2.6)), i.e. , γε(u) = u/ε, for |u| ≤ ε and γε(u) = 1(−1),
for u > ε(u < −ε). Multiplying (3.50) by γε(w(t)), we get

d

dt

∫
Ωn

Gε(w)dx + I1(t) + I2(t) ≤
∫

Ωn

|f1,n(t)− f2,n(t)|dx ,

I1(t) =
∫

Ωn

((
1
n

+ ϕn(u1)
)
∇u1 −

(
1
n

+ ϕn(u2)
)
∇u2

)
∇w γ′

ε(w)dx ,

I2(t) =
∫

Ωn

(
ϕ′

n(u1)u1∇u1 − ϕ′
n(u2)u2∇u2

)
∇w γ′

ε(w)dx ,

(3.51)

where Gε(u) =
∫ u

0
γε(v)dv. Here

I1(t) =
1
n

∫
Ωn

|∇w|2γ′
ε(w)dx + J1(t) + R1(t) ,

J1(t) =
∫

Ωn

ϕn(u1)|∇w|2γ′
ε(w)dx , (3.52)

R1(t) =
∫

Ωn

(
ϕn(u1)− ϕn(u2)

)
∇u2∇w γ′

ε(w)dx ,

I2(t) = J2(t) + R2(t) ,

J2(t) =
∫

Ωn

ϕ′
n(u1)u1|∇w|2γ′

ε(w)dx , (3.53)

R2(t) =
∫

Ωn

(
ϕ′

n(u1)u1 − ϕ′
n(u2)u2

)
∇u2∇w γ′

ε(w)dx .

Let Zn
t (ε) = {x ∈ Ωn × [0, t]; 0 < |w(x)| < ε}, then |Zn

t (ε)| → 0 as ε → 0, since
w ∈ L2(Ωn). Hence, by letting ε → 0, we find∫ t

0

|R1(τ)|dτ ≤
∫

Zn
τ (ε)

∣∣ϕ′
n

(
u1 + θ(u2 − u1)

)∣∣|∇u2||∇w|dxdτ → 0 ,∫ t

0

|R2(τ)|dτ ≤
∫

Zn
τ (ε)

∣∣(ϕ′
n(u)u

)′(
u1 + θ(u2 − u1)

)∣∣|∇u2||∇w|dxdτ → 0 .

(3.54)

Since ϕ′
n(u)u ≤ ϕn(u) and Gε(u) → |u| as ε → 0, by integrating (3.51) over [0,t]

and letting ε → 0, we obtain

|û1(t)− û2(t)|L1(Ω) ≤ |ûn
0,1 − ûn

0,2|L1(Ω) +
∫ t

0

|f̂1,n(τ)− f̂2,n(τ)|L1(Ω)dτ . (3.55)

By virtue of the fact (3.47) and Fatou’s Lemma, letting n → ∞ in (3.55), we
deduce (3.30). �

Remark 3.9.

(1) Theorem 3.5 and the proof of Theorem 3.6 also assuere that for any u0 ∈
L1(Ω) ∩ L�∗(Ω) and f ∈ L1(0, T ;L1(Ω) ∩ L�∗(Ω)), (E)f admits a unique
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solution u satisfying u ∈ L∞(0, T ;L1(Ω)∩L�∗(Ω))∩W 1,2(0, T ;H−1(Ω)) and
|u|(�−2)/2|∇u| ∈ L2(QT ).

(2) With more carefull applications of L∞-Energy Method, we can extend The-
orems 3.1, 3.2 and 3.3 to more general equations.

(3) In Theorems 3.2 and 3.3, as for the regularity of Ω, we only assume that
there exists a sequence of monotone increasing bounded domains Ωn with
smooth boundaries ∂Ωn such that Ωn → Ω as n → ∞. This approximation
procedure is needed not only for unbounded domains but also for bounded
domains with non-smooth boundaries.
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[15] M. Ôtani and Y. Sugiyama, A method of energy estimates in L∞ and its application
to porous medium equations, J. Math. Soc. Japan, 53, No.4 (2001), 745–789.



376 M. Ôtani
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On the Singular Set of Certain Potential
Operators in Hilbert Spaces

Biagio Ricceri

To Professors Arrigo Cellina and James A. Yorke

1. Introduction and statement of the main results

Here and in the sequel, (X, 〈·, ·〉) is a real Hilbert space and J : X → R is a C1

functional. For each λ > 0, set

Φλ(x) = x + λJ ′(x)

for all x ∈ X. For brevity, we will also write Φ instead of Φ1 when λ = 1.
As usual, for a generic operator T : X → X, we say that T is a local homeo-

morphism at a point x0 ∈ X if there are a neighbourhood U of x0 and a neigh-
bourhood V of T (x0) such that the restriction of T to U is a homeomorphism
between U and V . If T is not a local homeomorphism at x0, we say that x0 is a
singular point of T .

The set of all singular points of T is called the singular set of T and we denote
it by ST . Clearly, the set ST is closed.

When the restriction of T to some open set A ⊆ X is of class C1, we also
denote by ŜT|A the set of all x0 ∈ A such that the operator T ′(x0) is not surjective.
Since the set of all surjective operators is open in L(X,X), by the continuity of
T ′, the set ŜT|A is closed too.

When T is C1 in X, T is said to be a Fredholm operator if T ′(x) is a Fredholm
linear operator for each x ∈ X. The function x → index(T ′(x)) is then constant
and its value is called the index of T .

In this paper, we are interested in the size of SΦ, of ŜΦ and of ŜΦλ
for

suitable λ.
To introduce our results, we first recall two canonical situations where SΦ = ∅.

They are when J ′ is a contraction and when J is convex. Actually, in both cases,
due to classical results, the operator Φ turns out to be a global homeomorphism



378 B. Ricceri

between X and itself. In particular, note that if J ′ is Lipschitzian, then it cannot
be positively homogeneous of degree different from 1.

Our first result reads as follows:

Theorem 1.1. Let X be infinite-dimensional. Assume that J is sequentially weakly
lower semicontinuous, not quasi-convex, and positively homogeneous of degree
α 
= 2. If α > 2 assume also that J is non-negative. Finally, suppose that Φ
is closed. Then, both the sets SΦ and Φ(SΦ) are not σ-compact.

As usual, a set in X is said to be σ-compact if it is the union of an at most
countable family of compact sets, while a functional on X is said to be quasi-convex
if its sub-level sets are convex.

As far as we know, Theorem 1.1 is the first result providing a general class of
not (necessarily) differentiable potential operators in Hilbert spaces whose singular
set is not σ-compact.

Here is a remarkable consequence of Theorem 1.1.

Theorem 1.2. Let X be infinite-dimensional. Assume that J ′ is compact and that

lim
‖x‖→∞

‖Φ(x)‖ = +∞ . (1)

Assume that J is positively homogeneous of degree α 
= 2 and that it is not quasi-
convex. If α > 2 suppose, in addition, that J is non-negative. Finally, assume that
there exists a closed, σ-compact set B ⊂ X such that the restriction of J to X \B

is of class C2. Then, both the sets ŜΦ|(X\B) and Φ(ŜΦ|(X\B)) are not σ-compact.

Note that there is already a known result with the same conclusion as that
of Theorem 1.2, when B = ∅. We allude to Theorem 4 of [1]. But the profound
difference between the two results is that this latter deals with C1 Fredholm oper-
ators of positive index, while, in Theorem 1.2, Φ is a Fredholm operator of index
0. Just because Φ is so, again if B = ∅, the set Φ(ŜΦ) has also an empty interior,
by the classical Sard-Smale theorem ([7]). To get this information for a Fredholm
operator of positive index p, we should assume in addition that the operator is of
class Cp+1.

Both infinite dimensionality of X and positive homogeneity of J are essential
assumptions in Theorems 1.1 and 1.2. Out of those assumptions, we have the
following result:

Theorem 1.3. Let dim(X) ≥ 3. Assume that J is of class C2 and not quasi-convex,
that J ′ is compact and that

lim inf
‖x‖→∞

J(x)
‖x‖2 ≥ 0 .

Finally, suppose that
lim

‖x‖→+∞
‖Φλ(x)‖ = +∞

for all λ > 0. Then, there exists λ∗ > 0 such that the set ŜΦλ∗ contains at least
one accumulation point.
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2. Proofs

The proof of Theorem 1.1 is based on combining some ideas from [5] with the fol-
lowing general result by R. S. Sadyrkhanov ([6]) which extends to non-differentiable
operators a previous one by R. A. Plastock ([3]):

Theorem 2.1 ([6], Theorem 2.1). If X is infinite-dimensional, if T : X → X is
a closed continuous operator and if ST is σ-compact, then the restriction of T to
X \ ST is a homeomorphism between X \ ST and X \ T (ST ).

As in [5], we will also use two other major tools: a recent, very precise best
approximation result by I. G. Tsar’kov [8] and a mini-max theorem that we have
established in [4].

Theorem 2.2 ([8], Corollary 2). Let A ⊂ X be a sequentially weakly closed and non-
convex set. Then, for each convex set V ⊆ X dense in X, there exists x0 ∈ V \A
such that the set {

x ∈ A : ‖x0 − x‖ = dist(x0, A)
}

has at least two points.

Theorem 2.3 ([4], Theorem 1). Let I be a real interval, and f : X × I → R a
function satisfying the following conditions:
(a1) for every x ∈ X, the function f(x, ·) is quasi-concave and continuous;
(a2) for every λ ∈ I, the function f(·, λ) is sequentially weakly lower semicontin-

uous and each of its local minima is a global minimum;
(a3) there exist ρ > supλ∈I infx∈X f(x, λ) and λ0 ∈ I such that the set{

x ∈ X : f(x, λ0) ≤ ρ
}

is bounded. Then

sup
λ∈I

inf
x∈X

f(x, λ) = inf
x∈X

sup
λ∈I

f(x, λ) .

The successful link between [5] and [6] is essentially provided by the following
proposition:

Proposition 2.4. If X is infinite-dimensional and if U ⊂ X is a σ-compact set,
then there exists a convex cone C ⊂ X, dense in X, such U ∩ C = ∅.
Proof. We distinguish two cases. First, assume that X is separable. Fix a countable
base {An} of open sets. We claim that there exists a sequence {xn} in X such that,
for each n ∈ N,

xn ∈ An

and
U ∩ C(x1,...,xn) = ∅

where

C(x1,...,xn) =

{
n∑

i=1

λixi : λi ≥ 0,

n∑
i=1

λi > 0

}
.
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We proceed by induction on n. Clearly, the set ∪λ>0λU is σ-compact and so,
since X is infinite-dimensional, it does not contain A1. Thus, if we take x1 ∈
A1 \∪λ>0λU , we have U ∩C(x1) = ∅. Now, assume that x1, ..., xn, with the desired
properties, have been constructed. Consider the set ∪μ>0μ(U − C(x1,...,xn)). One
readily sees that it is σ-compact, and so it does not contain An+1. Choose xn+1 ∈
An+1 \ ∪μ>0μ(U − C(x1,...,xn)). Then, one has

U ∩ C(x1,...,xn+1) = ∅ .

Indeed, if there was x̂ ∈ U ∩ C(x1,...,xn+1), we would have x̂ =
∑n+1

i=1 λixi, with
λi ≥ 0 and

∑n+1
i=1 λi > 0. In particular, λn+1 > 0, since U ∩ C(x1,...,xn) = ∅.

Consequently, we would have

xn+1 =
1

λn+1

(
x̂−

n∑
i=1

λixi

)
and so xn+1 ∈ ∪μ>0μ(U − C(x1,...,xn)), against our choice. Thus, the claimed
sequence {xn} does exist. Now, put

C =
∞⋃

n=1

C(x1,...,xn) .

It is clear that C is a convex cone which does not meet U . Moreover, C is dense
in X since it meets each set An. Now, assume that X is not separable. Denote by
V the orthogonal complement of span(U). Since this latter subspace is separable,
V is not separable. Let {eγ}γ∈Γ be an orthonormal basis of V . Introduce in Γ a
total order ≤ with no greatest element and set

D =
{
x ∈ V : ∃β ∈ Γ : 〈x, eβ〉 > 0 and 〈x, eγ〉 = 0 ∀γ > β

}
.

Clearly, D is a convex cone. Let x ∈ span({eγ : γ ∈ Γ}). So, x =
∑

γ∈I〈x, eγ〉eγ

for some finite I ⊂ Γ. Let β ∈ Γ be such that β > γ for all γ ∈ I. Then, for each
n ∈ N, the point yn = x + 1

neβ belongs to D, and the sequence {yn} tends to x.
This clearly implies that D is dense in V . Finally, set

C = span(U) + D .

So, C is a convex cone, dense in X, which does not meet U . �

We now are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Arguing by contradiction, assume that SΦ is σ-compact.
Then, since Φ is continuous, the set Φ(SΦ) is σ-compact too, and, by Theorem 2.1,
for each y ∈ X \ Φ(SΦ), the equation

Φ(x) = y

has a unique solution. By Proposition 2.4, there is a convex cone C ⊂ X, dense in
X, such that

C ∩ Φ(SΦ) = ∅ . (2)
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By assumption, there is r > infX J such that J−1(]−∞, r]) is sequentially weakly
closed and not convex. Consequently, by Theorem 2.2, there exist y0 ∈ C and two
distinct points y1, y2 in J−1(]−∞, r]) in such a way that

‖y0 − y1‖ = ‖y0 − y2‖ = dist
(
y0, J

−1
(
]−∞, r]

))
. (3)

Now, define the function f : X × [0,+∞[→ R by setting

f(x, λ) =
1
2
‖x− y0‖2 + λ

(
J(x)− r

)
for all (x, λ) ∈ X × [0,+∞[. Let us check that f satisfies the hypotheses of Theo-
rem 2.3. It is clear that (a1) and (a3) (with λ0 = 0) are satisfied. So, fix λ ∈]0,+∞[.
Clearly, the functional f(·, λ) is sequentially weakly lower semicontinuous. Fix
ε > 0 so that 1

2 − ελ > 0. We claim that there is δ > 0 such that

inf
‖x‖>δ

J(x)
‖x‖2 ≥ −ε . (4)

This is clear when α > 2 since, by assumption, J is non-negative. Suppose α < 2.
Note that α ≥ 1 since J is C1. If (4) was not true, we could find a sequence {xn}
in X, with limn→∞ ‖xn‖ = +∞, such that

J(xn)
‖xn‖2

< −ε

for all n ∈ N. Choosing γ ∈]0, 2− α[ and multiplying by ‖xn‖γ , we would have

J
(
‖xn‖

γ−2
α xn

)
= ‖xn‖γ−2J(xn) < −ε‖xn‖γ .

This would contradict the continuity of J , since the sequence {‖xn‖
γ−2

α xn} con-
verges to 0. Hence, (4) holds and from it we get

f(x, λ) ≥
(

1
2
− ελ

)
‖x‖2 − ‖y0‖‖x‖+

1
2
‖y0‖2 − λr

for all x ∈ X, with ‖x‖ > δ. Consequently

lim
‖x‖→+∞

f(x, λ) = +∞ .

From this, we infer that f(·, λ) has has a global minimum. On the other hand, the
critical points of f(·, λ) are exactly the solutions of the equation

x + λJ ′(x) = y0 . (5)

If u is one of such solutions, since J ′ is positively homogeneous of degre α− 1 and
α 
= 2, the point λ

1
α−2 u is a solution of the equation

Φ(x) = λ
1

α−2 y0 . (6)

But, since C is a cone, we have λ
1

α−2 y0 ∈ C and so, by (2), λ
1

α−2 y0 
∈ Φ(SΦ).
As we remarked at the beginning of the proof, this implies that the equation (6)
has a unique solution, and hence also (5) has a unique solution. Therefore, this
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argument shows that f(·, λ) has a unique global minimum and no other local
minimum. Hence, condition (a2) is satisfied. Therefore, Theorem 2.3 ensures that

sup
λ≥0

inf
x∈X

f(x, λ) = inf
x∈X

sup
λ≥0

f(x, λ) . (7)

Clearly, one has

inf
x∈X

sup
λ≥0

f(x, λ) =
1
2

inf
x∈J−1(]−∞,r])

‖x− y0‖2 . (8)

Now, observe that the function infx∈X f(x, ·) is upper semicontinuous in [0,+∞[
and that limλ→+∞ infx∈X f(x, λ) = −∞, since r > infX J . Hence, there is λ∗ ≥ 0
such that

inf
x∈X

f(x, λ∗) = sup
λ≥0

inf
x∈X

f(x, λ) . (9)

Furthermore, observe that if y ∈ J−1(]−∞, r]) is such that

‖y0 − y‖ = dist
(
y0, J

−1
(
]−∞, r]

))
then

J(y) = r .

Indeed, if J(y) < r, since J is continuous and J(y0) > r, there would exist a point
z in the line segment joining y0 and y such that J(z) = r. So, we would have

‖y0 − z‖ < dist
(
y0, J

−1
(
]−∞, r]

))
,

an absurd. Hence, recalling (3), (7), (8) and (9), we have

inf
x∈X

(
1
2
‖x− y0‖2 + λ∗J(x)

)
= inf

x∈J−1(]−∞,r])

1
2
‖x− y0‖2 + λ∗r

=
1
2
‖y1 − y0‖2 + λ∗J(y1) =

1
2
‖y2 − y0‖2 + λ∗J(y2) .

This contradicts the fact (seen above) that the functional x → 1
2‖x − y0‖2 +

λ∗J(x) has a unique global minimum. Therefore, the set SΦ is not σ-compact.
To complete the proof, observe that, by Theorem 1.1 of [6], the operator Φ is
proper, that is Φ−1(K) is compact for each compact set K ⊂ X. Consequently, if
Φ(SΦ) was σ-compact, Φ−1(Φ(SΦ)) would be so, and hence, since SΦ is closed and
SΦ ⊆ Φ−1(Φ(SΦ)), SΦ would be σ-compact too, which is impossible. The proof is
complete. �

Proof of Theorem 1.2. The fact that J ′ is compact implies that J is sequentially
weakly continuous and, jointly with (1), that Φ is closed. Therefore, J satisfies
the hypotheses of Theorem 1.1. Consequently, the set SΦ is not σ-compact. The
compactness of J ′ again implies that, for each x ∈ X \ B, the linear operator
J ′′(x) is compact. Consequently, y → y + J ′′(x)(y) is a Fredholm operator of
index 0, and so it is invertible if and only if it is surjective. Now, observe that
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if x ∈ X \ (ŜΦ|(X\B) ∪B), then, by the inverse function theorem, Φ is a local
homeomorphism at x, and so x 
∈ SΦ. Hence, we have

SΦ ⊆ ŜΦ|(X\B) ∪B .

We then infer that ŜΦ|(X\B) is not σ-compact since, otherwise, ŜΦ|(X\B) ∪B would
be so, and hence also SΦ would be σ-compact being closed. Finally, the fact that
Φ(ŜΦ|(X\B)) is not σ-compact follows as in the final part of the proof of Theo-
rem 1.1, taking into account that ŜΦ|(X\B) is closed. �

The proof of Theorem 1.3 comes directly out from a joint application of the
two following results:

Theorem 2.5 ( [5], Theorem 2). Let J satisfy the assumptions of Theorem 1.3.
Then, there exist λ∗ > 0 and y∗ ∈ X such that the equation

Φλ∗(x) = y∗

has at least three solutions.

See also [2] for an extension of Theorem 2.5.

Theorem 2.6 ([3], Theorem 5). If dim(X) ≥ 3, if T : X → X is a C1 proper
Fredholm operator of index 0, and if ŜT is discrete, then T is a homeomorphism.

Proof of Theorem 1.3. By Theorem 2.5, there exists λ∗ > 0 such that the operator
Φλ∗ is not a homeomorphism. Since Φλ∗ is a compact perturbation of the identity
and lim‖u‖→∞ ‖Φλ∗(u)‖ = +∞, it is a proper Fredholm operator of index 0, and
so, by Theorem 2.6, the set ŜΦλ∗ contains an accumulation point, as claimed. �

3. Remarks and applications

First, note the following consequence of Theorem 2.6:

Theorem 3.1. Let dim(X) ≥ 3 and let T : X → X be a C1 proper Fredholm
operator of index 0 which is not a homeomorphism. Also, assume that the set T (ŜT )
is discrete. Then, there exists y∗ ∈ T (ŜT ) such that the set T−1(y∗) contains an
accumulation point.

Proof. By Theorem 2.6, the set ŜT contains an accumulation point, say x∗. Choose
y∗ = T (x∗). Since T (ŜT ) is discrete, there is a neighbourhood V of y∗ such that
V ∩ T (ŜT ) = {y∗}. By continuity, T−1(V ) is a neighbourhood of x∗ and so, for
every neighbourhood U of x∗, there exists x̂ ∈ T−1(V ) ∩ U ∩ ŜT with x̂ 
= x∗.
Thus, we necessarily have T (x̂) = T (x∗) and so x∗ is an accumulation point of
T−1(y∗). �

Remark 3.2. On the basis of Theorem 3.1, it would be interesting to know classes
of functionals J satisfying the assumptions of Theorem 1.3 and such that, for each
λ > 0, the set Φλ(ŜΦλ

) is discrete.
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It is also worth noticing the following consequence of Theorem 1.3:

Theorem 3.3. Let dim(X) ≥ 3. Assume that J is of class C2 and not quasi-convex,
that J ′ is compact and that

lim
‖x‖→∞

‖Φ(x)‖ = +∞ .

Assume also that J is positively homogeneous of degree α 
= 2. If α > 2 sup-
pose, in addition, that J is non-negative. Then, the set ŜΦ contains at least one
accumulation point.

Proof. In the proof of Theorem 1.1, we have already observed that from the present
assumptions we get

lim inf
‖x‖→+∞

J(x)
‖x‖2 ≥ 0 .

Clearly, for each λ > 0, x ∈ X, we have

λ
1

α−2 Φλ(x) = Φ
(
λ

1
α−2 x

)
, (10)

and so

Φ′
λ(x) = Φ′

(
λ

1
α−2 x

)
. (11)

From (10), we infer
lim

‖x‖→+∞
‖Φλ(x)‖ = +∞

for all λ > 0. Therefore, all the assumptions of Theorem 1.3 are satisfied. Conse-
quently, for some λ∗ > 0, the set ŜΦλ∗ contains an accumulation point. But, due
to (11), we have

ŜΦ = λ∗ 1
α−2 ŜΦλ∗

and hence the set ŜΦ contains an accumulation point, as claimed. �

Remark 3.4. It is obvious, but meaningful, to note that, when Φλ is a Fredholm
operator of index 0, we have x ∈ ŜΦλ

if and only if − 1
λ is an eigenvalue of the

linear operator J ′′(x).

Remark 3.5. It is interesting to apply the previous remark to Theorem 1.3 jointly
with a classical characterization of C2 convex functions. Namely, assume that J is
C2 and not convex. Then, by the above quoted result ([9], Theorem 2.1.11), there
exist some x, y ∈ X such that 〈J ′′(x)(y), y〉 < 0. Assuming that J ′ is compact,
this, in turn, implies that the operator J ′′(x) has a negative eigenvalue (in general,
depending on x). For not quasi-convex functionals J , Theorem 1.3 is able to ensure
a much stronger conclusion: that is, there exists some negative number μ such that
the set of all x ∈ X for which μ is an eigenvalue of J ′′(x) contains an accumulation
point.
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We now present some applications of Theorems 1.1 and 1.3 to the Dirichlet
problem ⎧⎨⎩ −Δu = f(x, u) in Ω

u = 0 on ∂Ω .
(Pf )

So, in the sequel Ω ⊂ Rn is a bounded domain, with smooth boundary, and H1
0 (Ω)

is the usual Sobolev space, with the scalar product

〈u, v〉 =
∫

Ω

∇u(x)∇v(x)dx

and the norm

‖u‖ =
(∫

Ω

|∇u(x)|2dx

) 1
2

.

Recall that ∫
Ω

|u(x)|2dx ≤ 1
λ1

∫
Ω

|∇u(x)|2dx

for all u ∈ H1
0 (Ω), λ1 being the first eigenvalue of the problem⎧⎨⎩ −Δu = λu in Ω

u = 0 on ∂Ω .

As usual, if f : Ω×R → R is a Carathéodory function, a weak solution of problem
(Pf ) is any u ∈ H1

0 (Ω) such that∫
Ω

∇u(x)∇v(x)dx =
∫

Ω

f
(
x, u(x)

)
v(x)dx

for all v ∈ H1
0 (Ω).

We denote by A the class of all Carathéodory functions f : Ω×R → R such
that

sup
(x,ξ)∈Ω×R

|f(x, ξ)|
1 + |ξ| < +∞ .

For each f ∈ A and u ∈ H1
0 (Ω), we put

If (u) =
∫

Ω

(∫ u(x)

0

f(x, ξ)dξ

)
dx .

So, by classical results, the functional If is (well defined and) continuously
Gâteaux differentiable on H1

0 (Ω), its derivative is compact, and one has

I ′f (u)(v) =
∫

Ω

f
(
x, u(x)

)
v(x)dx

for all u, v ∈ H1
0 (Ω).

The following propositions will be useful in the sequel.
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Proposition 3.6. Let β ∈ L∞(Ω), with ess supΩβ > 0, and let g : R → R be a
continuous not quasi-convex function, with g(0) = 0, such that β(·)g(u(·)) ∈ L1(Ω)
for all u ∈ H1

0 (Ω). Set

I(u) =
∫

Ω

β(x)g
(
u(x)

)
dx

for all u ∈ H1
0 (Ω). Then, the functional I is not quasi-convex.

Proof. Since g is not quasi-convex, there are ξ0, ξ1, ξ
∗ ∈ R, with ξ0 < ξ∗ < ξ1,

such that
max

{
g(ξ0), g(ξ1)

}
< g(ξ∗) .

Since ess supΩβ > 0, there is a compact set C ⊂ Ω such that

r :=
∫

C

β(x) > 0 .

Now, fix γ satisfying

r max
{
g(ξ0), g(ξ1)

}
< γ < rg(ξ∗)

and then choose an open set A ⊂ Ω, with C ⊂ A, in such a way that

‖β‖L∞(Ω) max
|ξ|≤|ξ0|+|ξ1|

|g(ξ)|meas(A\C) < min
{
γ−r max

{
g(ξ0), g(ξ1)

}
, rg(ξ∗)−γ

}
.

(12)
Also, for i = 0, 1, fix a function ui ∈ H1

0 (Ω) such that

ui(x) = ξi

for all x ∈ C,
ui(x) = 0

for all x ∈ Ω \A and
|ui(x)| ≤ |ξi|

for all x ∈ Ω. Since g(0) = 0, in view of (12), we clearly have

I(ui) =
∫

A\C

β(x)g
(
ui(x)

)
dx +

∫
C

β(x)g
(
ui(x)

)
dx

< rg(ξi) + ‖β‖L∞(Ω) max
|ξ|≤|ξ0|+|ξ1|

|g(ξ)|meas(A \ C) < γ .

On the other hand, if λ ∈]0, 1[ is such that λξ0 + (1−λ)ξ1 = ξ∗, by (12) again, we
have

I
(
λu0 + (1− λ)u1

)
=
∫

A\C

β(x)g
(
λu0(x) + (1− λ)u1(x)

)
dx + rg(ξ∗)

> −‖β‖L∞(Ω) max
|ξ|≤|ξ0|+|ξ1|

|g(ξ)|meas(A \ C) + rg(ξ∗) > γ .

This shows that the sublevel set I−1(] − ∞, γ]) is not convex, and the proof is
complete. �
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Proposition 3.7. Let f ∈ A satisfy

lim
|ξ|→+∞

sup
x∈Ω

∣∣∣∣f(x, ξ)
ξ

∣∣∣∣ = 0 .

Then, for each λ ∈ R, one has

lim
‖u‖→+∞

‖u + λI ′f (u)‖ = +∞ .

Proof. First, note that

lim
r→+∞

sup(x,ξ)∈Ω×[−r,r] |f(x, ξ)|
r

= 0 . (13)

Indeed, arguing by contradiction, assume that

lim sup
r→+∞

sup(x,ξ)∈Ω×[−r,r] |f(x, ξ)|
r

> 0 .

Then, there exist γ > 0, a sequence {rk}, with limk→∞ rk = +∞, and a sequence
{(xk, ξk)}, such that

(xk, ξk) ∈ Ω× [−rk, rk]

and
|f(xk, ξk)| > γrk (14)

for all k ∈ N. But, by assumption, there is δ > 0 such that

sup
x∈Ω

∣∣∣∣f(x, ξ)
ξ

∣∣∣∣ < γ

provided |ξ| > δ. Consequently, we have |ξk| ≤ δ for all k ∈ N. Then, since f ∈ A,
we have

sup
k∈N

|f(xk, ξk)| < +∞

which contradicts (14). Since

‖u + λI ′f (u)‖ ≥ ‖u‖
(

1− |λ|
‖I ′f (u)‖
‖u‖

)
,

to prove the thesis it is enough to show that

lim
‖u‖→+∞

‖I ′f (u)‖
‖u‖ = 0 . (15)

Since

‖I ′f (u)‖ = sup
‖v‖=1

∫
Ω

∣∣f(x, u(x)
)∣∣|v(x)|dx ,

we clearly have

‖I ′f (u)‖ ≤ λ
− 1

2
1

(∫
Ω

∣∣f(x, u(x)
)∣∣2dx

) 1
2

(16)
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for all u ∈ H1
0 (Ω). Now, fix ε > 0 and, thanks to (13), choose η > 0 so that

sup
(x,ξ)∈Ω×[−r,r]

|f(x, ξ)| <
(

ε

2(meas(Ω) + 1)

) 1
2

r

for all r > η. Set

Mη = sup∫
Ω |u(x)|2dx≤η2

∫
Ω

∣∣f(x, u(x)
)∣∣2dx .

Clearly, Mη < +∞. Fix u ∈ H1
0 (Ω), with ‖u‖2 >

Mη

ε . We distinguish two cases. If∫
Ω
|u(x)|2dx ≤ η2, we clearly have∫

Ω

∣∣f(x, u(x)
)∣∣2dx ≤ Mη

ε
ε < ε‖u‖2 . (17)

Now, suppose that
∫
Ω
|u(x)|2dx > η2. Set

D =
{

x ∈ Ω : |u(x)|2 ≤
∫

Ω

|u(y)|2dy

}
.

So, we have ∣∣f(x, u(x)
)∣∣2 <

ε

2meas(Ω)

∫
Ω

|u(y)|2dy

for all x ∈ D, as well as ∣∣f(x, u(x)
)∣∣2 <

ε

2
|u(x)|2

for all x ∈ Ω \D. Consequently∫
Ω

∣∣f(x, u(x)
)∣∣2dx =

∫
D

∣∣f(x, u(x)
)
|2dx +

∫
Ω\D

|f(x, u(x))|2dx

<
ε
∫
Ω
|u(x)|2dx

2meas(Ω)
meas(D) +

ε

2

∫
Ω\D

|u(x)|2dx ≤ ε

∫
Ω

|u(x)|2dx .

(18)

Putting (16), (17) and (18) together, we then have∥∥I ′f (u)
∥∥2 ≤ max

{
λ−1

1 , λ−2
1

}
ε‖u‖2 .

So, (15) holds, and the proof is complete. �

As an application of Theorem 1.1, we now prove the following

Theorem 3.8. Let β ∈ L∞(Ω), with ess supΩβ > 0, and let q ∈]0, 1[. For each
ϕ ∈ H1

0 (Ω), denote by Λϕ the set of all weak solutions of the problem{
−Δu = β(x)|u + ϕ(x)|q−1

(
u + ϕ(x)

)
in Ω

u = 0 on ∂Ω .

Then, there exist two closed, not σ-compact sets A,B ⊂ H1
0 (Ω) with the

following properties:
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(i) for each ϕ ∈ B there exist w ∈ A and three sequences {uk}, {vk} and {ϕk}
in H1

0 (Ω) such that

lim
k→∞

uk = lim
k→∞

vk = w − ϕ , lim
k→∞

ϕk = ϕ

and, for each k ∈ N,

uk 
= vk and uk, vk ∈ Λϕk
;

(ii) for each ϕ ∈ H1
0 (Ω) \ B, the set Λϕ is non-empty, finite and disjoint from

A− ϕ.

Proof. Set

f(x, ξ) = β(x)|ξ|q−1ξ

for all (x, ξ) ∈ Ω×R. Clearly, f ∈ A. Let us apply Theorem 1.1, taking X = H1
0 (Ω)

and J = −If . So, the functional J is positively homogeneous of degree q + 1 < 2,
is not quasi-convex (by Proposition 3.6), has compact derivative, and satisfies (1)
(by Proposition 3.7). Thus, Theorem 1.1 applies. Choose

A = SΦ

and
B = Φ(SΦ) .

By Theorem 1.1, the closed sets A,B are not σ-compact. Observe that if u, ϕ ∈ X,
then Φ(u) = ϕ if and only if∫

Ω

∇
(
u(x)− ϕ(x)

)
∇v(x)dx−

∫
Ω

β(x)|u(x)|q−1u(x)v(x)dx = 0

for all v ∈ X. This is equivalent to the fact that u − ϕ ∈ Λϕ. In other words, we
have

Φ−1(ϕ) = ϕ + Λϕ . (19)
Fix ϕ ∈ B and let w ∈ SΦ be such that Φ(w) = ϕ. Let U be any open neigh-
bourhood of w. Since Φ is not a local homeomorphism at w, it follows that Φ|U
is not injective. Indeed, assume that Φ|U is injective. Then, since Φ is a compact
perturbation of the identity, in view of the invariance of domain theorem ([10],
Theorem 16.C), it would follow that, for each open set E ⊂ U , the set Φ(E) would
be open in X. This, in turn, would imply that Φ|U is a homeomorphism between
U and the neighbourhood Φ(U) of ϕ, which is impossible. Consequently, we can
clearly construct two sequences {ûk}, {v̂k} in X, both converging to w, such that
ûk 
= v̂k and Φ(ûk) = Φ(v̂k) for all k ∈ N. Hence, if we choose

ϕk = Φ(ûk), uk = ûk − ϕk , vk = v̂k − ϕk ,

the sequences {ϕk}, {uk} and {vk} satisfy (i), by (19). Now, let ϕ ∈ X \ B.
Clearly, the functional u → 1

2‖u − w‖2 + J(u) is coercive (since q < 1) besides
being sequentially weakly lower semicontinuous. So, it has a global minimum û in
X. Therefore, Φ(û) = ϕ. By the already invoked Theorem 1.1 of [6], the operator
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Φ is proper, and so Φ−1(ϕ) is compact. But, since ϕ 
∈ Φ(SΦ), Φ−1(ϕ) is also
discrete, and so it is finite. Now, (ii) follows directly from (19). �

Here is the final result.

Theorem 3.9. Let β ∈ L∞(Ω), with ess supΩβ > 0, and let ψ : R → R be a C1

function such that ξ →
∫ ξ

0
ψ(t)dt is not quasi-concave and

lim
|ξ|→+∞

ψ(ξ)
ξ

= 0 . (20)

Moreover, if n ≥ 2, assume that

sup
ξ∈R

|ψ′(ξ)|
1 + |ξ|p < +∞

where p > 0 and p ≤ 4
n−2 if n ≥ 3. Then, there exists λ∗ > 0 such that the set of

all u ∈ H1
0 (Ω) for which the problem⎧⎨⎩ −Δv = λ∗β(x)ψ′(u(x)

)
v in Ω

v = 0 on ∂Ω .

has a non-zero weak solution contains an accumulation point.

Proof. Set
f(x, ξ) = β(x)ψ(ξ)

for all (x, ξ) ∈ Ω×R. Clearly, f ∈ A. Let us apply Theorem 1.3, taking X = H1
0 (Ω)

and J = −If . Our assumptions imply that J is of class C2, with〈
J ′′(u)(v), w

〉
= −

∫
Ω

β(x)ψ′(u(x)
)
v(x)w(x)dx

for all u, v, w ∈ X. Thanks to (20), from the proof of Proposition 3.7, we know
that

lim
‖u‖→+∞

I ′f (u)
‖u‖ = 0 . (21)

We claim that

lim
‖u‖→+∞

If (u)
‖u‖2 = 0 .

Arguing by contradiction, assume that there exist γ > 0 and a sequence {uk},
with limk→∞ ‖uk‖ = +∞, such that

If (uk) > γ‖uk‖2

for all k ∈ N. By the mean value theorem, for each k ∈ N, there is tk ∈]0, 1[ so
that If (uk) = 〈I ′f (tkuk), uk〉. So, we clearly have∥∥I ′f (tkuk)

∥∥ > γ‖uk‖ . (22)
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Since I ′f is bounded on each bounded subset of X, we then infer that, up to a
subsequence, limk→∞ ‖tkuk‖ = +∞. Consequently, if k is large enough, in view of
(21), we would have

‖I ′f (tkuu)‖ < γ‖tkuk‖
which contradicts (22). So, in view of Propositions 3.6 and 3.7, all the assump-
tions of Theorem 1.3 are satisfied. The conclusion then follows directly from The-
orem 1.3, taking Remark 3.4 into account. �
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Shape and Conley Index of Attractors
and Isolated Invariant Sets

José M. R. Sanjurjo

Dedicated to A. Cellina and J. Yorke

Abstract. This article is an exposition of several results concerning the the-
ory of continuous dynamical systems, in which Topology plays a key role.
We study homological and homotopical properties of attractors and isolated
invariant compacta as well as properties of their unstable manifolds endowed
with the intrinsic topology. We also provide a dynamical framework to ex-
press properties which are studied in Topology under the name of Hopf du-
ality. Finally we see how the use of the intrinsic topology makes it possible
to calculate the Conley–Zehnder equations of a Morse decomposition of an
isolated invariant compactum, provided we have enough information about
its unstable manifold.

1. Introduction

The aim of this paper is to survey several results in which Topology plays an im-
portant role in the study of the properties of flows, attractors and isolated invariant
sets. The properties studied are mainly of a homological and homotopical nature.
Some of the results are stated in terms of Čech cohomology and also we make use
of the notion of shape, which was introduced by K. Borsuk in 1968 ([8]) as a gen-
eralized homotopy type, which agrees with the usual one when applied to spaces
with good topological properties, but which gives deeper geometric insight in the
case of spaces with more complicated topological structure, like many attractors.
We give here an example of a situation in which shape theory appears in a natural
way: Suppose K is a compactum contained in the interior of a manifold M such
that there exists a neighborhood basis {Um | m = 0, 1, 2, . . . } of K in M with
U0 = M and each inclusion Um+1 → Um a homotopy equivalence, that is, Um can
be deformed into Um+1. This situation appears very often in dynamical systems
and exemplifies a particular instance in which the inclusion i : K → M is a shape
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equivalence (and, hence K and M have the same shape). There are more general
situations and there is even a general notion of shape of a space (see Kapitanski
and Rodnianski [21] or Robbin and Salamon [26] for an exposition suitable for
nonspecialists with application to dynamical systems). The reader of this article
should think of shape as a notion similar to homotopy type, but a little more
general. In many cases the two notions agree: for instance two manifolds have the
same shape if and only if they have the same homotopy type. In general, two spaces
which have the same homotopy type have also the same shape but the converse
statement is not always true. Another topological notion we shall use is the one of
Absolute Neighborhood Retract (ANR), also introduced by Borsuk. Manifolds are
the most important examples of this notion but Absolute Neighborhood Retracts
are spaces more general than manifolds (they can be infinite dimensional) although
they share many of their good properties. Some good references are Borsuk [7] and
Hu [20].

Another aim of this paper is to provide a dynamical framework to express
duality properties of flows that correspond to those that are studied in Topology
under the name of Hopf duality. This kind of duality refers to (n−1)-manifolds, W ,
embedded in the n-sphere Sn and establishes homological relations between the
two n-manifolds with boundary in which Sn is decomposed by W (see Steenrod and
Epstein [35]). We consider here the situation of flows defined in a locally compact
metric space X possessing an attractor, M , which is an n-manifold satisfying
some specific conditions. The attractor is endowed with a Morse decomposition
{M0,M1,M2} where M0 is an (n− 1)-submanifold of M decomposing M into two
manifolds with common boundary M0. We discuss in the paper some Hopf duality
properties of the homology and cohomology Conley indices of the Morse sets. We
also study the more general situation in which M is required only to be an isolated
invariant set (not necessarily an attractor) and we get some homological properties
of the Morse sets. The most general result in this direction, stated in Corollary 3.8,
is presented in terms of the unstable manifold with its intrinsic topology, as defined
by Robbin and Salamon, and formulated in the language of Čech homology.

We also survey in this paper some results on the Morse theory of flows.
Kapitanski and Rodnianski developed in [21] an approach to the Morse theory of
attractors based on shape theory and we studied in [32] the more general case of
isolated invariant compacta. This approach presents several advantages over the
classical one. First of all, it shows how to calculate, in many cases, the Conley–
Zehnder equations for a Morse decomposition of an isolated invariant compactum
without making use of index pairs. The evaluation of the coefficients is made in
terms of the unstable manifolds of the Morse sets. To be more precise, we use
a truncation of the unstable manifolds, i.e., the part of the flow wich evolves
before reaching a section of the unstable manifold. This greatly simplifies the
whole process of calculation. In addition to the simplicity, this approach allows to
handle more general metric spaces and evolutions. Finally, the use of shape theory
makes unnecessary, in the most important cases, the usual hypotheses of finiteness
of the Betti numbers of the cohomological Conley index, since in this situation
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finiteness is an automatic consequence of shape theory for many of the spaces that
we consider here. We see that there is a filtration of truncated unstable manifolds
associated to the Morse decomposition of an isolated invariant set from which
it is possible to obtain the Conley–Zehnder equations. The unstable manifolds
are endowed here with their intrinsic topology. We study in detail the intrinsic
topology of the unstable manifolds and find necessary and sufficient conditions for
the intrinsic and the extrinsic topologies to agree with each other. These conditions
are expressed in terms of internal properties of the unstable manifolds.

The reader is supposed to be familiar with the most elementary notions of
Dynamical Systems and Topology. Good references are the books [4] and [34].

2. The shape of isolated invariant compacta

In 1979 H. M. Hastings developed in [18] and [19] an analogue of the Poincaré–
Bendixson theorem in Euclidean n-space, and gave several examples. According
to him, the usual proof breaks down in higher dimensions because the main tool,
the Jordan curve theorem, cannot be extended. He circumvented this problem by
studying the motion of the whole manifold M through time (and not just the
orbits of separate points), and replacing a geometric description of the invariant
set K by a description of its shape (given by means of a neighborhood base in Rn)

Theorem 2.1. Let M be a compact n-dimensional submanifold of Rn with boundary.
Let ϕ : Rn× [0,∞) → Rn be a semi-dynamical system such that the orbits through
the boundary of M enter M for increasing t. Then there is an asymptotically stable
attractor K contained in the interior of M such that the inclusion i : K → M is
a shape equivalence.

As a consequence of this result the attractor K and the manifold M have
the same shape, which implies that they share many global topological properties,
in particular they have the same Čech homology and cohomology. The attractor
might be topologically complicated even in the 2-dimensional case, for instance
Hastings gave an example where M is a planar ring and K is the Warsaw cir-
cle. The later is, however, shape equivalent to the standard circle (although not
homotopically equivalent).

Motivated by Hasting’s result several authors used shape theory to study
the properties of attractors. The following result has been established by various
authors at different levels of generality.

Theorem 2.2. Let ϕ : M × R → M be a flow defined on a manifold, M , or,
more generally, on a locally compact ANR. Suppose K is an asymptotically stable
attractor of M, then K has polyhedral shape (i.e., K has the shape of a compact
polyhedron).

As a consequence of Theorem 2.2 and Borsuk’s theorem on the shape classi-
fication of plane continua ([9], see also [12] and [22]) according which two of them
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have the same shape if and only if they decompose the plane in the same number
of connected components, we have the following result.

Corollary 2.3. If a compact connected subset K of R2 is an attractor of a flow
ϕ : R2 ×R → R2 then K has the shape of a point or of a finite bouquet of circles.

A consequence of Corollary 2.3 is that 1-dimensional Čech homology and
cohomology groups of planar connected attractors are free and finitely generated.

Theorem 2.2 was first proved by Bogatyi and Gutsu [6] for differentiable
flows and later by Günther and Segal [17] for continuous flows in manifolds and by
J. M. R. Sanjurjo ([30] and [31]) for (nonnecessarily finite-dimensional) ANR′s. As
a consequence of this result attractors of flows in manifolds have finitely generated
Čech homology and cohomology which vanishes in higher dimensions. This means
that Algebraic Topology can be used as an efficient tool for the study of attractors.

Several forms of this result were proved later in a more general context.

Theorem 2.4. Assume that a continuous semi-dynamical system ϕ : M × R →
M , where M is a complete metric space, possesses a compact global attractor K.
Assume that the system has an equilibrium z ∈ K. Then the inclusion i : (K, z) →
(M, z) induces a shape equivalence of pointed spaces.

Theorem 2.4 was proved by Kapitanski and Rodnianski in [21]. A more gen-
eral result was given by Giraldo, Morón, Ruiz del Portal and Sanjurjo in [15] when
M is a topological Hausdorff space. Another result, eliminating the requirement
of existence of an equilibrium of the system in Theorem 2.4, is presented in [16].
The result is the following.

Theorem 2.5. Let M be a metric ANR and assume that ϕ : M × R → M is a
continuous semi-dynamical system which possesses a compact global attractor K.
Then for every z ∈ K the inclusion i : (K, z) → (M, z) induces a strong shape
equivalence of pointed spaces.

Two corollaries can be deduced from Theorem 2.5:

Corollary 2.6. Let M be a metric ANR and assume that ϕ : M × R → M is a
continuous semi-dynamical system which possesses a compact global attractor K.
Then the shape groups and the homotopy pro-groups of M and K are isomorphic.

and

Corollary 2.7. Let M be a metric ANR and assume that ϕ : M × R → M is a
continuous semi-dynamical system which possesses a local attractor K which is
also an ANR. Then K and its basin of attraction A(K) have the same homotopy
type and, as a consequence, their Euler characteristics χ(K) and χ(A(K)) agree.

The existence of global attractors has some implications on the topological
properties of the positively invariant regions of the phase space. In the following
result [16] we present an example.
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Theorem 2.8. Let M be a metric ANR and assume that ϕ : M × R → M is a
continuous semi-dynamical system which possesses a compact global attractor K.
If dim(K) = n then every positively invariant closed set has the shape of a
m − dimensional compactum (m≤ n). As a consequence its Čech homology and
cohomology groups vanish for dimensions higher than n.

In the same paper [16] some results are presented which study the properties
of the connected components of attractors and their relations with the components
of the phase space. We have in particular

Theorem 2.9. Let M be a metric space and let ϕ : M × R → M be a continuous
semi-dynamical system with a compact global attractor K. Then for every connected
component Mα of M there is exactly one component Kα of K contained in Mα

such that Kα is a global attractor of the semiflow restricted to Mα. In particular
if M is connected then K is connected.

Another result studying the same kind of properties when local connectedness
is assumed is the following.

Theorem 2.10. Let M be a metric space and let ϕ : M × R → M be a continuous
semi-dynamical system with a compact global attractor K. Suppose that either M
or K is locally connected. Then M and K have a finite number of components

Attractors and repellers are the main examples of isolated invariant compacta,
which are the class of sets studied in the Conley index theory [10]. A natural ques-
tion, in view of the previous results, is whether all isolated invariant compacta have
polyhedral shape. This is not always true as the following result shows (see [14]):

Theorem 2.11. Any finite-dimensional compactum K can be embedded in Rn, for
suitable n, in such a way that there is a flow in Rn having K as an isolated
invariant set.

This result is proved by embedding K as a subset of the diagonal of some R2n

and defining a translation flow ϕ without fixed points in this space. We then use a
theorem of Beck [3] to modify ϕ to a new flow ϕ′ in such a way that all the orbits
of ϕ not containing a point of K are preserved in ϕ′ while the orbits containing a
point of K are decomposed into two orbits together with that point of K. Then K
is an isolated invariant set for the flow ϕ′. As a consequence of this result we see
that the shape of isolated invariant sets might be quite general. In order to get
some control over their shapes we need to impose an additional condition on the
invariant set, namely that of being non-saddle.

Let ϕ : M × R → M be a flow. A compact set K ⊂ M is said to be a saddle
set if there is a neighborhood U of K in M such that every neighborhood V ⊂ U
of K contains a point x ∈ V with γ+(x) � U and γ−(x) � U (where γ+(x) and
γ−(x) are the positive and negative semitrajectories respectively). We say that K
is non-saddle if it is not a saddle set, i.e., if for every neighborhood U of K there
exists a neighborhood V ⊂ U such that for every x ∈ V, γ+(x) ⊂ U or γ−(x) ⊂ U .
The following result generalizes the previous theorems to a wider context.
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Theorem 2.12. Let K be an isolated non-saddle set of the flow ϕ : M × R → M ,
where M is a locally compact ANR. Then K has the shape of a polyhedron and,
hence, it has finitely generated Čech homology and cohomology.

The following result shows that if we limit ourselves to flows in manifolds then
the topological condition of shape triviality has strong dynamical consequences
when imposed onto non-saddle sets.

Theorem 2.13. Let K be an isolated non-saddle set of the flow ϕ : M × R → M ,
where M is an n-manifold with n > 1. If K has trivial shape then K is an attractor
or a repeller.

The property of robustness of attractors for discrete dynamical systems was
studied by J. Milnor in [25]. The idea is to study the behaviour of the attractor
when the map f which originates the system is perturbed. In [31] we study several
properties of attractors of flows related to robustness. We show that, in certain
circumstances, small perturbations of the flow ϕ produce attractors whose global
topological properties are comparable to those of the attractors of ϕ. This means
that attractors are not only dynamically robust but also topologically so. We have
in particular:

Theorem 2.14. Let ϕλ : M ×R → M be a parametrized family of flows where λ ∈
[0, 1] and M is a manifold. Let K be a stable attractor of the flow ϕ0 : M×R → M .
Then for every neighborhood V of K in M there exists an ε > 0 such that for every
λ ∈ [0, ε] there exists an attractor Kλ ⊂ V of ϕλ with Sh(Kλ) = Sh(K0).

When M is a 2-manifold we obtain the following consequence of Theo-
rem 2.14:

Corollary 2.15. Suppose that in Theorem 2.14 M is a 2-manifold and K ⊂int
D, where D is a topological disk in M. Then we can conclude the existence of
attractors Kλ such that every Kλ has a finite number of components and every
component has the shape of a finite bouquet of circles.

In our following result we show that the global topological properties of min-
imal sets are basically determined by the closure of positive semiorbits in their
region of attraction.

Theorem 2.16. Let K be a compact minimal set of the flow ϕ : M × R → M ,
where M is a manifold. Then for every x belonging to the region of attraction of
K we have that Sh(γ+(x)) = Sh(K).

In [13] some results are presented about the global structure of (positively)
invariant regions of flows with asymptotically stable attractors. We are interested
in understanding to what extent the topological structure of the invariant regions
is conditioned by the existence of the attractors. This structure is rather simple
in several important cases. In particular, when the invariant regions contain an
asymptotically stable global attractor, they have trivial shape provided that the
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ambient space is a Banach space or a contractible manifold. More generally, we
have the following result valid for Absolute Retracts (AR-spaces).

Theorem 2.17. Consider a dynamical system defined on M ∈ AR (in particular
on a Banach space or a contractible manifold). Suppose that the system has an
asymptotically stable global attractor, K. Then

1) Every positively invariant compactum containing the attractor has trivial
shape.

2) If K is unidimensional, then every positively invariant continuum has trivial
shape.

3) If K is n-dimensional (with n ≥ 2) then the cohomotopy set πm(L) (or the
cohomotopy group when it is defined) is trivial for every positively invariant
continuum L and every m ≥ n.

3. Morse decompositions, Conley–Zehnder equations
and Hopf duality

We consider now another situation in which there is an interplay between Shape
Theory and other aspects of the theory of flows, mainly those related to the Morse
decompositions of isolated invariant compacta. We assume as known the elemen-
tary notions of the Conley index theory of isolated invariant sets, in particular
the notions of isolating neighborhood and index pair. Good references are Con-
ley’s monograph [10], the book [27] by Rybakowski and Salamon’s article [28]. Let
ϕ : X ×R → X be a flow defined on a locally compact metric space X. If K is an
isolated invariant set of X, we shall say that an index pair (N,L) for K is proper
if every point x in the exit set L immediately leaves the neighborhood N (i.e., if
x[0, t] 
⊂ N for every t > 0). By a result of McCord [23] proper index pairs always
exist and they can be chosen with the additional property that there is a compact
set L

′ ⊂ N such that (N,L
′
) is a proper index set for K in the reverse flow. In

the sequel we shall limit ourselves to considering almost exclusively proper index
pairs. If we take the quotient N/L then the point corresponding to the equivalence
class of L will be denoted by ∗ (note that N/∅ is obtained from N by adjoining the
isolated point ∗, i.e., N/∅ = N ∪ {∗}). We denote by h(K) the pointed homotopy
class of (N/L, ∗) (i.e., the Conley index of K) and by s(K) the (pointed) shape of
(N/L, ∗), which is known under the name of shape index of K. The shape index
has been defined by Robbin and Salamon in [26]. The cohomology Conley index
is the (Čech) cohomology group H∗(N/L, ∗) = H∗(N,L) and similarly for the
homology Conley index. Both indexes can be determined from the homotopical
index as well as from the shape index.

The notation N− stands for the negative asymptotic set i.e., the set of all
x ∈ N such that x[0,−∞) ⊂ N and similarly for the positive asymptotic set N+.
On the other hand, we also use the following notation: n+ = N+ ∩ L

′
and n− =

N− ∩ L.
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In the following result we provide a characterization of attractors and some
duality properties relating the cohomology indexes of the forward flow and the
reverse flow (see also [24]) for other duality properties.

Theorem 3.1. a) s(K) = Sh(N−/n−, {∗}),
b) K is an attractor if and only if the inclusion i : K ∪ {∗} → N/L is a shape

equivalence,
c) If N− and N+ are (topological) orientable manifolds of dimension d1 and d2

and with boundaries n− and n+ respectively, then the k-dimensional cohomol-
ogy Conley index of K agrees with the (d2 − d1 + k)-dimensional cohomology
index for the reverse flow (i.e., there is a duality between cohomology indices
for the forward flow and the reverse flow).

Robbin and Salamon defined in [26] a topology for the unstable manifold of
the isolated invariant set Wu(K) which they called intrinsic to distinguish it from
the extrinsic topology that Wu(K) inherits from the state space. The intrinsic
topology is difficult to grasp intuitively because it is defined in terms of the limit
of an inverse system whose bonding maps are the elements of a certain semigroup
induced by the flow. More concretely, if (N,L) is a proper index pair for K, they
considered the inverse system ((N/L)s , pst), where (N/L)s = N/L for every s ∈
R+ and if s ≤ t then pst : (N/L)t → (N/L)s is defined by

pst(x) =
{

x(t− s) if x[0, t− s] ⊂ N − L
∗ otherwise .

If we take the inverse limit Z = lim ((N/L)s , pst) and denote by � the point
in Z all of whose coordinates are the base point ∗ ∈ N/L then there is a natural
map h : Z − {�} → Wu(K) defined in the following way:

If x = (xs) ∈ Z − {�} take t ∈ R+ such that xt ∈ N − L. Then h(x) =
xtt. Robbin and Salamon proved that h does not depend on the choice of t and
that h is a continuous bijection. They considered the topology on Wu(K) which
makes h a homeomorphism and they called it the intrinsic topology. They finally
proved that this topology does not depend on the particular index pair (N,L).
As Robbin and Salamon pointed out, a nice feature of the intrinsic topology is
that it provides an alternative procedure to determine the shape index, namely
the shape index of an isolated invariant compactum agrees with the shape of the
Alexandroff compactification of its unstable manifold endowed with the intrinsic
topology. The results that we present below (see [32] for complete proofs) provide
additional justification for the introduction of the intrinsic topology.

In the sequel we denote by W i(K) the unstable manifold of K endowed with
its intrinsic topology. If we restrict the flow to W i(K) we obtain a flow again. The
following theorem presents some useful properties that are formulated in terms
of the unstable manifold with its intrinsic topology. The first of them expresses
the fact that every isolated invariant set K is a global repeller of W i(K). Some
characterizations of the shape index in terms of the unstable manifold are also
presented here.
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Theorem 3.2. 1) K is a global repeller in W i(K).
2) Let S be a compact section of W i(K)−K (for instance S = n−) and denote

by W# the truncated unstable manifold (with boundary S) consisting of all
points x ∈ W i(K) such that x ∈ K or there is t ≥ 0 with xt ∈ S. Then
s(K) = Sh(W#/∂W#, ∗), where we use the notation ∂W# to denote the
section S and ∗ is the base point [∂W#].

3) If the shape of K is trivial then s(K) = Sh(
∑

(∂W#), ∗), where
∑

(∂W#)
denotes the suspension of ∂W# and ∗ one of its vertices.

Remark 3.3. The use of the intrinsic topology is essential in Theorem 3.2; an
isolated invariant set is not, in general, a global repeller for the flow in its unstable
manifold endowed with the extrinsic topology.

A nice characterization of the cohomology Conley index in terms of the un-
stable manifold W i(K) and a section of the flow restricted to W i(K) is obtained
as a consequence of Theorem 3.2.

Corollary 3.4. The cohomology Conley index of K is Ȟq(W#, ∂W#).

It is important to identify situations in which the intrinsic and the extrin-
sic topology of isolated invariant sets agree. The property of K being a repeller
turns out to be characteristic for this to happen. The following result provides an
interesting correspondence between dynamical and topological properties.

Theorem 3.5. A necessary and sufficient condition for the extrinsic and the intrin-
sic topologies to agree is that Wu(K) is locally compact and K is a global repeller
in Wu(K).

Now we present a general discussion of the Conley–Zehnder theory of Morse
decompositions. If we have a filtration N0 ⊂ N1 ⊂ · · · ⊂ Nn of compact topological
spaces then there is a standard method of obtaining an associated Morse equation.
This method, which uses the axioms of elementary cohomology theory, is explained,
for instance, in [11]. We summarize here how the Morse equation is established.
First we define the formal power series

p(t,Nj , Nj−1) =
∑
k≥0

rk(Nj , Nj−1)tk

and
q(t,Nj , Nj−1, N0) =

∑
k≥0

dk(Nj , Nj−1, N0)tk,

where

rk(Nj , Nj−1) = rank of Ȟk(Nj , Nj−1)(Čech cohomology) and

dk(Nj , Nj−1, N0) = rank of the image of the coboundary operator

δk : Ȟk(Nj−1, N0) → Ȟk+1(Nj , Nj−1)

in the long cohomology sequence of the triple (Nj , Nj−1, N0). All the cohomology
groups are assumed to be of finite rank in the former expressions.
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Under these conditions, Conley and Zehnder [11] proved that the following
equation holds

n∑
j=1

p(t,Nj , Nj−1) = p(t,Nn, N0) + (1 + t)Q(t) ,

where Q(t) =
∑n

j=2 q(t,Nj , Nj−1, N0). This is the Morse equation associated to
the filtration N0 ⊂ N1 ⊂ · · · ⊂ Nn.

If (M1,M2, . . . , Mn) is a Morse decomposition of K and M1 = A1 ⊂ A2 ⊂
· · · ⊂ An = K is the corresponding sequence of attractors (i.e. Aj = {x ∈ K |
∃i ≤ j with ω∗(x) ⊂ Mi}, where ω∗(x) is the alpha-limit set of x), Conley and
Zehnder proved that there is a filtration N0 ⊂ N1 ⊂ · · · ⊂ Nn of compact spaces
in X such that (Nj , Nj−1) is an index pair for Mj and (Nj , N0) is an index pair
for Aj . Hence, in this particular case, the coefficients of the Morse equation are

rk(Nj , Nj−1) = rank Ȟk(Nj , Nj−1)

= rank Ȟk(h(Mj)) (cohomology Conley index of Mj)

and

dk(Nj , Nj−1, N0) = rank of the image of δk : Ȟk(h(Aj−1)) → Ȟk+1(h(Mj))

and it makes sense to adopt the notation p(t, h(Mj)) instead of p(t,Nj , Nj−1)
(which reflects the fact that p(t,Nj , Nj−1) depends only on the homotopical Conley
index h(Mj) and not on the particular index pair that we have used).

With this notation the Morse equation of the decomposition (M1,M2, . . . , Mn)
takes the form

n∑
j=1

p(t, h(Mj)) = p(t, h(K)) + (1 + t)Q(t) ,

where Q(t) has been defined before (observe that the coefficients of Q are non-
negative integers). We shall refer to this equation as the Conley–Zehnder–Morse
equation in the statement of Theorem 3.6. This equation relates the cohomology
Conley index of K to the cohomology Conley indices of a Morse decomposition
of K. It can be viewed as a generalization of Morse theory for flows other than
gradient flows on spaces other than manifolds.

We shall now summarize our results from [32] where we develop an alternative
method of calculation of the Morse equations. Let S be a compact section of W i(K)
and let us consider the corresponding truncated manifold W# with ∂W# = S. We
can assume, without loss of generality, that (W#, ∂W#) = (N−n−). We mean by
W#

j the subspace of W# consisting of all points x ∈ W# with ω∗(x) ∈ Aj . W#
j is

a compact set and it should be noted that it can be interpreted as the truncated
unstable manifold of Aj with ∂W#

j = ∂W# ∩ W i(Aj). With this notation the
following result is proved in [32].

Theorem 3.6. Let K be an isolated invariant set and let M1, . . . ,Mn be a Morse
decomposition of K with associated sequence of attractors A1 ⊂ · · · ⊂ An = K.
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Consider the filtration of truncated unstable manifolds

∂W# ⊂ W#
1 ∪ ∂W# ⊂ · · · ⊂ W#

n−1 ∪ ∂W# ⊂ W#
n = W#

and assume the groups Ȟq(W#
i ∪∂W#, ∂W#) and Ȟq(W#

j ∪∂W#,W#
j−1∪∂W#)

to be of finite rank for q ≥ 0, 1 ≤ i ≤ n and 2 ≤ j ≤ n. Then the Morse equation
associated to this filtration agrees with the Conley–Zehnder–Morse equation of the
decomposition. The condition of rank finiteness is automatically fulfilled in the
following two cases: 1) ϕ is a C1-flow on a manifold and 2) ϕ is a continuous flow
on a locally compact ANR and K is a global attractor.

J. J. Sánchez-Gabites has shown in [29] how to determine the intrinsic topol-
ogy of the unstable manifold of an isolated invariant set without using index pairs.
As a consequence Theorem 3.6 provides a way of obtaining the Conley–Zehnder–
Morse equations when we have sufficient knowledge about the unstable manifold
of K. In [32] it is also proved that a large part of the theory previously exposed is
also valid for semi-dynamical systems. This aspect of the theory can be used for the
determination of the critical groups of isolated critical points, which are important
in connection with the Morse inequalities under the Palais–Smale condition.

Some applications of the ideas presented before have been given by K. Atha-
nassopoulos in [2], where he studied the complexity of the flow in the region of
attraction of isolated invariant sets using the intrinsic topology of the stable man-
ifold. All results concerning the unstable manifold can be dualized for the stable
manifold. In particular, Theorem 3.5 has been used by Athanasssopoulos to define
the instability depth, which is an ordinal and measures how far an isolated invari-
ant set is from being asymptotically stable within its region of attraction. He has
provided lower and upper bounds of the instability depth in certain cases.

A consequence of Theorem 3.5 and a result of Athanassopoulos in [1] is that
if K is an isolated 1-dimensional compact minimal set and its region of attraction
is an ANR with respect to the intrinsic topology then K must be a periodic
orbit. Partially motivated by this he remarks that an interesting problem is to
find conditions under which the region of attraction of a general isolated set is an
ANR with the intrinsic topology, since this could lead to Poincaré–Bendixon type
theorems for flows on higher-dimensional phase spaces.

We study now some properties of flows that are related to the topological
situation of Hopf duality. This situation arises when (n−1)-manifolds, W , embed-
ded in the n-sphere Sn, induce homological relations between the two n-manifolds
with boundary in which Sn is decomposed by W (see Steenrod and Epstein [35]).
We present here a much more general situation, applicable to a Morse decompo-
sition {M0,M1,M2} of a manifold M which is an isolated invariant set of a flow
φ : X × R → X, where M0 is an (n − 1)-submanifold of M decomposing M into
two manifolds with common boundary M0, and M1 and M2 are general Morse sets
(not necessarily manifolds). We recall that connected Morse decomposition means
a decomposition where all the Morse sets are connected.
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Theorem 3.7. Let φ : X × R → X be a flow defined on a locally compact metric
space X. Let M ⊂ X be an orientable, compact, connected n-dimensional man-
ifold which is an attractor of φ. Suppose that Hk(M) = Hk+1(M) = {0} for
a given index k. Let {M0,M1,M2} be a connected Morse decomposition of M ,
where M0 is an (n − 1)-submanifold of M , decomposing M into two manifolds
with common boundary M0. We then have the following relations involving the
homological and cohomological Conley indices: 1) CHk+1(M1) = CHn−k(M2) and
2) CHn−k−1(M0) = CHk+1(M1)⊕ CHk+1(M2).

If we only assume that M is an isolated invariant set of φ (not necessarily
an attractor) then, with the same hypotheses as above, we have the following re-
lations involving Čech homology and cohomology of the Morse sets: 1) Ȟk(M1) =
Ȟn−k−1(M2) and 2) Ȟk(M0) = Ȟk(M1)⊕ Ȟk(M2).

Theorem 3.7 has been proved in [33]. The second part of this theorem admits
a different, more general, version, in which the homological hypothesis is placed
on the unstable manifold of M with its intrinsic topology. This can be obtained
as the following consequence of the theorem:

Corollary 3.8. Let φ : X × R → X be a flow defined on a locally compact met-
ric space X. Let M ⊂ X be an orientable, compact, connected n-dimensional
manifold which is an isolated invariant set of φ. Suppose that Ȟk(W i(M)) =
Ȟk+1(W i(M)) = {0} for a given index k. Let {M0,M1,M2} be a connected
Morse decomposition of M , where M0 is an (n − 1)-submanifold of M , decom-
posing M into two manifolds with common boundary M0. Then, we have the
following relations involving Čech homology and cohomology of the Morse sets:
1) Ȟk(M1) = Ȟn−k−1(M2) and 2) Ȟk(M0) = Ȟk(M1)⊕ Ȟk(M2).

The isolated invariant set M can be represented as the intersection of a
nested sequence of isolating neighborhoods Ni such that every Ni has an exit
set Li with (Ni, Li ) a proper index pair. It can be proved that the unstable
manifold W i with its intrinsic topology is homotopically equivalent to N−

i for
every i. Since M is also the intersection of the nested sequence of the N−

i we have,
by the continuity property of Čech cohomology, that Ȟk(M) = Ȟk(W i(M)) = {0}
and Ȟk+1(M) = Ȟk+1(W i(M)) = {0}. Hence the corollary is a consequence of
Theorem 3.7.
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Abstract. The search for appropriate conditions under which we have regu-
larity of solutions is an important area of study in the calculus of variations.
In this note we describe some recent regularity conditions for the autonomous
problems of the calculus of variations with second-order derivatives. We prove
that autonomous integral functionals of the calculus of variations with a La-
grangian having superlinearity partial derivatives with respect to the higher-
order derivatives admit only minimizers with essentially bounded derivatives.
This imply non-occurrence of the Lavrentiev phenomenon and validity of the
classical necessary optimality conditions.
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1. Introduction and motivation

Let L(x0, . . . , xm) be a given C1(R(m+1)×n) real valued function. The autonomous
problem of the calculus of variations with high-order derivatives consists in mini-
mizing an integral functional

Jm[x(·)] =
∫ b

a

L
(
x(t), ẋ(t), . . . , x(m)(t)

)
dt (Pm)

over a certain class X of functions x : [a, b] → Rn satisfying the boundary condi-
tions

x(a) = x0
a , x(b) = x0

b , . . . , x(m−1)(a) = xm−1
a , x(m−1)(b) = xm−1

b . (1.1)

The authors were supported by FCT (the Portuguese Foundation for Science and Technology):
Sidi Ammi through the postdoc project Thermistor Problems and Optimal Control, reference
SFRH/BPD/20934/2004.
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Often it is convenient to write x(1) = x′, x(2) = x′′, and sometimes we revert
to the standard notation used in mechanics: x′ = ẋ, x′′ = ẍ. Such problems
arise, for instance, in connection with the theory of beams and rods [20]. Further,
many problems in the calculus of variations with higher-order derivatives describe
important optimal control problems with linear dynamics [18].

Regularity theory for optimal control problems is a fertile field of research and
a source of many challenging mathematical issues and interesting applications [4,
23, 24]. The essential points in the theory are: (i) existence of minimizers and (ii)
necessary optimality conditions to identify those minimizers.

The first systematic approach to existence theory was introduced by Tonelli
in 1915 [21], who showed that existence of minimizers is guaranteed in the Sobolev
space Wm

m of the class of functions which are absolutely continuous with their
derivatives up to order m − 1 and have mth derivative belonging to Lm. The
direct method of Tonelli proceeds in three steps: (i) smoothness and convexity
with respect to the highest-derivative of the Lagrangian L guarantees lower semi-
continuity, (ii) the coercivity condition (the Lagrangian L must grow faster than
a linear function) insure compactness, (iii) by the compactness principle, one gets
the existence of minimizers for the problem (Pm). Typically, Tonelli’s existence
theorem for (Pm) is formulated as follows [4, 8]: under hypotheses (H1)–(H3) on
the Lagrangian L,

(H1) (x0, . . . , xm) → L(x0, . . . , xm) is a C1 function;
(H2) L(x0, . . . , xm) is convex as a function of the last argument xm;
(H3) L(x0, . . . , xm) is coercive in xm, i.e., ∃ Θ : [0,∞) → R such that

lim
r→∞

Θ(r)
r

= +∞ ,

L(x0, . . . , xm) ≥ Θ(|xm|) for all (x0, . . . , xm) ,

there exists a minimizer to problem (Pm) in the class Wm
m .

The main necessary condition in optimal control is the famous Pontryagin
maximum principle, which includes all the classical necessary optimality conditions
of the calculus of variations [14]. For (Pm), the Pontryagin maximum principle [14]
is established assuming x ∈ W∞

m ⊂ Wm
m so, a priori, the hypotheses (H1)–(H3) do

not assure the applicability of the necessary optimality conditions, being required
more regularity on the class of admissible functions.

In the case m = 1, extra information about the minimizers was proved, for
the first time, by Tonelli himself [21].

Theorem 1.1 (Tonelli–Morrey). Under the hypotheses (H1)–(H3) of smoothness,
convexity and coercivity, if x is a minimizer of (P1) then ẋ is locally essentially
bounded on an open subset Ω ⊂ [a, b] of full measure. Moreover, if∣∣∣∣∂L∂x

∣∣∣∣+ ∣∣∣∣∂L∂ẋ

∣∣∣∣ ≤ c|L|+ r , (1.2)
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for some constants c and r, c > 0, then Ω = [a, b] (ẋ(t) is essentially bounded in
all points t of [a, b], i.e., x ∈ W∞

1 ), and the Pontryagin maximum principle, or
the necessary condition of Euler–Lagrange, hold.

Condition (1.2) is now known in the literature as the Tonelli–Morrey regularity
condition [5,7,18]. Since Tonelli and Morrey, several Lipschitzian regularity condi-
tions were obtained for the problem (P1) – see [1,2,6,12,13,15,17,24] and references
therein. It turns out that condition (1.2) is not necessary in Theorem 1.1:

Theorem 1.2 ( [6]). Under the hypotheses (H1)–(H3) of Tonelli’s existence theorem,
all the minimizing trajectories x of the autonomous fundamental problem of the
calculus of variations (P1) are Lipschitzian: x ∈ W∞

1 ⊂ W 1
1 .

We refer the reader to the works [1–3] of Arrigo Cellina for several extensions
of Theorem 1.2.

Results of Lipschitzian regularity for m > 1 are scarcer: we are aware of the
results in [8, 10, 17, 22]. In 1997 A.V. Sarychev [16] proved that the second-order
problems of the calculus of variations may show new phenomena non-present in
the first-order case: under the hypotheses (H1)–(H3) of Tonelli’s existence theory,
problems (P2) may exhibit the Lavrentiev phenomenon [11]. This is not a possi-
bility for (P1), as follows immediately from Theorem 1.2. Sarychev’s result was
recently extended by A. Ferriero [9] for the case m > 2 (different extensions of
Sarychev’s result are found in [25]). It is also shown in [9] that, under some stan-
dard hypotheses, the problems of the calculus of variations (Pm) with Lagrangians
only depending on two consecutive derivatives x(γ) and x(γ+1), γ ≥ 0, do not ex-
hibit the Lavrentiev phenomenon for any boundary conditions (1.1) (for m = 1
this is trivially true from Theorem 1.2). In the case in which the Lagrangian only
depends on the higher-order derivative x(m), it is possible to prove more [17, Corol-
lary 2]: when L = L

(
x(m)

)
, all the minimizers predicted by the existence theory

belong to the space W∞
m ⊂ Wm

m and satisfy the Pontryagin maximum principle
(regularity). As to whether this is the case or not for Ferriero’s problem with La-
grangians only depending on consecutive derivatives x(γ) and x(γ+1), seems to be
an open question.

The results of Sarychev [16] and Ferriero [9] on the Lavrentiev phenomenon
show that the problems of the calculus of variations with higher-order derivatives
are richer than the problems with m = 1, but also show, in our opinion, that the
regularity theory for higher-order problems is underdeveloped. Here we present a
new regularity condition for (P2). We show that for the autonomous second-order
problems of the calculus of variations regularity follows by imposing a superlin-
earity condition to the partial derivatives ∂L

∂ẍi
of the Lagrangian.
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2. Generalized integral form of duBois–Reymond condition

We shall limit ourselves here to (P2), i.e., to the problem of minimizing∫ b

a

L (x(t), ẋ(t), ẍ(t)) dt (P2)

for some given Lagrangian L(·, ·, ·), assumed to be a C1 function with respect to
all arguments. In this case it is appropriate to choose the admissible functions x to
be twice continuously differentiable with derivatives ẋ and ẍ in L2, i.e. X = W 2

2 .
In this section we formulate a generalized duBois–Reymond necessary condition
in integral form, valid for X = W 2

2 (the optimal solutions x may have unbounded
derivatives ẋ, ẍ). Then, in Section 3, we obtain a regularity condition under which
all the minimizers of (P2) are in W∞

2 ⊂ W 2
2 and thus satisfy the classical necessary

conditions. We assume the following hypotheses (Si), i = 1, . . . , n:
(Si) There exists a nonnegative continuous function G(·, ·, ·), and some δ > 0,

such that the function t → G(x(t), x′(t), x′′(t)) is L2-integrable on [a, b], and∣∣∣∣ ∂L∂xi
(y, x′, x′′)

∣∣∣∣ ≤ G(x, x′, x′′) ,∣∣∣∣ ∂L∂ẋi
(x, y, x′′)

∣∣∣∣ ≤ G(x, x′, x′′) ,∣∣∣∣ ∂L∂ẍi
(x, x′, y)

∣∣∣∣ ≤ G(x, x′, x′′) ,

for all x, x′, x′′ ∈ Rn, x = (x1, . . . , xn) ∈ Rn, y = (y1, . . . , yn) ∈ Rn,
yj = x

(k)
j (t) for j 
= i,

∣∣∣yi − x
(k)
i (t)

∣∣∣ ≤ δ, i = 1, . . . , n and k = 0, 1, 2,

where x
(k)
i (t) is the ith component of the kth derivative with the convention

x
(0)
i (t) = xi(t).

Let s be the arc length parameter on the curve C0 : x = x(t), a ≤ t ≤ b, so
that the Jordan length of C0 is s(t) =

∫ t

a

√
1 + |x′(τ)|2dτ with s(a) = 0, s(b) = l

and s(t) is absolutely continuous with s′(t) ≥ 1 a.e. Thus s(t) and its inverse t(s),
0 ≤ s ≤ l, are absolutely continuous with t′(s) > 0 a.e. in [0, l]. If X(s) = x(t(s)),
0 ≤ s ≤ l, then t(s) and X(s) are Lipschitzian of constant one in [0, l]. By change
of variable,

I[x] =
∫ b

a

L (x(t), ẋ(t), ẍ(t)) dt

=
∫ l

0

L
(

X(s),
X ′(s)
t′(s)

,
1

t′2(s)

(
X ′′(s)− X ′(s)

t′(s)
t′′(s)

))
t′(s)ds .

Setting F (x, t′, x′, t′′, x′′) = L
(
x, x′

t′ ,
1

t′2
(x′′ − x′

t′ t
′′)
)

t′, we have:

I[x] = J [C] = J [X] =
∫ l

0

F (X(s), t′(s), X ′(s), t′′(s), X ′′(s)) ds .
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The following necessary condition is useful to prove our regularity theorem.

Theorem 2.1. Under hypotheses (Si)1≤i≤n, if x(·) ∈ W 2
2 is a minimizer of prob-

lem (P2), then the following integral form of duBois–Reymond necessary condition
holds:

φ0(s) =
∂F

∂t′′
(θ(s))−

∫ s

0

∂F

∂t′
(θ(σ))dσ = c0, 0 ≤ τ ≤ s ≤ l , (2.1)

where ∂F/∂t′′ and ∂F/∂t′ are evaluated at θ(s) = (X(s), t′(s), X ′(s), t′′(s), X ′′(s))
and c0 is a constant.

Theorem 2.1 is a direct corollary of a more general result proved in [19] for
non-autonomous problems. The proof is done by contradiction, using conditions
(Si) to justify the usual rule of differentiation under the sign of the integral.

3. Main result

We give now a regularity result for (P2) under an additional requirement on the
Lagrangian L.

Theorem 3.1. In addition to the hypotheses (Si)1≤i≤n, if ∂L/∂ẍ is superlinear, i.e.
there exist constants a > 0 and b > 0 such that

a|w|+ b ≤
∣∣∣∣∂L∂ẍ

(s, v, w)
∣∣∣∣ for all (s, v, w) ∈ Rn × Rn × Rn , (3.1)

then every minimizer x ∈ W 2
2 of the problem is on W∞

2 .

Example 3.2. A trivial example of a Lagrangian satisfying all the conditions
(Si)1≤i≤n and (3.1) is L(x, ẋ, ẍ) = L(ẍ) = aẍ2 + bẍ with a and b strictly pos-
itive constants (one can choose G(x, ẋ, ẍ) = 2a|ẍ|+ b ∈ L2 in (Si)). It follows from
Theorem 3.1 that all minimizers of the problem

I[x(·)] =
∫ t1

t0

[
aẍ(t)2 + bẍ(t)

]
dt −→ min

x(·) ∈ W 2
2 , a, b > 0

x(t0) = α , x(t1) = β

are W∞
2 functions.

Proof. Since F (x, t′, x′, t′′, x′′) = L
(
x, x′

t′ ,
1

t′2
(x′′ − x′

t′ t
′′)
)

t′, we have

∂F

∂t′
= L − ∂L

∂ẋ

ẋ

t′
+

1
t′2

∂L
∂ẍ

(−2ẍ

t′
+

3t′′

t′
ẋ

)
,

∂F

∂t′′
= − 1

t′2
∂L
∂ẍ

ẋ ,

and using (2.1) we get

1
t′2

∂L
∂ẍ

ẋ +
∫ s

0

{
L − 1

t′
∂L
∂ẋ

ẋ +
1
t′2

∂L
∂ẍ

(−2ẍ

t′
+

3t′′

t′
ẋ

)}
= c0 .
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Therefore,

1
t′2

∂L
∂ẍ

ẋ = c0 −
∫ s

0

{
L − 1

t′
∂L
∂ẋ

ẋ +
1
t′2

∂L
∂ẍ

(−2ẍ

t′
+

3t′′

t′
ẋ

)}
= c0 −

∫ s

0

L+
∫ s

0

1
t′

∂L
∂ẋ

ẋ + 2
∫ s

0

1
t′3

∂L
∂ẍ

ẍ−
∫ s

0

3t′′

t′3
∂L
∂ẍ

ẋ .

Applying the Holder’s inequality, we obtain∣∣∣∣ 1
t′2

∂L
∂ẍ

ẋ

∣∣∣∣ ≤ |c0|+ ‖L‖1 + k1

∥∥∥∥∂L
∂ẋ

∥∥∥∥
2

‖ẋ‖2 + k2

∥∥∥∥∂L
∂ẍ

∥∥∥∥
2

‖ẍ‖2 +
∫ s

0

∣∣∣∣3t′′

t′

∣∣∣∣ ∣∣∣∣ 1
t′2

∂L
∂ẍ

ẋ

∣∣∣∣ ,

where k1, k2 are positive constants. Then, using the fact that L ∈ C1,L, ∂L
∂ẋ , ∂L

∂ẍ ∈
L2 and x ∈ W 2

2 (in other terms, x, ẋ, ẍ ∈ L2), it follows that 1
t′2

∂L
∂ẍ ẋ satisfies a

condition of the form ∣∣∣∣ 1
t′2

∂L
∂ẍ

ẋ

∣∣∣∣ ≤ k3 +
∫ s

0

∣∣∣∣3t′′

t′

∣∣∣∣ ∣∣∣∣ 1
t′2

∂L
∂ẍ

ẋ

∣∣∣∣ ,

for a certain positive constant k3. Now, Gronwall’s Lemma leads to the following
uniform bound: ∣∣∣∣ 1

t′2
∂L
∂ẍ

ẋ

∣∣∣∣ ≤ k4

with a positive constant k4. Since t′ ≤ 1, we deduce that ∂L
∂ẍ ẋ is uniformly bounded.

Besides, since
∣∣∂L

∂ẍ

∣∣ verifies (3.1), we have

|ẋ| (a|ẍ|+ b) ≤
∣∣∣∣∂L∂ẍ

ẋ

∣∣∣∣ ≤ k4 (b > 0) .

Therefore we get for a positive constant k5

|ẋ| ≤ k4

a|ẍ|+ b
≤ k5 .

Then ∂L
∂ẍ is uniformly bounded. Since ∂L

∂ẍ (s, v, w) goes to +∞ with |w| (by su-
perlinearity), this implies a uniform bound on |ẍ| which leads to the intended
conclusion that ẍ is essentially bounded. �

As an immediate corollary to our Theorem 3.1, we obtain conditions of non-
occurrence of the Lavrentiev phenomenon for the autonomous second-order vari-
ational problems.

Corollary 3.3. Under the hypotheses of Theorem 3.1, problems (P2) do not admit
the Lavrentiev gap W 2

2 −W∞
2 :

inf
x(·)∈W 2

2

∫ b

a

L (x(t), ẋ(t), ẍ(t)) dt = inf
x(·)∈W∞

2

∫ b

a

L (x(t), ẋ(t), ẍ(t)) dt .

Theorem 3.1 admit a generalization for problems of an order higher than two.
This is under study and will be addressed in a forthcoming paper.
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Multi-modal Periodic Trajectories
in Fermi–Pasta–Ulam Chains

Susanna Terracini

Dedicated to Arrigo Cellina and James Yorke

Abstract. This paper deals with the problem of bifurcation of periodic tra-
jectories in the Fermi–Pasta–Ulam chains of nonlinear oscillator.

1. The Fermi-Pasta-Ulam model

The aim of this paper is to summarize some recent results concerning the problem
of bifurcation of periodic trajectories in the Fermi–Pasta–Ulam chains of nonlinear
oscillator, obtained in the joint papers [2] and [13]. The Fermi–Pasta-Ulam model
consists in N coupled nonlinear oscillators, interacting only with their nearest
neighbours:

miq̈i = Φ′(qi+1 − qi)− Φ′(qi − qi−1), i = 1, . . . , N ,

where Φ(x) = x2

2 + αx3

3 + β x4

4 . This will be called the α–β model.
The linearization at qi ≡ 0, i = 1, . . . , N , of Φ gives the system

miq̈i = qi+1 − 2qi + qi−1. i = 1, . . . , N .

of second order finite differences. Now we add spatial boundary conditiond (pe-
riodic, zero, symmetric) and we define A the matrix associated with the second
order finite differences operator and the boundary conditions, μ2

j its eigenvalues:

μ2
j = 4 sin2

(
jπ

N

)

This research was supported by MIUR project “Variational Methods and Nonlinear Differential
Equations”.
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and ej the corresponding eigenvectors; it is convenient to change coordinate system
(sometimes referred in the literature as phononic coordinates)

xj =
N∑

i=1

e
2ijπJ

N qi, j = 1, . . . , N.

We assume, for simplicity, that

mi = 1, ∀i = 1, . . . , N.

Then the system writes

−ẍj = μjxj +
∂W

∂xj
(x1, . . . , xN ), j = 1, . . . , N .

2. Energy partition

Fermi, Pasta and Ulam studied numerically the model in [7] with the aim of
computing the time needed for the relaxation to equipartition of the distribution
of energy among modes. The harmonic energy of the kth mode is

Ek =
1
2
|ẋk|2 +

μk

2
|xk|2.

Let us start with an initial datum concentrating all the energy only on one mode.
For small values of the total energy, the contribution of the potential W can be
neglected and the sum of the Ek-s can be thought to be constant. If the system is
ergodic then the energy should be diffused (at least in the average, in time) over
all the phase space and therefore should eventually spread among all modes.

Surprisingly, their numerical experiment yielded the opposite result. Fermi,
Pasta and Ulam observed on the contrary that the energy of the system remained
confined among the first modes, instead of spreading towards all modes. In addi-
tion, it seemed to show a regular recurrence in time. This result started a large
number of additional numerical and analytical investigations.

3. KAM theory and Toda lattices

When Φ(s) = es− 1 then the system belongs to the class of Toda lattices and it is
integrable ([17]). Hence all the motions take place on invariant tori and they are
regular (quasi–periodic) in time. This fact can explain the peculiar behaviour of
the solutions examined by Fermi Pasta ad Ulam. As the α = β = 1 model is the
Taylor expansion of the exponential, it belongs to the class of systems wich are
perturbations of an integrable system, for small values of the energy. A natural
question is whether KAM theory is applicable. Unfortunately, it does not apply
directly, because of the many symmetries and resonances. On the other hand,
the very same presence of symmetries allows suitable reductions, and after all
the application of KAM theory has been succesfully done by Rink [15, 16]. Hence
for a close–to–one measure set of small values of the total energy, which can be
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Figure 1. Energy partition for a genuinely multi–modal periodic
trajectory (with large energy)

chosen as parameter, the motions are regular. Of course the energy threshold E(N)
depends on the number of degrees of freedom. A natural question concerns the the
asymptotics of E(N), when N → +∞? It appears that E(N) vanishes as N → +∞
and its order of vanishing has been estimated (see [4] and references therein).

4. Lyapunov solutions

After the time scaling

x(t) = u(ωt) , with ω =
2π

T
,

the search for T–periodic solutions to the problem is equivalent to the boundary
value problem

−ω2ü = Au + W ′(u) u 2π − periodic

the frequency ω being now a free (bifurcation) parameter. We denote by

μ1 < · · · < μN and e1, . . . , eN

respectively the square roots of the eigenvalues of A and their corresponding nor-
malized eigenvectors. Consider the characteristic frequencies

ωjk =
μj

k
, j = 1, . . . , N, k ∈ N+ .

Corresponding to 2π–periodic solutions of the linearized system of the form

ujk(t) = ej sin(kt) .
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These solutions are called the normal modes of oscillation of the linearized FPU
model and they correspond to periodic solutions of period 2π of the equation

−ω2ü = Ax .

By Lyapunov Center Theorem these solutions can be continued into the nonlinear
problem, as an analytic branch, provided no resonances occur

μj

μh

∈ Z , ∀h 
= j .

We shall refer to such solutions as trivial solutions, for they do not mix the modes.
Our problems are the following:

– Are there nontrivial periodic solutions?
– Are there secondary bifurcations from the Lyapunov branches?
– What is their variational characterization?

5. The β–model: A dual action principle

By homogeneity, if α = 0, then the value of the parameter β is irrelevant, since
it can always be rescaled to 1. As ω decreases, the lagrangian action functional
becomes negative definite on subspaces having a large dimension.

Aω(u) =
∫ 2π

0

N∑
j=1

(
ω2

2
|u̇j |2 −

μj

2
|uj |2

)
−W (u) .

We proceed as follows:
– introduce a dual functional which is suitable both for the minimization and

for the numerical study the minimizers of the systems
– study the minimum of the dual functional
– numerically investigate some branches of Lyapunov solutions
– numerically investigate other branches of solution, bifurcating from the Lya-

punov branches, and provide a bifurcation graph
– state a criterion based on the dual functional concerning the distribution of

energy among modes and to provide a rigorous proof of the existence of many
periodic solutions at some given frequency satisfying such criterion.

6. Comments

Since the N positive eigenvalues μ2
j of A are explicitly known and satisfy the

fundamental property (Q)
μi

μj
/∈ Q for all i 
= j ,

it is a standard fact from bifurcation theory that every frequency ωjk = μj/k,
j = 1, . . . , N , k ∈ N+, is a bifurcation point for the system from the trivial line
(ω, 0). (Crandall–Rabinowitz) The local primary branches that depart from these
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Figure 2. The bifurcation diagram in Arioli, Koch and Terracini, 2005

Figure 3. Energy partition for a multi–modal trajectory

points are small deformations of the normal modes of oscillation of the linearization
at zero, and carry solutions with bounded minimal periods. Such is the case, in
Figure 1, for the branches labelled by F , H, J and K.
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– The appearance of secondary bifurcation branches is related to anomalies
in the distribution of the frequencies ωjk on the real line. In the picture, for
example, the bifurcation frequencies of the primary branches F , H, J and K
appear as a tight cluster among all other frequencies, and those of H and J
as an even tighter subcluster.

– A further analysis of the harmonic energy along the secondary branches shows
that these, in contrast to the primary ones, carry solutions that “mix modes”;
in this context, another role of the frequencies involved in the cluster is that
they seem to decide which modes are mixed along a given secondary branch.
The mixing however turns out to be quite asymmetric and prevalently a
primary branch in a cluster interacts and mix modes with other branches
located close to it and at its left.

– These considerations are the result of mainly numerical computations and
call for a theoretical understanding. The main questions we address are the
mechanism of formation of secondary bifurcations, the reasons for the asym-
metry in the interactions, and the discussion of the notions we will introduce
to prove the main results.

7. Assumptions

The N ×N matrix A and the potential W : RN → R satisfy the assumptions

– A is symmetric, positive definite and has only simple eigenvalues whose square
roots are pairwise independent over Q;

– W is an homogeneous polynomial of degree four and W > 0 except at zero.

We denote by

μ1 < · · · < μN and e1, . . . , eN

respectively the square roots of the eigenvalues of A and their corresponding nor-
malized eigenvectors. Moreover, we call characteristic values the numbers (frequen-
cies)

ωjk =
μj

k
, j = 1, . . . , N, k ∈ N+ .

The same arguments as for the FPU problem show that from every (ωjk, 0) there
departs a primary branch Γjk of even solutions to the problem.

8. Secondary bifurcations

The next theorems are our main results. We denote by ωR and ωL the nearest
characteristic values respectively to the right and to the left of ω.
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Bifurcation from the right branch. Under the assumptions (A) and (W ), suppose
moreover that

6μ2
i W (ej)− μ2

jW
′′(ej) · e2

i < 0

for some for some i 
= j. Then there exists σ > 0 such that, if for some h, k ∈ N+

there results

ωih < ωjk and
ωjk − ωih

ωR
jk − ωjk

< σ,

then the primary branch Γjk supports a secondary bifurcation in the interval
(ωjk, ωR

jk).
Bifurcation from the left branch. Under the assumptions (A) and (W ), suppose
moreover that

6μ2
jW (ei)− μ2

i W
′′(ei) · e2

j > 0

for some for some i 
= j. Then there exists σ > 0 such that, if for some h, k ∈ N+

there results

ωih < ωjk and
ωjk − ωih

ωih − ωL
ih

< σ,

then the primary branch Γih supports a secondary bifurcation in the interval
(ωjk, 2ωih − ωL

ih).

9. Asymptotic resonances and Morse indices

The proofs will make clear that secondary bifurcations appear on Γjk and Γih at
a distance from the respective feet ωjk and ωih which is: much bigger than their
mutual distance ωjk − ωih, but much smaller than their “directional” distance to
the remaining part of Ω, namely

ωR
jk − ωjk and ωih − ωL

ih

respectively. We say that μi is right asymptotically resonant with μj , if there exist
diverging sequences hn, kn ∈ N such that

ωihn
< ωjkn

∀n and lim
n→∞

ωjkn
− ωihn

ωR
jkn

− ωjkn

= 0 .

The presence of secondary bifurcations will be detected via a result by Kiel-
höfer, implying that along an analytic branch of solutions, every point of discon-
tinuity for the Morse index of the solutions (seen as critical points of the usual
action functional) is either a bifurcation or a turning point; the last possibility will
be ruled out by trivial local arguments.
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10. A Birkoff–Lewis theorem

Corollary 10.1. Under the assumptions (A) and (W ), suppose moreover that

Wij = 6μ2
jW (ei)− μ2

i W
′′(ei) · e2

j 
= 0

for some for some i 
= j. If, according to Wij < 0 or Wij > 0, either μi is
right asymptotically resonant with μj, or μj is left asymptotically resonant with
μi, then there exists a sequence of periodic solutions, whose C2 norms tend to zero
and whose minimal periods tend to infinity.

The same conclusion could be obtained as a byproduct of the result by Rink, by
showing that the fourth order Birkhoff normal form is nonresonant and nonde-
generate (in the sense of Kolmogorov). We point out that this approach may fail
in the more general framework identified by assumptions (A) and (W ) because of
two reasons:

– there might be fourth order resonances among the μj ’s, preventing the nor-
mal form to be nonresonant; this fact seems to be unrelated to the notion of
asymptotic resonance;

– even in the absence of resonances, the Kolmogorov nondegeneracy condition
needs not be fulfilled; although this condition holds generically, it is very
hard to check, for one should know the explicit expression of the normal
form, which rarely happens. This has to be compared with the simple and
computable form of our nonlinear coupling conditions.

11. Asymptotic resonance and nonlinear coupling
in the FPU model

Now we turn to the analysis of conditions used in the main theorems and to
the application of this analysis to the FPU problem. Here we use some number
theoretical arguments which may by unfamiliar to the analyst. This study involves:

– a complete study of the notion of asymptotic resonance shows that it is
equivalent to a set of Diophantine equations depending on the coefficients
of the ternary relations among the characteristic frequencies (null linear
combinations with integer coefficients involving exactly three μj ’s) that may
be present.

– as a conclusion, μi is proved to be asymptotically resonant with any other μj ,
whenever the ternary relations involving them, if any exist, are of a special
type.

– the complete solution of the abstract Diophantine equations, and the com-
plete list of asymptotic resonances for every value of N is obtained. As a
particular case we obtain that μi is asymptotically resonant with any other
μj as soon as N + 1 is not a multiple of 3.
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– the analysis of the validity of the nonlinear coupling conditions for the FPU
model. We obtain, for every N , that

Wij < 0 if i + j 
= N + 1 and Wij > 0 if i + j = N + 1 .

The relative preponderance of negative terms explains, we believe, the nu-
merical results in Arioli, Koch and T.
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Abstract. Transient chaos is nearly as ubiquitous as chaos itself, and it is a
manifestation of the existence of a nonattractive chaotic set: a chaotic saddle.
In some situations it might be desirable to keep the trajectories of a dynamical
system with transient chaos far from the attractor and close to this set but its
nonattractive nature, the complex dynamics associated with it and eventually
the presence of noise may difficult this task. Assume, as an extra difficulty,
that our action on the system is bounded and smaller than the action of noise.
In such a situation this might seem impossible. However, we will show that in
a variety of one dimensional maps this is possible indeed. The control strategy
is based on the existence of a set, the safe set, with interesting properties that
are due to the same conditions that imply the existence of a chaotic saddle
in the system. An example of application of our control technique with the
logistic map and some numerical simulations confirming our results are also
presented in this work.

Mathematics Subject Classification (2000). Primary 37E05; Secondary 34C28.

Keywords. Control, transient chaos, maps.

1. Introduction

Some dynamical systems are not chaotic but they present a nonattractive invariant
set where the dynamics is chaotic. A manifestation of the existence of that set,
usually referred to as chaotic saddle, is the observation of chaotic transients: short
periods of time in which the dynamics of a trajectory is chaotic, before it settles
to an attractor [2]. Transient chaos is nearly as ubiquitous as chaos itself, and in
different contexts [3] it might be desirable to keep the system close to the chaotic
saddle in order to avoid the attractor.
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Different techniques have been proposed in recent years to achieve this goal.
A method inspired in the OGY chaos control scheme [5], based on stabilization of
the system around one of the unstable periodic orbits that lie in the chaotic saddle,
has shown its effectiveness [8]. Other authors have proposed a method based on
applying small perturbations to the return map [3] of continuous-time dynamical
systems.

The nonattracting nature of the chaotic saddle, and the erratic behavior of
the trajectories that pass nearby, is the main difficulty for the control task. If
the system is also affected by noise, staying close to the chaotic saddle might
be even more difficult. Imagine, as an extra difficulty, that our action on the
system is limited to be smaller than the action of noise. Then, it would seem that
it is impossible to remain close to the nonattracting chaotic set. However, in a
recent paper Aguirre et al. [1] showed that this is indeed possible for the simpler
dynamical system with a chaotic saddle and escapes to infinity: the slope three
tent map.

The aim of this work is to generalize the results obtained in [1] to a more
general class of one dimensional maps presenting a chaotic saddle. We are going to
show that, as in [1], paradoxically the same geometry giving rise to the existence
of a chaotic saddle will help us to design a strategy to keep the trajectory close to
the nonattracting chaotic set by using a control smaller than noise.

The structure of the paper is the following. In Section 2 we state the problem
in a precise way and we enounce the main result of this work as a theorem. In
Section 3 we present this particular set of points that will help us to design our
control strategy, the safe set, and we give as a proposition its main properties.
Once we have defined this set and its properties, in Section 4 we prove our main
result. Finally, in Section 5 we show an example of application of our technique
with the well known logistic map and in Section 6 we draw the main conclusions
of our work.

2. Problem statement and main result

First we will define in a precise way the class of dynamical systems that we deal
with. We consider one dimensional maps xn+1 = f(xn) where f : R → R is a map
that satisfies the following conditions.

(i) There is an interval I = [a, b] such that I ⊂ f(I). The interval I can be
divided in three subintervals A1 = [a, x−], A0 = (x−, x+), and A2 = [x+, b]
such that f(A1) = f(A2) = I and f(A0) 
∈ I.

(ii) The map f is continuous and differentiable in A1∪A2 and for all x0 ∈ A1∪A2,
|f ′(x0)| > 1.

(iii) For all x0 
∈ I, |fn(x0)| → ∞ as n →∞.
From conditions (i)–(iii) it can be proved (see [6]) that there is a nonattractive

Cantor-like set Λ ⊂ A1 ∪ A2 where the dynamics is topologically equivalent to a
shift on two symbols, that is, there is a chaotic saddle. We must point out that
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Figure 1. Four possible configurations of a map xn+1 = f(xn)
satisfiying conditions (i)–(iii). Note that each point in I has just
one preimage in A1 and other in A2

condition (ii) is not a necessary condition for the existence of a chaotic saddle.
However it makes both the proof of the existence of Λ (see [6]) and the calculations
needed in this paper much easier. Note that the slope three tent map xn+1 =
3(1 − |xn|) − 1 studied in [1] satisfies these conditions. For this particular case,
Λ is like the classical middle-third Cantor set constructed using as the starting
segment the [−1, 1] interval.

On the other hand, condition (iii) does also imply that for all x0 
∈ Λ
|fk(x0)| → ∞ for k → ∞. If we would have established that all trajectories
starting out of I settle to any other type of attractor out of I the existence of a
chaotic saddle Λ in A1 ∪ A2 could be established in the same manner. However,
we have opted to fix condition (iii) both for simplicity and to make a certain anal-
ogy with some chaotic scattering problems, a context in which control of transient
chaos is important. For this kind of problems it is well-known [9] that all trajec-
tories except those starting either on a zero-measure invariant set or in its stable
manifold diverge from the scattering region to infinity. The same thing applies to
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the system that we are dealing with: in absence of control only the trajectories
starting in Λ will not diverge to infinity under iterations of f .

Once we have defined the type of dynamical system that we will deal with
in this letter, we can define in a more precise way the type of situation that
we want to control. When controlling a certain dynamical system, specially a
physical system, there are two main ingredients that must be considered: first,
the deterministic component of its dynamics, and second the eventual presence
of a random deviation from the expected deterministic dynamics (the noise). We
consider here systems where the deterministic part of the dynamics is modeled by
a map f : R → R that satisfies conditions (i)–(iii), so we are considering a system
that presents transient chaos. Thus, starting from a point xn the dynamics of the
system takes it to

x′ = f(xn) .
Now we introduce in our model an additive perturbation playing the role of

noise, un, that deviates the trajectory from its deterministic path, taking it to
x′′ = x′ + un = f(xn) + un .

We assume that un is a random number such that |un| ≤ u0, where u0 > 0.
As we said before, in the system considered nearly all the trajectories (except

those lying in Λ) will diverge to infinity in absence of noise. With noise, it is clear
that all the trajectories will diverge to infinity. Our objective here is to avoid
such divergence to infinity. To do this, we can apply a small perturbation rn each
iteration to control the system’s dynamics. Thus, the final state of the system is
the result of the action of the deterministic dynamics, modeled by f , of noise,
modeled by un, and of the small control applied to the system, modeled by rn.
The control rn is also bounded by a positive constant r0, so |rn| < r0 for all n.
Thus, each time step, the evolution of the system is given by

xn+1 = x′′ + rn = f(xn) + un + rn . (2.1)

Our aim here is to show that, contrary to what intuition may say, there is a way to
keep the trajectories in A1∪A2 (or “close” to the chaotic saddle Λ) even if r0 < u0.
Or, speaking in physical terms, if the control is smaller than noise. To do this, the
only thing that we need is to fix the initial condition x0 accurately. After this,
by applying a wisely chosen perturbation rn each time step, with |rn| < r0 < u0

trajectories can be kept bounded ad infinitum. This is the main result of this work
and it can be stated as follows:

Theorem 2.1 (Main result). For a dynamical system like the one given by eq. (2.1),
where f satisfies conditions (i)–(iii), for all u0 > 0 there is a 0 < r0 < u0 such
that xn ∈ A1 ∪A2 for all n.

This theorem was proved in the particular case of f(x) being the slope three
tent map in [1]. Here we prove this theorem for a wider class of one-dimensional
maps. As in [1], the key element for this control strategy is the existence of a set
with very interesting properties: the safe set. In the next section we will define this
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set and we will show that its properties can be derived from the same conditions
(i)–(iii) that implied the existence of a chaotic saddle. Thus, the main idea of this
work is that, contrarily to what intuition might say, the existence of a chaotic
saddle does not add an extra degree of difficulty but, instead, it can be of great
help for the control task.

3. The safe set and its structure

In this section we define the safe set and explain and prove its main properties.
We first define the following maps:

Definition 3.1. Let f be a map satisfying conditions (i)–(iii). Then Fi ≡ f−1(x)∩Ai

for i = 1, 2.

These two maps have a first essential property that will allow us to define
the safe sets:

Proposition 3.2. The map Fi : I → Ai is a one-to-one map for i = 1, 2.

Proof. From conditions (i) and (ii) it is clear that f is invertible both in A1 and
in A2, so Fi : I → Ai is one to one. In other words, any point in I has just one
preimage in A1 and just one preimage in A2. This can be clearly observed in the
examples shown in Fig. 1. �

Thus, given a point z ∈ I, its preimage in A1 is F1(z), and its preimage in
A2 is F2(z). We can now define the safe sets of order k.

Definition 3.3. Let x0
1 be the middle point of A0, that will be called the safe point

of order 0. Thus, we can define inductively the safe points of order k, {xk
i }2

k

i=1 as:{
xk

i

}2k

i=1
≡ f−k

(
x0

1

)
∩ I = ∪2k−1

i=1 ∪2
j=1 Fj

(
xk−1

i

)
(3.1)

The set of safe points of order k is called the safe set of order k. The sub index
i ∈ {1...2k} of xk

i is assigned in such a way that i < j ↔ xk
i < xk

j .

From the definition given above, it might seem paradoxical to call these sets
the “safe sets” of order k, as long as it is clear from eq. (3.1) that all the elements
of this set fall out of I after k+1 iterations, after which they will diverge to infinity.
However, we will show now that the properties of this set justify this denomination.

A first main property of this set, that can be easily deduced from this defini-
tion, is the following: given a point z that belongs to the safe set of order k, then
f(z) will belong to a safe set of order k − 1. This simple property, together with
the two following ones, that will be presented as a proposition, are the properties
that make these sets of points play a key role for our control strategy.

Proposition 3.4. Consider the safe sets of order k of a map f satisfying conditions
(i)–(iii). Then, for all k ≥ 0 and for all i, 1 ≤ i ≤ 2k:
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– The safe points of order k and the safe points of order k + 1 satisfy:

xk+1
2i−1 < xk

i < xk+1
2i . (3.2)

– Consider the maximum and minimum distance between a safe point of order
k and the two adjacent safe points of order k + 1:

δk
max = max

i

{
|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i |

}
(3.3)

δk
min = min

i

{
|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i |

}
, (3.4)

then

lim
k→∞

δk
max = lim

k→∞
δk
min = 0 . (3.5)

Proof. First we must remember that in the definition of f we assumed that the
interval A1 is to the left of the interval A2. Thus, for those xk+1

i with i = 1, ..., 2k

and certain j that will depend on i, xk+1
i = Fi(xk

j ). Analogously, for those xk+1
i

with i = 2k + 1, ..., 2k+1 and certain j′ that will depend on i, xk+1
i = Fi(xk

j′). On
the other hand we proved that both F1 and F2 are monotonous in I. The type of
monotonicity will depend on whether f is an increasing or a decreasing function
in A1 and in A2. In this proof we will assume that given two points z1, z2 ∈ I such
that z1 < z2, then F1(z1) < F1(z2) and F2(z1) > F2(z2). This is the case of a map
as the one shown in Fig. 1 (a). For the remaining configurations of the map shown
in Fig. 1, the proof of this proposition is analogous.

The key observation now is that the only relation between the safe points of
order k +1 and those of order k that holds with our assumptions is xk+1

i = F1(xk
i )

for i = 1, ..., 2k and xk+1
i = F2(xk

2k+1+1−i) for i = 2k + 1, ..., 2k+1. Considering
these relations, the proof of this proposition is easy.

We first prove eq. (3.2) inductively. The k = 0 case is simple as long as A1

is to the left of A2 and A0 is between these intervals. Thus, x1
1 = F1(x0

1) < x0
1 <

F2(x0
1) = x1

2. Assuming that the eq. (3.2) is true for k, we will show that it is true
for k + 1. All we need is to apply F1 and F2 to this equation. Equation 3.2 and
our assumption on F1 implies that F1(xk+1

2i−1) < F1(xk
i ) < F1(xk+1

2i ) for i = 1, ..., 2k

so, considering the relation given between the safe points of order k and those of
order k + 1, this means that xk+2

2i−1 < xk+1
i < xk+2

2i for i = 1, ..., 2k.
Analogously, to complete the proof of eq. (3.2) we apply F2 to eq. (3.2)

and we have that F2(xk+1
2i−1) > F2(xk

i ) > F2(xk+1
2i ) for i = 1, ..., 2k. Considering

our observation, this is equivalent to xk+2
2k+2−2i+2

> xk+1
2k+1+1−i

> xk+2
2k+2+1−2i

and, by
making the change of index j = 2k+1+1−i, it is equivalent to xk+2

2j−1 < xk+1
j < xk+2

2j

with j = 2k + 1, ...2k+1. This completes the proof of eq. (3.2).
The proof of eq. (3.5) is also quite simple. We assumed that for all x0 ∈

A1 ∪ A2, |f ′(x0)| > 1. Thus there are two positive constants Lmax > 1, Lmin > 1
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such that Lmin ≤ |f ′(x0)| ≤ Lmax. Then:

δk
max = max

i

{
|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i

}
= max

{
|Fn(xk−1

j )− Fn(xk
2j−1)|, |Fn(xk−1

j )− Fn(xk
2j)|
}

for certain j and for certain n = 1, 2. Thus, using the mean value theorem and the
bound of the derivative given above:

δk
max = max

{
|Fn(xk−1

j )− Fn(xk
2j−1)|, |Fn(xk−1

j )− Fn(xk
2j)|
}

≤ 1
Lmin

max
{
|xk−1

j − xk
2j−1|, |xk−1

j − xk
2j |
}
≤ δk−1

max

Lmin
,

so δk
max ≤

δ0
max

(Lmin)k
and eq. (3.5) follows. �

Remark 3.5. According to equation 3.2, a safe point of order k has two adjacent
safe points of order k +1 that are closer to it than any other safe point of order k.
Thus, a trajectory lying in a safe point of order k + 1 is mapped to a point that
has a safe point of order k+1 to its left and another one to its right. This property
is probably the most important one of the safe sets, and it will play a key role in
our control strategy.

Once that we have given the key properties of the safe sets, we can now
explain our control strategy, which completes the proof of Theorem 2.1.

4. Proof of the main result

Considering the properties given above, we can now give a demonstration of our
main result.

Proof of the main result. The only thing that we have to do to control the system
with r0 < u0 is to put the initial condition on a safe point of an accurately chosen
order. To find it, we first have to chose k in such a way that u0 > δk

max which, by
eq. (3.5) is always possible if k is sufficiently big.

Considering this, we just have to put the initial condition on a safe point of
order k + 1. After this, f maps this point to a safe point of order k, say xk

i . Then
noise acts, and there are two possibilities, according to eq. (3.2):

– That xk
i + un is to the left of xk+1

2i−1 or to the right of xk+1
2i . In this case,

considering that the minimum distance between a safe point of order k and
the two adjacent safe points of order k + 1 is δk

min, a correction rn such that
|rn| ≤ u0 − δk

min will make xk
i + un + rn lie on a safe point of order k + 1.

– That xk
i + un is between xk

i and xk+1
2i−1 or between xk

i and xk+1
2i . In this case,

considering that the maximum distance between a safe point of order k and
the two adjacent safe points of order k + 1 is δk

max, a correction rn such that
|rn| ≤ δk

max will make xk
i + un + rn lie on a safe point of order k + 1.
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Thus, even if the perturbations rn are bounded by r0 = max{u0−δk
min, δk

max} < u0,
trajectories starting on a safe point of order k + 1 can always be placed on a safe
point of order k + 1. This procedure can be repeated forever, which completes our
proof. �

Remark 4.1. This theorem does not say a word about which is the optimal k that
allows to minimize the ratio r0/u0. It is a simple exercise to show that the optimal
ratios are bounded by the following quantities:

– The ratio
r0

u0
≤ u0 − δk

min

u0
if u0 ∈ (δk

max + δk
min, δk−1

max + δk
min] .

– The ratio
r0

u0
≤ δk

max

u0
if u0 ∈ (δk

max + δk+1
min, δk

max + δk
min] .

Thus, we have shown that in a variety of dynamical systems the same geo-
metrical conditions giving rise to transient chaos have allowed us to define a set,
the safe set, with some very interesting properties which, on the other hand, al-
low to keep the trajectories in the vicinity of the chaotic saddle even if control is
smaller than noise. In next section we are going to give an example of application
of our control technique using the well-known logistic map.

5. An example of application:
Control of transient chaos for the logistic map

In this section we are going to explore our technique in a simple situation, using
the well known logistic map xn+1 = μxn(1 − xn). Although it is well known
that for μ > 4 this map presents a chaotic saddle [4], which is formed after a
boundary crisis, in [6] it is proved that this map satisfies conditions (i)–(iii) just
for μ ≥ 2 +

√
5. In the numerical simulations carried out here we will focus on the

μ = 5 case.

For this map, x− =
1
2
−
√

μ2 − 4μ

2μ
and x+ =

1
2

+

√
μ2 − 4μ

2μ
and thus x1

0 =
1
2
.

As an example, assume first that we perturb the system with a random
perturbation that is bounded by u0 = 0.25. We must first find a k such that
u0 ≥ δk

max. We observe numerically that with k = 1, this condition is fulfilled. The
safe points of order 2 and those of order 1 are shown in Fig. 2 (a), and we can
appreciate how they present the expected structure: each safe point of order 1 has
two adjacent safe points of order 2.

In Fig. 2 (b) we can observe a controlled trajectory. As we said, the idea is to
adjust rn in such a way that the resulting xn+1 = f(xn) + un + rn lies always on
a safe point of order two. The trajectory is kept bounded in 75 iterations and it
could be bounded forever. Note that, in absence of perturbations (even of noise),
considering that the initial condition lies on a safe point of order two, after three
iterations the trajectory would lie out of [0, 1], and then go to infinity. In Fig. 2
(c) we also show the value of the correction applied each iteration, showing that
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Figure 2. The safe points of order 2 (‘o’) and of order 1 (‘×’)
plotted in the xn axis together with the curve of the logistic map
xn+1 = 5xn(1 − xn). A trajectory controlled with u0 = 0.25,
which is always kept in the safe points of order 2 (marked by ‘o’
in the xn axis) (b). The correction applied each iteration, which
is always smaller than the maximum perturbation applied u0 =
0.25, marked with a dashed line (c)
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Figure 3. The ratio r0/u0 obtained for different values of u0

numerically (‘ · ·’) and from the analytical expressions (‘—’). Note
that this ratio is always smaller than 1

the main result obtained in this paper is observed in this example, as expected.
The correction applied in these iterations is always smaller than u0 = 0.25. In
fact, we observe that max

n
(|rn|)/u0 ≈ 0.15/0.25 = 0.6, so with a control that is

approximately 60 % of the noise the trajectories are kept bounded.
Finally, in Fig. 3 we have shown the bounds of the optimal ratios r0/u0 that

allow to keep the trajectories bounded ad infinitum, obtained analytically from
the expressions given in Remark 4.1, and their numerical estimations, which were
obtained by computing the maximum |rn| necessary to control a trajectory of
10000 time steps. Note that these ratios are always smaller than one, but their
value depend on the value of u0.

6. Conclusions

In this paper we have shown a way to control transient chaos in one dynamical
systems using a very particular set of points: the safe sets. A main advantage of
this type of control is that, by accurately choosing the initial condition, we can
stabilize the system applying perturbations even smaller than the perturbation on
the dynamics induced by the presence of noise.

This is due to the very interesting properties of these sets, which themselves
can be derived from the same mathematical conditions from which the existence
of the chaotic saddle in the dynamical system can be inferred. These conditions
are intimately related with the typical “stretching and folding” processes associ-
ated with chaotic dynamics and transient chaos. It is well known that this type
of process is also present in higher dimensional dynamical systems, like in the
paradigmatic Smale horseshoe map [6] and we have recently proved [7] that safe
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sets also arise in this kind of structures, which are themselves present in a vari-
ety of situations. All this makes us think that considering the global geometrical
properties of a dynamical system can be useful from a control point of view, not
only to control transient chaos but also to control other dynamical situations that
involve this type of “stretching and folding” of the phase space.
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